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            ʋ ʜʘʥʦʤʫ ʧʽʜʨʫʯʥʠʢʫ, ʧʦʨʷʜ ʟ ʢʣʘʩʠʯʥʠʤ ʢʫʨʩʦʤ ʚʠʱʦʾ 

ʤʘʪʝʤʘʪʠʢʠ, ʨʦʟʛʣʷʥʫʪʽ ʩʫʯʘʩʥʽ ʤʝʪʦʜʠ ʨʦʟʚ'ʷʟʘʥʥʷ ʨʽʟʥʦʤʘʥʽʪʥʠʭ 

ʟʘʜʘʯ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʫʥʽʚʝʨʩʘʣʴʥʦʛʦ ʤʘʪʝʤʘʪʠʯʥʦʛʦ 

ʩʝʨʝʜʦʚʠʱʘ Mathcad.  

            ɸʚʪʦʨʠ, ʩʧʠʨʘʶʯʠʩʴ ʥʘ ʙʘʛʘʪʦʨʽʯʥʠʡ ʜʦʩʚʽʜ, ʧʨʘʛʥʫʣʠ ʟʨʦʙʠʪʠ 

ʚʠʢʣʘʜʝʥʥʷ ʤʘʪʝʨʽʘʣʫ ʦʜʥʦʯʘʩʥʦ ʩʪʨʦʛʠʤ ʽ ʜʦʩʪʫʧʥʠʤ. 

 ʂʨʽʤ ʪʝʦʨʝʪʠʯʥʠʭ ʚʽʜʦʤʦʩʪʝʡ, ʥʘʚʝʜʝʥʦ ʟʥʘʯʥʫ ʢʽʣʴʢʽʩʪʴ 

ʧʨʠʢʣʘʜʽʚ ʟ ʜʦʢʣʘʜʥʠʤ ʧʦʷʩʥʝʥʥʷʤ ʩʧʦʩʦʙʽʚ ʾʭ ʨʦʟʚ'ʷʟʘʥʥʷ. 

ʄʘʡʞʝ ʚʩʽ ʧʨʠʢʣʘʜʠ ʨʦʟʚôʷʟʫʶʪʴʩʷ ʷʢ ʪʨʘʜʠʮʽʡʥʠʤʠ ʤʝʪʦʜʘʤʠ, 

ʪʘʢ ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad. ʋ ʢʽʥʮʽ ʢʦʞʥʦʛʦ ʨʦʟʜʽʣʫ ʥʘʚʦʜʷʪʴʩʷ 

ʟʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʾ ʨʦʙʦʪʠ, ʘ ʚ ɼʦʜʘʪʢʫ ʤʽʩʪʷʪʴʩʷ ʢʦʨʦʪʢʽ 

ʚʽʜʦʤʦʩʪʽ ʧʨʦ ʫʥʽʚʝʨʩʘʣʴʥʝ ʩʝʨʝʜʦʚʠʱʝ Mathcad.    

     ʇʨʠʟʥʘʯʝʥʠʡ ʜʣʷ ʩʪʫʜʝʥʪʽʚ ʚʠɦʠʭ ʥʘʚʯʘʣʴʥʠʭ ʟʘʢʣʘʜʽʚ. 

ɯʣ. 292 .ʊʘʙʣ. 2 .ɹʽʙʣʦʛʨ.: 16 ʥʘʡʤ. 
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ɺʉʊʋʇ 

     ʉʝʨʡʦʟʥʘ ʤʘʪʝʤʘʪʠʯʥʘ ʧʽʜʛʦʪʦʚʢʘ ʧʦ ʧʨʘʚʫ ʟʘʡʤʘʻ ʦʩʦʙʣʠʚʝ ʤʽʩʮʝ ʚ 

ʦʩʚʽʪʽ ʽʥʞʝʥʝʨʘ. ʇʨʠ ʮʴʦʤʫ, ʭʦʯʘ ʤʘʪʝʤʘʪʠʢʘ ʚʘʞʣʠʚʘ ʽ ʢʦʨʠʩʥʘ ʩʘʤʘ ʧʦ 

ʩʦʙʽ, ʚʦʥʘ ʩʣʫʞʠʪʴ ʩʚʦʛʦ ʨʦʜʫ ʬʫʥʜʘʤʝʥʪʦʤ ʜʣʷ ʚʠʚʯʝʥʥʷ ʨʷʜʫ ʜʠʩʮʠʧʣʽʥ, 

ʷʢʽ ʩʫʪʪʻʚʦ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʤʘʪʝʤʘʪʠʯʥʽ ʤʝʪʦʜʠ. ʄʦʚʘ ʡʜʝ ʧʨʦ ʪʝʦʨʝʪʠʯʥʫ 

ʤʝʭʘʥʽʢʫ, ʦʧʽʨ ʤʘʪʝʨʽʘʣʽʚ, ʤʘʪʝʤʘʪʠʯʥʫ ʬʽʟʠʢʫ, ʬʽʟʠʢʫ, ʘ ʪʘʢʦʞ ʧʨʦ ʨʷʜ 

ʩʧʝʮʽʘʣʴʥʠʭ ʜʠʩʮʠʧʣʽʥ, ʦʩʚʦʾʪʠ ʷʢʽ, ʥʝ ʚʦʣʦʜʽʶʯʠ ʤʘʪʝʤʘʪʠʯʥʠʤ ʘʧʘʨʘʪʦʤ, 

ʧʨʦʩʪʦ ʥʝ ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʤʦʞʣʠʚʠʤ. 

     ʗʢ ʚʽʜʦʤʦ, ʦʩʥʦʚʠ ʢʣʘʩʠʯʥʦʛʦ ʢʫʨʩʫ ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ ʙʫʣʠ ʟʘʢʣʘʜʝʥʽ 

ʢʽʣʴʢʘ ʩʪʦʣʽʪʴ ʪʦʤʫ. ʁʦʛʦ ʧʦʣʦʞʝʥʥʷ. ʷʢ ʽ ʨʘʥʽʰʝ, ʘʢʪʫʘʣʴʥʽ ʽ ʤʘʶʪʴ 

ʥʝʤʠʥʫʱʫ ʮʽʥʥʽʩʪʴ. ʆʜʥʘʢ ʥʘʫʢʘ ʥʝ ʩʪʦʾʪʴ ʥʘ ʤʽʩʮʽ: ʚʽʜʢʨʠʪʪʷ ʢʦʤʧ'ʶʪʝʨʘ 

ʩʪʘʣʦ ʧʦʪʫʞʥʠʤ ʧʦʰʪʦʚʭʦʤ ʜʦ ʨʦʟʚʠʪʢʫ ʥʦʚʠʭ ʤʦʞʣʠʚʦʩʪʝʡ ʜʣʷ ʾʾ 

ʧʨʦʛʨʝʩʫ. ʋ ʨʦʟʧʦʨʷʜʞʝʥʥʽ ʚʯʝʥʠʭ ʽ ʜʦʩʣʽʜʥʠʢʽʚ ʟ'ʷʚʠʣʠʩʷ ʝʬʝʢʪʠʚʥʽ 

ʟʘʩʦʙʠ, ʱʦ ʜʦʟʚʦʣʷʶʪʴ ʨʦʟʚ'ʷʟʫʚʘʪʠ ʟʥʘʯʥʫ ʢʽʣʴʢʽʩʪʴ ʟʘʜʘʯ ʽʟ 

ʟʘʩʪʦʩʫʚʘʥʥʷʤ ʧʘʢʝʪʽʚ ʩʧʝʮʽʘʣʴʥʠʭ ʧʨʦʛʨʘʤ. ʎʷ ʦʙʩʪʘʚʠʥʘ ʧʦʩʣʫʞʠʣʘ 

ʽʜʝʻʶ ʜʣʷ ʩʪʚʦʨʝʥʥʷ ʧʽʜʨʫʯʥʠʢʘ, ʚ ʷʢʦʤʫ, ʧʦʨʷʜ ʟ ʢʣʘʩʠʯʥʠʤ ʧʽʜʭʦʜʦʤ, 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʠʩʷ ʙ ʩʫʯʘʩʥʽ ʽʥʬʦʨʤʘʮʽʡʥʽ ʪʝʭʥʦʣʦʛʽʾ. ɼʣʷ ʨʝʘʣʽʟʘʮʽʾ ʮʽʻʾ 

ʤʝʪʠ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʫʥʽʚʝʨʩʘʣʴʥʝ ʤʘʪʝʤʘʪʠʯʥʝ ʩʝʨʝʜʦʚʠʱʝ Mathcad.  

     ʇʨʦʩʪʦʪʘ ʽʥʪʝʨʬʝʡʩʫ ʩʝʨʝʜʦʚʠʱʘ Mathcad ʽ ʰʠʨʦʢʠʡ ʥʘʙʽʨ ʛʨʘʬʽʯʥʠʭ, 

ʘʥʘʣʽʪʠʯʥʠʭ ʽ ʯʠʩʝʣʴʥʠʭ ʤʝʪʦʜʽʚ ʨʦʟʚ'ʷʟʘʥʥʷ ʤʘʪʝʤʘʪʠʯʥʠʭ ʟʘʜʘʯ 

ʜʦʟʚʦʣʷʶʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʮʝʡ ʧʘʢʝʪ ʫ ʥʘʚʯʘʣʴʥʦʤʫ ʧʨʦʮʝʩʽ. ʇʘʢʝʪ 

Mathcad ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʷʢ ʜʣʷ ʤʦʜʝʨʥʽʟʘʮʽʾ ʧʨʦʛʨʘʤ ʽ ʣʝʢʮʽʡ ʟ 

ʤʘʪʝʤʘʪʠʯʥʠʭ ʜʠʩʮʠʧʣʽʥ, ʪʘʢ ʽ ʜʣʷ ʨʦʟʚ'ʷʟʘʥʥʷ ʨʽʟʥʠʭ ʟʘʜʘʯ ʧʨʠ 

ʩʘʤʦʩʪʽʡʥʽʡ ʨʦʙʦʪʽ ʩʪʫʜʝʥʪʽʚ. ʉʝʨʝʜʦʚʠʱʝ ʜʦʟʚʦʣʷʻ ʚʠʢʦʥʫʚʘʪʠ ʷʢ 

ʯʠʩʝʣʴʥʽ, ʪʘʢ  ʽ ʘʥʘʣʽʪʠʯʥʽ (ʩʠʤʚʦʣʴʥʽ) ʦʙʯʠʩʣʝʥʥʷ, ʤʘʻ ʟʨʫʯʥʠʡ 

ʤʘʪʝʤʘʪʠʢʦ - ʦʨʽʻʥʪʦʚʘʥʠʡ ʽʥʪʝʨʬʝʡʩ, ʧʽʜ ʷʢʠʤ ʤʘʻʪʴʩʷ ʥʘ ʫʚʘʟʽ ʩʫʢʫʧʥʽʩʪʴ 

ʟʘʩʦʙʽʚ, ʱʦ ʟʘʙʝʟʧʝʯʫʶʪʴ ʢʝʨʫʚʘʥʥʷ ʩʠʩʪʝʤʦʶ ʟʘ ʜʦʧʦʤʦʛʦʶ ʢʣʘʚʽʘʪʫʨʠ ʽ 

ʤʠʰʽ. ʅʝʦʙʭʽʜʥʦ ʚʽʜʟʥʘʯʠʪʠ, ʱʦ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ 

ʪʘʢʠʡ ʽʥʪʝʨʬʝʡʩ, ʱʦ ʢʦʨʠʩʪʫʚʘʯ, ʷʢʠʡ ʤʘʻ ʝʣʝʤʝʥʪʘʨʥʽ ʥʘʚʠʯʢʠ ʨʦʙʦʪʠ ʟ 

Word ʽ Excel, ʤʦʞʝ ʚʽʜʨʘʟʫ ʞ ʧʦʯʘʪʠ ʨʦʙʦʪʫ ʫ Mathcad. 

     ʂʦʨʦʪʢʽ ʚʽʜʦʤʦʩʪʽ ʧʨʦ ʟʘʩʦʙʠ ʽ ʧʨʠʡʦʤʠ ʨʦʙʦʪʠ ʟ ʩʝʨʝʜʦʚʠʱʝʤ ʧʨʠ 

ʨʦʟʚôʷʟʫʚʘʥʥʽ  ʤʘʪʝʤʘʪʠʯʥʠʭ ʟʘʜʘʯ ʥʘʚʝʜʝʥʽ ʫ ʜʦʜʘʪʢʫ. 

     ɹʽʣʴʰʽʩʪʴ ʟ ʨʦʟʛʣʷʥʫʪʠʭ ʫ ʧʽʜʨʫʯʥʠʢʫ ʧʨʠʢʣʘʜʽʚ ʨʦʟʚôʷʟʫʻʪʴʩʷ ʷʢ 

ʪʨʘʜʠʮʽʡʥʠʤʠ ʩʧʦʩʦʙʘʤʠ, ʪʘʢ ʽ ʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ ʩʝʨʝʜʦʚʠʱʘ Mathcad. 

ʅʝʦʙʭʽʜʥʦ ʚʽʜʟʥʘʯʠʪʠ, ʱʦ ʤʦʞʣʠʚʦʩʪʽ Mathcad ʥʝ ʩʣʽʜ ʚʚʘʞʘʪʠ 

ʙʝʟʤʝʞʥʠʤʠ. ɺʽʥ ʫʩʧʽʰʥʦ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚ ʣʽʥʽʡʥʽʡ ʪʘ ʚʝʢʪʦʨʥʽʡ 

ʘʣʛʝʙʨʽ, ʧʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʴ ʬʫʥʢʮʽʡ, ʧʦʭʽʜʥʠʭ ʪʘ ʽʥʪʝʛʨʘʣʽʚ, ʧʨʠ 



4 
 

ʩʫʤʫʚʘʥʥʽ ʨʷʜʽʚ, ʜʦʩʣʽʜʞʝʥʥʽ ʾʭ ʟʙʽʞʥʦʩʪʽ, ʘ ʪʘʢʦʞ ʧʨʠ ʨʦʟʢʣʘʜʘʥʥʽ 

ʬʫʥʢʮʽʡ ʫ ʨʷʜʠ ʊʝʡʣʦʨʘ  ʘʙʦ  ʄʘʢʣʦʨʝʥʘ. ʆʜʥʘʢ ʢʦʣʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ 

ʨʽʚʥʷʥʴ, ʱʦ ʨʦʟʚ'ʷʟʫʶʪʴʩʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad, ʜʦʩʠʪʴ ʚʫʟʴʢʝ ʽ ʚʠʤʘʛʘʻ 

ʜʦʜʘʪʢʦʚʠʭ ʧʦʧʝʨʝʜʥʽʭ ʜʽʡ. ʅʝ ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʜʦʮʽʣʴʥʠʤ ʚʠʢʦʨʠʩʪʘʥʥʷ 

Mathcad ʫ ʘʥʘʣʽʪʠʯʥʽʡ ʛʝʦʤʝʪʨʽʾ.  

     ɹʘʞʘʥʦ ʟʚʝʨʪʘʪʠʩʷ ʜʦ Mathcad ʫ ʪʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʧʦʪʨʽʙʥʦ ʟʘʦʱʘʜʠʪʠ 

ʯʘʩ ʽ ʫʥʠʢʥʫʪʠ ʤʦʞʣʠʚʠʭ ʧʦʤʠʣʦʢ ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʛʨʦʤʽʟʜʢʠʭ ʨʫʯʥʠʭ 

ʨʦʟʨʘʭʫʥʢʽʚ. ʊʘʢʦʞ ʚʽʥ ʙʫʜʝ ʢʦʨʠʩʥʠʡ ʚʩʽʤ, ʭʪʦ ʥʝ ʚʠʚʯʘʚ ʤʘʪʝʤʘʪʠʢʫ 

ʧʦʛʣʠʙʣʝʥʦ, ʘʣʝ ʩʪʠʢʘʻʪʴʩʷ ʟ ʥʝʦʙʭʽʜʥʽʩʪʶ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʤʘʪʝʤʘʪʠʯʥʽ 

ʤʝʪʦʜʠ, ʚʠʢʦʥʫʶʯʠ ʧʝʚʥʽ ʜʦʩʣʽʜʞʝʥʥʷ. 

     ɼʘʥʠʡ ʧʽʜʨʫʯʥʠʢ ʨʦʟʨʘʭʦʚʘʥʠʡ ʥʘ ʩʪʫʜʝʥʪʽʚ ʪʝʭʥʽʯʥʠʭ ʚʫʟʽʚ. ɸʚʪʦʨʠ, 

ʩʧʠʨʘʶʯʠʩʴ ʥʘ ʙʘʛʘʪʦʨʽʯʥʠʡ ʜʦʩʚʽʜ ʚʠʢʣʘʜʘʥʥʷ ʢʫʨʩʫ ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ, 

ʧʨʘʛʥʫʣʠ ʟʨʦʙʠʪʠ ʚʠʢʣʘʜʘʥʥʷ ʤʘʪʝʨʽʘʣʫ ʦʜʥʦʯʘʩʥʦ ʩʪʨʦʛʠʤ ʽ ʜʦʩʪʫʧʥʠʤ. 

ʂʨʽʤ ʪʝʦʨʝʪʠʯʥʠʭ ʚʽʜʦʤʦʩʪʝʡ, ʥʘʚʝʜʝʥʦ ʟʥʘʯʥʫ ʢʽʣʴʢʽʩʪʴ ʧʨʠʢʣʘʜʽʚ ʟ 

ʜʦʢʣʘʜʥʠʤ ʧʦʷʩʥʝʥʥʷʤ ʩʧʦʩʦʙʽʚ ʾʭ ʨʦʟʚ'ʷʟʘʥʥʷ. ʈʦʟʪʘʰʫʚʘʥʥʷ ʤʘʪʝʨʽʘʣʫ 

ʧʽʜʨʫʯʥʠʢʘ ʚʽʜʧʦʚʽʜʘʻ ʥʘʚʯʘʣʴʥʽʡ ʧʨʦʛʨʘʤʽ ʜʠʩʮʠʧʣʽʥʠ çɺʠʱʘ 

ʤʘʪʝʤʘʪʠʢʘè.  
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1. ʃɯʅɯʁʅɸ ɸʃɻɽɹʈɸ 
 

        ɼʦ ʩʠʩʪʝʤ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟʚʦʜʷʪʴʩʷ ʯʠʩʣʝʥʥʽ 

ʤʘʪʝʤʘʪʠʯʥʽ ʽ ʧʨʠʢʣʘʜʥʽ ʟʘʜʘʯʽ. ʅʠʞʯʝ ʙʫʜʫʪʴ ʨʦʟʛʣʷʥʫʪʽ ʨʽʟʥʽ ʤʝʪʦʜʠ 

ʨʦʟʚ'ʷʟʘʥʥʷ ʮʠʭ ʩʠʩʪʝʤ ʽ ʚʘʞʣʠʚʽ ʩʫʧʫʪʥʽ ʚʽʜʦʤʦʩʪʽ, ʱʦ ʩʧʨʠʷʶʪʴ 

ʜʦʩʷʛʥʝʥʥʶ ʮʽʻʾ ʤʝʪʠ. 

1.1. ʄʘʪʨʠʮʽ  

ʊʝʦʨʽʶ ʤʘʪʨʠʮʴ ʩʧʨʘʚʝʜʣʠʚʦ ʚʚʘʞʘʶʪʴ ʘʨʠʬʤʝʪʠʢʦʶ ʚʠʱʦʾ 

ʤʘʪʝʤʘʪʠʢʠ. ɺʦʥʘ ʤʘʻ ʰʠʨʦʢʝ ʟʘʩʪʦʩʫʚʘʥʥʷ  ʧʨʠ ʚʠʚʯʝʥʥʽ ʙʘʛʘʪʴʦʭ 

ʨʦʟʜʽʣʽʚ ʤʘʪʝʤʘʪʠʢʠ, ʧʨʠʢʣʘʜʥʠʭ ʪʘ ʽʥʞʝʥʝʨʥʠʭ ʥʘʫʢ. ɺʚʝʜʝʤʦ ʧʦʥʷʪʪʷ 

ʤʘʪʨʠʮʽ. 

1.1.1.ʆʩʥʦʚʥʽ ʧʦʥʷʪʪʷ ʪʘ ʚʠʟʥʘʯʝʥʥʷ 

 

               ɺʠʟʥʘʯʝʥʥʷ 1. ʊʘʙʣʠʮʶ ʯʠʩʝʣ (ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ ʢʦʤʧʣʝʢʩʥʠʭ),          

ʟʘʧʠʩʘʥʫ ʫ ʬʦʨʤʽ 
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ʙʫʜʝʤʦ ʥʘʟʠʚʘʪʠ ʤʘʪʨʠʮʝʶ ʨʦʟʤʽʨʫ .nm³  

ʎʝ ʪʽʣʴʢʠ ʦʜʠʥ ʽʟ ʤʦʞʣʠʚʠʭ ʚʠʜʽʚ ʤʘʪʨʠʮʴ. ɯʩʥʫʶʪʴ ʢʚʘʜʨʘʪʥʽ, 

ʦʜʠʥʠʯʥʽ, ʥʫʣʴʦʚʽ ʤʘʪʨʠʮʽ ʽ ʪ.ʧ. ʏʠʩʣʘ jia  ʥʘʟʠʚʘʶʪʴʩʷ ʝʣʝʤʝʥʪʘʤʠ 

ʤʘʪʨʠʮʽ, ʜʝ i ï ʮʝ ʥʦʤʝʨ ʨʷʜʢʘ, ʘ j  - ʥʦʤʝʨ ʩʪʦʚʧʮʷ, ʥʘ ʧʝʨʝʪʠʥʽ ʷʢʠʭ 

ʟʥʘʭʦʜʠʪʴʩʷ ʜʘʥʠʡ ʝʣʝʤʝʥʪ. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʪʘʢʦʞ ʧʨʠʡʥʷʪʽ ʩʢʦʨʦʯʝʥʽ 

ʧʦʟʥʘʯʝʥʥʷ ʤʘʪʨʠʮʴ, ʥʘʧʨʠʢʣʘʜ,    []ijaA= , []ijbB= . 

ʗʢʱʦ ʤʘʪʨʠʮʷ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʦʜʥʦʛʦ ʨʷʜʢʘ, ʪʦʙʪʦ ʤʘʻ ʨʦʟʤʽʨ (1Ĭn), ʪʦ 

ʚʦʥʘ ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʝʶ-ʨʷʜʢʦʤ. ʄʘʪʨʠʮʷ, ʱʦ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʦʜʥʦʛʦ 

ʩʪʦʚʧʮʷ, ʪʦʙʪʦ ʤʘʻ ʨʦʟʤʽʨ (mĬ1), ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʝʶ-ʩʪʦʚʧʮʝʤ. 

ʈʦʟʛʣʷʥʝʤʦ ʢʚʘʜʨʘʪʥʫ ʤʘʪʨʠʮʶ ʧʦʨʷʜʢʫ n 
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ɰʾ ʝʣʝʤʝʥʪʠ 11a , 22a ,. 33a , é,nna , ʱʦ ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʥʦʤʝʨʠ 

ʨʷʜʢʽʚ ʽ ʩʪʦʚʧʮʽʚ, ʫʪʚʦʨʶʶʪʴ, ʪʘʢ ʟʚʘʥʫ, ʛʦʣʦʚʥʫ ʜʽʘʛʦʥʘʣʴ. ɽʣʝʤʝʥʪʠ na1 , 

)1(2 -na , )2(3 -na , é, 1na  ʫʪʚʦʨʶʶʪʴ ʧʦʙʽʯʥʫ (ʘʙʦ ʥʝʛʦʣʦʚʥʫ) ʜʽʘʛʦʥʘʣʴ 

ʤʘʪʨʠʮʽ. 

ʂʚʘʜʨʘʪʥʫ ʤʘʪʨʠʮʶ, ʫʩʽ ʝʣʝʤʝʥʪʠ ʷʢʦʾ, ʟʘ ʚʠʥʷʪʢʦʤ ʪʠʭ, ʱʦ 

ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ  ʛʦʣʦʚʥʽʡ ʜʽʘʛʦʥʘʣʽ, ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʥʘʟʠʚʘʶʪʴ 

ʜʽʘʛʦʥʘʣʴʥʦʶ ʤʘʪʨʠʮʝʶ.  

ʗʢʱʦ ʚʩʽ ʥʝʥʫʣʴʦʚʽ ʝʣʝʤʝʥʪʠ ʜʽʘʛʦʥʘʣʴʥʦʾ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʶʪʴ 

ʦʜʠʥʠʮʽ, ʪʦ ʤʘʻʤʦ ʦʜʠʥʠʯʥʫ ʤʘʪʨʠʮʶ, ʷʢʫ ʟʘʟʚʠʯʘʡ ʧʦʟʥʘʯʘʶʪʴ ʯʝʨʝʟ E, 

ʪʦʙʪʦ                           

ù
ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é
é

ê

è

=

1...000

,,,............

0...100

0...010

0...001

E
. 

ʄʘʪʨʠʮʷ, ʫʩʽ ʝʣʝʤʝʥʪʠ ʷʢʦʾ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʥʘʟʠʚʘʻʪʴʩʷ ʥʫʣʴʦʚʦʶ  

(ʥʫʣʴʦʚʽ ʤʘʪʨʠʮʽ ʤʦʞʫʪʴ ʤʘʪʠ ʨʽʟʥʽ ʨʦʟʤʽʨʥʦʩʪʽ). 

ʂʚʘʜʨʘʪʥʘ ʤʘʪʨʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʩʠʤʝʪʨʠʯʥʦʶ, ʷʢʱʦ ʜʣʷ ʫʩʽʭ i  ʪʘ j  

ʤʘʶʪʴ ʤʽʩʮʝ ʨʽʚʥʦʩʪʽ jiij aa = . 

1.1.2. ʈʽʚʥʽʩʪʴ ʤʘʪʨʠʮʴ 

                      ɺʠʟʥʘʯʝʥʥʷ 2.  ɼʚʽ ʤʘʪʨʠʮʽ A = [aij ]ʪʘ B = [bij ]  ʚʚʘʞʘʶʪʴʩʷ 

ʨʽʚʥʠʤʠ (A = B) ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʷʢʱʦ ʚʦʥʠ ʤʘʶʪʴ 

ʦʜʥʘʢʦʚʽ ʨʦʟʤʽʨʠ ʽ ʜʣʷ ʚʩʽʭ ʾʭ ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ 
ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ  aij  = bij . 

1.1.3. ʉʫʤʘ ʤʘʪʨʠʮʴ 

 ɺʠʟʥʘʯʝʥʥʷ 3.  ʉʫʤʦʶ ʜʚʦʭ ʤʘʪʨʠʮʴ ][ ijaA=  ʪʘ ][ ijbB=  

ʦʜʥʘʢʦʚʠʭ ʨʦʟʤʽʨʽʚ ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ ][ ijcC=  ʪʘʢʦʛʦ ʞ 

ʨʦʟʤʽʨʫ, ʝʣʝʤʝʥʪʠ ʷʢʦʾ ʜʦʨʽʚʥʶʶʪʴ ʩʫʤʘʤ ʚʽʜʧʦʚʽʜʥʠʭ 

ʝʣʝʤʝʥʪʽʚ ʤʘʪʨʠʮʴ-ʜʦʜʘʥʢʽʚ, ʪʦʙʪʦ BAC += , ʢʦʣʠ ijijij bac +=                         

( mi ,1= , nj ,1= ). 

ʆʧʝʨʘʮʽʷ ʟʥʘʭʦʜʞʝʥʥʷ ʩʫʤʠ ʤʘʪʨʠʮʴ ʥʘʟʠʚʘʻʪʴʩʷ ʜʦʜʘʚʘʥʥʷʤ ʤʘʪʨʠʮʴ 
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øa1 + d1 a2 + d2 a3 + d3

b1 + f1 b2 + f2 b3 + f3
. 

ɼʣʷ ʩʫʤʠ ʤʘʪʨʠʮʴ ʤʘʶʪʴ ʤʽʩʮʝ ʥʘʩʪʫʧʥʽ  ʚʣʘʩʪʠʚʦʩʪʽ: 

1. A + B = B + A  (ʢʦʤʫʪʘʪʠʚʥʽʩʪʴ); 

2. (A + B) + C = A + (B + C)  (ʘʩʦʮʽʘʪʠʚʥʽʩʪʴ). 

ʂʨʽʤ ʪʦʛʦ, A + O = A, ʜʝ O ï ʥʫʣʴʦʚʘ ʤʘʪʨʠʮʷ ʪʦʛʦ ʞ ʨʦʟʤʽʨʫ, ʱʦ ʡ 

ʤʘʪʨʠʮʷ A. 

ʇʨʠʢʣʘʜ 1. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʢʦʥʘʪʠ ʦʧʝʨʘʮʽʶ ʜʦʜʘʚʘʥʥʷ 

ʤʘʪʨʠʮʴ A ʪʘ B, ʷʢʱʦ  
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ʈʦʟʚôʷʟʘʥʥʷ. 

1. ɺʭʦʜʷʪʴ ʚ ʩʝʨʝʜʦʚʠʱʝ Mathcad. 

2. ʂʣʘʮʘʥʥʷʤ ʣʽʚʦʾ ʢʥʦʧʢʠ ʤʠʰʽ ʧʦ ʧʫʥʢʪʫ ʛʦʣʦʚʥʦʛʦ ʤʝʥʶ ɺʠʜ 

(View) ʚʽʜʢʨʠʚʘʶʪʴ ʩʧʘʜʘʶʯʝ ʤʝʥʶ ʟʽ ʩʧʠʩʢʦʤ ʜʦʩʪʫʧʥʠʭ (ʯʽʪʢʠʡ ʰʨʠʬʪ) ʽ 

ʥʝʜʦʩʪʫʧʥʠʭ ʢʦʤʘʥʜ. ɼʘʣʽ ʚʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ 

ʚʝʢʪʦʨʘʤʠ. ɼʣʷ ʮʴʦʛʦ ʥʝʦʙʭʽʜʥʦ ʢʣʘʮʥʫʪʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ  ʚ 

ʧʘʥʝʣʽ ʤʘʪʝʤʘʪʠʯʥʠʭ ʽʥʩʪʨʫʤʝʥʪʽʚ. ʇʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ ʧʘʥʝʣʴ 

ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ: 

 
 

ʈʠʩ. 1.1  
 

3. ʋ ʨʦʙʦʯʫ ʦʙʣʘʩʪʴ ʩʝʨʝʜʦʚʠʱʘ ʚʚʦʜʷʪʴ A: (ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ 

A :=). 

4. ʂʣʘʮʘʥʥʷʤ ʢʫʨʩʦʨʫ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ  ʧʘʥʝʣʝʡ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ 

ʪʘ ʚʝʢʪʦʨʘʤʠ ʚʽʜʢʨʠʚʘʶʪʴ ʚʽʢʥʦ ʜʽʘʣʦʛʫ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʨʦʟʤʽʨʽʚ ʤʘʪʨʠʮʽ  

(ʨʠʩ. 1.2): 
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ʈʠʩ. 1.2 
 

ʋ ʮʴʦʤʫ ʚʽʢʥʽ ʚʚʦʜʷʪʴ ʥʝʦʙʭʽʜʥʽ ʨʦʟʤʽʨʠ ʤʘʪʨʠʮʽ A ʪʘ ʥʘʪʠʩʢʘʶʪʴ 

ʢʥʦʧʢʫ ʆʂ. 

5. ʋ ʨʦʙʦʯʽʡ ʦʙʣʘʩʪʽ ʩʝʨʝʜʦʚʠʱʘ ʩʧʨʘʚʘ ʚʽʜ ʟʥʘʢʘ ʧʨʠʩʚʦʶʚʘʥʥʷ 

ʚʽʜʢʨʠʚʘʻʪʴʩʷ ʧʦʣʝ ʚʚʦʜʫ ʤʘʪʨʠʮʽ ʟ ʧʦʟʥʘʯʝʥʠʤʠ ʧʦʟʠʮʽʷʤʠ ʜʣʷ ʚʚʝʜʝʥʥʷ 

ʝʣʝʤʝʥʪʽʚ (ʨʠʩ. 1.3). 

ɼʣʷ ʪʦʛʦ, ʱʦʙ ʚʚʝʩʪʠ ʟʥʘʯʝʥʥʷ ʜʝʷʢʦʛʦ ʝʣʝʤʝʥʪʘ, ʫʩʪʘʥʦʚʣʶʶʪʴ 

ʢʫʨʩʦʨ ʚ ʧʦʟʥʘʯʝʥʽʡ ʧʦʟʠʮʽʾ ʽ ʟ ʢʣʘʚʽʘʪʫʨʠ ʚʚʦʜʷʪʴ ʥʝʦʙʭʽʜʥʽ ʟʥʘʯʝʥʥʷ, 

ʧʽʩʣʷ ʯʦʛʦ ʢʫʨʩʦʨ ʧʝʨʝʚʦʜʷʪʴ ʜʦ ʽʥʰʦʛʦ ʝʣʝʤʝʥʪʘ.   

ɿʘʫʚʘʞʠʤʦ, ʷʢʱʦ ʯʠʩʣʦ ʧʦʜʘʥʦ ʟ ʜʝʩʷʪʢʦʚʠʤ ʧʦʨʷʜʢʦʤ, ʪʦ ʮʽʣʫ 

ʯʘʩʪʠʥʫ ʚʽʜ ʜʝʩʷʪʢʦʚʦʾ ʚʽʜʦʢʨʝʤʣʶʶʪʴ ʢʨʘʧʢʦʶ. 

 

 
ʈʠʩ. 1.3  

 

6. ɸʥʘʣʦʛʽʯʥʦ ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ B. 

7. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʩʫʤʠ ʜʚʦʭ ʤʘʪʨʠʮʴ ʚ ʨʦʙʦʯʽʡ ʦʙʣʘʩʪʽ ʩʝʨʝʜʦʚʠʱʘ 

ʚʚʦʜʷʪʴ A + B =    ʉʠʤʚʦʣ ç=è ʙʝʨʫʪʴ ʟ ʧʘʥʝʣʽ ʢʘʣʴʢʫʣʷʪʦʨʘ. ʇʨʠ ʮʴʦʤʫ ʥʘ 

ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʝʥʴ (ʨʠʩ. 1.4): 
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ʈʠʩ. 1.4 

1.1.4. ʄʥʦʞʝʥʥʷ ʤʘʪʨʠʮʽ ʥʘ ʯʠʩʣʦ 

 ɺʠʟʥʘʯʝʥʥʷ 4.  ɼʦʙʫʪʢʦʤ ʤʘʪʨʠʮʽ A = [aij ]  ʥʘ ʯʠʩʣʦ l 

ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ C = [cij ]  ʪʘʢʦʛʦ ʞ ʨʦʟʤʽʨʫ, ʱʦ ʡ 

ʤʘʪʨʠʮʷ A, ʝʣʝʤʝʥʪʠ ʷʢʦʾ ʦʪʨʠʤʫʶʪʴʩʷ ʟ ʚʽʜʧʦʚʽʜʥʠʭ 

ʝʣʝʤʝʥʪʽʚ ʤʘʪʨʠʮʽ A ʤʥʦʞʝʥʥʷʤ ʾʭ ʥʘ ʯʠʩʣʦ l. 

[]ijcAʉ =Ö=l ,     ʜʝ ijij ac Ö=l  (i = 1, m , j = 1, n ). 

ʅʘʧʨʠʢʣʘʜ, 

.

333

222

111

333

222

111

ù
ù
ù

ú

ø

é
é
é

ê

è

=

ù
ù
ù

ú

ø

é
é
é

ê

è

Ö

cba

cba

cba

cba

cba

cba

lll

lll

lll

l
 

ʆʯʝʚʠʜʥʦ, ʦʧʝʨʘʮʽʷ ʤʥʦʞʝʥʥʷ ʤʘʪʨʠʮʽ ʥʘ ʯʠʩʣʦ ʤʘʻ ʪʘʢʽ ʚʣʘʩʪʠʚʦʩʪʽ: 

1. .)( BABA lll +=+   2. AAA mlml +=+ )( .  3. ).()( AA mllm =  

4. 1 Ö A = A.    5. 0 Ö A = 0. 
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ʇʨʠʢʣʘʜ 2. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʢʦʥʘʪʠ ʦʧʝʨʘʮʽʶ ʤʥʦʞʝʥʥʷ 

ʤʘʪʨʠʮʽ A ʥʘ ʯʠʩʣʦ  
5

3
-=l , ʷʢʱʦ 

A = 
ê
é
è

ú
ù
ø1 1.2 1.4 1.7

2 1.3 1.8 3

1.1 4.5 3.8 4
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʨʦʙʦʯʫ ʦʙʣʘʩʪʴ ʩʝʨʝʜʦʚʠʱʘ ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ A. 

2. ɼʣʷ ʚʚʝʜʝʥʥʷ l ʟʜʽʡʩʥʶʶʪʴ ʪʘʢʽ ʦʧʝʨʘʮʽʾ: 

ʘ) ɺʽʜʢʨʠʚʘʶʪʴ ʩʠʤʚʦʣʠ ʛʨʝʮʴʢʦʛʦ ʘʣʬʘʚʽʪʫ ʰʣʷʭʦʤ ʥʘʪʠʩʢʘʥʥʷ 

ʢʫʨʩʦʨʫ ʤʠʰʽ ʥʘ ʚʽʜʧʦʚʽʜʥʫ ʢʥʦʧʢʫ  ʟʘʩʦʙʽʚ ʽʥʩʪʨʫʤʝʥʪʘʣʴʥʦʛʦ ʤʝʥʶ 

ʤʘʪʝʤʘʪʠʯʥʠʭ ʦʧʝʨʘʮʽʡ. 

ʙ) ʋ ʚʽʢʥʽ, ʱʦ ʟôʷʚʠʣʦʩʷ, ʦʙʠʨʘʶʪʴ ʩʠʤʚʦʣ l ʰʣʷʭʦʤ ʥʘʪʠʩʢʘʥʥʷ ʥʘ 

ʥʴʦʛʦ ʢʫʨʩʦʨʦʤ ʤʠʰʽ, ʧʦʪʽʤ ʟ ʢʣʘʚʽʘʪʫʨʠ ʚʚʦʜʷʪʴ ʩʠʤʚʦʣ ʧʨʠʩʚʦʻʥʥʷ (:), ʥʘ 

ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ .:=l  

ʚ) ʋ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ ʢʘʣʴʢʫʣʷʪʦʨʘ (ʚʽʜʢʨʠʚʘʻʪʴʩʷ ʰʣʷʭʦʤ 

ʥʘʪʠʩʢʘʥʥʷ ʢʫʨʩʦʨʫ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ ʦʧʝʨʘʮʽʡ ʢʘʣʴʢʫʣʷʪʦʨʘ) ʢʣʘʮʘʶʪʴ 

ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʩʠʤʚʦʣ ʯʘʩʪʢʠ (·) ʽ ʟʘ ʰʘʙʣʦʥʦʤ, ʱʦ ʟôʷʚʣʷʻʪʴʩʷ, 

ʚʚʦʜʷʪʴ ʟʥʘʯʝʥʥʷ ʯʠʩʝʣʴʥʠʢʘ ʪʘ ʟʥʘʤʝʥʥʠʢʘ. 

3. ʋ ʨʦʙʦʯʽʡ ʦʙʣʘʩʪʽ ʩʝʨʝʜʦʚʠʱʘ ʚʚʦʜʷʪʴ ʚʠʨʘʟ =³Al  

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʟʥʘʢ ʤʥʦʞʝʥʥʷ (³) ʨʝʢʦʤʝʥʜʫʶʪʴ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʟ 

ʧʘʥʝʣʝʡ ʽʥʩʪʨʫʤʝʥʪʽʚ ʢʘʣʴʢʫʣʷʪʦʨʘ. 

ʇʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʝʥʴ (ʨʠʩ. 1.5). 

ʋ ʨʘʟʽ, ʢʦʣʠ ʥʝʦʙʭʽʜʥʦ ʦʪʨʠʤʘʪʠ ʨʝʟʫʣʴʪʘʪ ʥʝ ʫ ʚʠʛʣʷʜʽ ʜʝʩʷʪʢʦʚʦʛʦ 

ʜʨʦʙʫ, ʘ ʫ ʚʠʛʣʷʜʽ ʟʚʠʯʘʡʥʦʛʦ ʜʨʦʙʫ, ʪʦ ʟʘʤʽʩʪʴ ʩʠʤʚʦʣʫ ç=è ʥʝʦʙʭʽʜʥʦ 

ʚʚʝʩʪʠ ʟʥʘʢ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʶʚʘʥʴ ç­è (ʨʠʩ. 1.5 ). ʉʠʤʚʦʣ ç­è 

ʙʝʨʫʪʴ ʟ ʧʘʥʝʣʽ ʚʽʜʥʦʰʝʥʴ (ʨʠʩ. 1.5). 

 

1.1.5. ɺʽʜʥʽʤʘʥʥʷ ʤʘʪʨʠʮʴ 
 

ʈʽʟʥʠʮʷ A - B ʜʚʦʭ ʤʘʪʨʠʮʴ ʦʜʥʘʢʦʚʦʛʦ ʨʦʟʤʽʨʫ ʚʠʟʥʘʯʘʻʪʴʩʷ ʨʽʚʥʽʩʪʶ 

A - B = A + (-1)B. 

ʅʘʧʨʠʢʣʘʜ ,  

ê
é
è

ú
ù
ø4 5

6 7

8 9
 - 
ê
é
è

ú
ù
ø7 1

3 4

2 0
 = 
ê
é
è

ú
ù
ø-3 4

3 3

6 9
. 
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ʈʠʩ. 1.5  

1.1.6. ʄʥʦʞʝʥʥʷ ʤʘʪʨʠʮʴ 

 ɺʠʟʥʘʯʝʥʥʷ 5.  ʄʥʦʞʝʥʥʷ ʤʘʪʨʠʮʽ A ʥʘ ʤʘʪʨʠʮʶ B ʤʦʞʥʘ 

ʟʜʽʡʩʥʠʪʠ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʯʠʩʣʦ ʩʪʦʚʧʮʽʚ ʤʘʪʨʠʮʽ A 

ʚʽʜʧʦʚʽʜʘʻ ʯʠʩʣʫ ʨʷʜʢʽʚ ʤʘʪʨʠʮʽ B. 

ʅʝʭʘʡ ʟʘʜʘʥʦ ʜʚʽ ʤʘʪʨʠʮʽ  A = [aik]mĬn ʪʘ   B = [bkj]nĬp  . 

 ɺʠʟʥʘʯʝʥʥʷ 6.  ɼʦʙʫʪʢʦʤ AĀB ʤʘʪʨʠʮʽ A ʨʦʟʤʽʨʫ (mĬn) ʪʘ 

ʤʘʪʨʠʮʽ B ʨʦʟʤʽʨʫ (nĬp) ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ C ʨʦʟʤʽʨʫ 

(mĬp), ʝʣʝʤʝʥʪʠ ʷʢʦʾ ijc  ʜʦʨʽʚʥʶʶʪʴ ʩʫʤʽ ʜʦʙʫʪʢʽʚ ʝʣʝʤʝʥʪʽʚ 

i-ʛʦ ʨʷʜʢʘ ʤʘʪʨʠʮʽ A ʥʘ ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ j-ʛʦ ʩʪʦʚʧʮʷ 
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ʤʘʪʨʠʮʽ B, ʪʦʙʪʦ ʝʣʝʤʝʥʪʠ ʤʘʪʨʠʮʽ C ʟʥʘʭʦʜʷʪʴʩʷ ʟʘ 

ʬʦʨʤʫʣʦʶ:

cij  = ai1 b1j + ai2 b2j + ai3 b3j + é + ain bnj = ä
k = 1

n
 aik bkj    

(i = 1, m ; j = 1, p ). 

ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ AĿB, ʷʢʱʦ    

A = 
ê
é
è

ú
ù
ø3 0 1

2 1 2
;   B = 

ê
é
è

ú
ù
ø1 0 2

1 2 3

4 3 5
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

AĿB = 
ê
é
è

ú
ù
ø3Ŀ1 + 0Ŀ1 + 4Ŀ13Ŀ0 + 0Ŀ2 + 1Ŀ33Ŀ2 + 0Ŀ3 + 1Ŀ5

2Ŀ1 + 1Ŀ1 + 2Ŀ42Ŀ0 + 1Ŀ2 + 2Ŀ32Ŀ2 + 1Ŀ3 + 2Ŀ5
 ==  

ê
é
è

ú
ù
ø7 3 11

11 8 17
 . 

ʆʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ ʢʚʘʜʨʘʪʥʠʭ ʤʘʪʨʠʮʴ, ʱʦ ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʧʦʨʷʜʢʠ, 

ʦʧʝʨʘʮʽʷ ʤʥʦʞʝʥʥʷ ʟʘʚʞʜʠ ʤʦʞʣʠʚʘ. 

ɿʘʟʥʘʯʠʤʦ, ʱʦ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʤʥʦʞʝʥʥʷ ʤʘʪʨʠʮʴ ʥʝ ʻ ʢʦʤʫʪʘʪʠʚʥʠʤ, 

ʪʦʙʪʦ AĿB Í BĿA. 

ʇʨʠʢʣʘʜ 4.      AɇB = 
ê
é
è

ú
ù
ø1 2

3 4  ɇ 
ê
é
è

ú
ù
ø2 0

3 -1  = 
ê
é
è

ú
ù
ø8 -2

18 -4 . 

BĿA = 
ê
é
è

ú
ù
ø2 0

3 -1
 Ŀ 
ê
é
è

ú
ù
ø1 2

3 4
 = 
ê
é
è

ú
ù
ø2 4

0 2
. 

ʋ ʯʘʩʪʠʥʥʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ AĿB = BĿA, ʤʘʪʨʠʮʽ ʥʘʟʠʚʘʶʪʴʩʷ 

ʢʦʤʫʪʘʪʠʚʥʠʤʠ. ʃʝʛʢʦ ʧʦʢʘʟʘʪʠ, ʱʦ ʦʜʠʥʠʯʥʘ ʤʘʪʨʠʮʷ ʢʦʤʫʪʘʪʠʚʥʘ ʟ 

ʙʫʜʴ-ʷʢʦʶ ʢʚʘʜʨʘʪʥʦʶ ʤʘʪʨʠʮʝʶ ʪʦʛʦ ʞ ʧʦʨʷʜʢʫ. 

ʄʘʶʪʴ ʤʽʩʮʝ ʥʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ. 
1.  ʉʧʦʣʫʯʥʠʡ ʟʘʢʦʥ: 

(A Ŀ B) Ŀ C = A Ŀ (B Ŀ C). 

2.  ʈʦʟʧʦʜʽʣʴʥʠʡ ʟʘʢʦʥ: 

(A + B) Ŀ C = A Ŀ C + B Ŀ C, 

A Ŀ (B + C) = A Ŀ B + A Ŀ C. 

ʆʧʝʨʘʮʽʷ ʤʥʦʞʝʥʥʷ ʤʘʪʨʠʮʴ ʧʨʠʨʦʜʥʠʤ ʯʠʥʦʤ ʨʦʟʧʦʚʩʶʜʞʫʻʪʴʩʷ ʥʘ 

ʚʠʧʘʜʦʢ ʜʝʢʽʣʴʢʦʭ ʩʧʽʚʤʥʦʞʥʠʢʽʚ. ʅʘ ʧʽʜʩʪʘʚʽ ʮʴʦʛʦ ʜʣʷ ʢʚʘʜʨʘʪʥʠʭ 

ʤʘʪʨʠʮʴ ʤʦʞʥʘ ʚʚʝʩʪʠ ʧʦʥʷʪʪʷ ʩʪʝʧʝʥʷ ʤʘʪʨʠʮʽ:  A2 = A Ŀ A; 

)()'& 2
n

n AAAA ÖÖÖ=
. 
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ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʩʢʦʨʠʩʪʘʪʠʩʷ ʦʧʝʨʘʮʽʻʶ ʜʦʙʫʪʢʫ ʤʘʪʨʠʮʴ, ʪʦ 

ʣʽʥʽʡʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʚʠʛʣʷʜʫ 

y1 = a11x1 + a12x2 + é + a1nxn,

y2 = a21x1 + a22x2 + é + a2nxn ,

é,

ym = am1x1 + am2x2 + é + amnxn

 

ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʦʜʥʽʻʶ ʤʘʪʨʠʯʥʦʶ ʨʽʚʥʽʩʪʶ 

ê
é
é
è

ú
ù
ù
ø

y1

y2

é

ym

 = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 é a1n

a21 a22 é a2n

é é é é

a2n am1 am2 amn

 Ŀ 

ê
é
é
è

ú
ù
ù
ø

x1

x2

é

xm

 

 

ʘʙʦ ʚ ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ           Y = A Ŀ X,                                                 (1. 1) 

 

ʜʝ  Y = 

ê
é
é
è

ú
ù
ù
ø

y1

y2

é

ym

;    A =  

ê
é
é
è

ú
ù
ù
ø

a11 a12 é a1n

a21 a22 é a2n

é é é é

a2n am1 am2 amn

;    X = 

ê
é
é
è

ú
ù
ù
ø

x1

x2

é

xm

. 

ʉʧʽʚʚʽʜʥʦʰʝʥʥʷ (1.1) ʙʫʜʝ ʜʦʩʠʪʴ ʢʦʨʠʩʥʠʤ ʜʣʷ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

ʚʽʜʧʦʚʽʜʥʠʭ ʟʘʜʘʯ ʣʽʥʽʡʥʦʾ ʘʣʛʝʙʨʠ. 

ʇʨʠʢʣʘʜ 5. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʢʦʥʘʪʠ ʦʧʝʨʘʮʽʶ ʤʥʦʞʝʥʥʷ 

ʤʘʪʨʠʮʽ A ʥʘ ʤʘʪʨʠʮʶ B, ʷʢʱʦ 

A = 
ê
é
è

ú
ù
ø4 1 3

7 8 -2

-1 3 4
;   B = 

ê
é
è

ú
ù
ø-3 4

2 7

-1 8
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʨʦʙʦʯʫ ʦʙʣʘʩʪʴ ʩʝʨʝʜʦʚʠʱʘ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʽ A ʪʘ B (ʜʠʚ. 

ʨʠʩ. 1.6). 

2. ɼʘʣʽ ʚʠʢʦʥʫʶʪʴ ʦʧʝʨʘʮʽʶ   A Ā B =  

ɿʘʫʚʘʞʝʥʥʷ. ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʟʥʘʢ ʤʥʦʞʝʥʥʷ çĀè ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʟ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ ʢʘʣʴʢʫʣʷʪʦʨʘ (ʨʠʩ. 1.6) 

3. ʇʽʩʣʷ ʚʠʢʦʨʠʩʪʘʥʥʷ ʟʥʘʢʘ ç=è ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ 

ʤʥʦʞʝʥʥʷ (ʨʠʩ. 1.6): 
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ʈʠʩ. 1.6 

1.1.7. ʊʨʘʥʩʧʦʥʫʚʘʥʥʷ ʤʘʪʨʠʮʴ 

 ɺʠʟʥʘʯʝʥʥʷ 7.  ʊʨʘʥʩʧʦʥʫʚʘʥʥʷʤ ʤʘʪʨʠʮʽ A ʥʘʟʠʚʘʻʪʴʩʷ 

ʦʧʝʨʘʮʽʷ ʟʘʤʽʥʠ ʨʷʜʢʽʚ ʮʽʻʾ ʤʘʪʨʠʮʽ ʾʾ ʩʪʦʚʧʮʷʤʠ ʽʟ 

ʟʙʝʨʝʞʝʥʥʷʤ ʾʭ ʥʦʤʝʨʽʚ. 

ʄʘʪʨʠʮʷ, ʦʪʨʠʤʘʥʘ ʪʘʢʠʤ ʯʠʥʦʤ ʟ ʤʘʪʨʠʮʽ A, ʥʘʟʠʚʘʻʪʴʩʷ 

ʪʨʘʥʩʧʦʥʦʚʘʥʦʶ ʚʽʜʥʦʩʥʦ ʤʘʪʨʠʮʽ A ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ ʪʘʢ:  A', A
T
, 

t
A. 

ʆʪʞʝ, ʥʝʭʘʡ ʟʘʜʘʥʦ ʤʘʪʨʠʮʶ A ʨʦʟʤʽʨʫ (mĬn): 

A = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 é a1n

a21 a22 é a2n

é é é é

am1 am2 é amn

.    

ʇʝʨʝʩʪʘʚʠʤʦ ʚ ʥʽʡ ʨʷʜʢʠ ʟʽ ʩʪʦʚʧʮʷʤʠ ʽʟ ʟʙʝʨʝʞʝʥʥʷʤ ʾʭ ʥʦʤʝʨʽʚ:  

AT = 

ê
é
é
è

ú
ù
ù
ø

a11 a21 é am1

a12 a22 é am2

é é é é

a1n a2n é amn

. 

ʇʨʠʢʣʘʜ 6. ʊʨʘʥʩʧʦʥʫʚʘʪʠ ʤʘʪʨʠʮʶ  

A = 
ê
é
è

ú
ù
ø1 4 2 3

0 1 4 2

3 1 2 -1
 . 
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ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʛʽʜʥʦ ʟ ʦʧʝʨʘʮʽʻʶ ʪʨʘʥʩʧʦʥʫʚʘʥʥʷ ʟʘʤʽʥʠʤʦ ʨʷʜʢʠ ʤʘʪʨʠʮʽ ʾʾ 

ʩʪʦʚʧʮʷʤʠ, ʟʙʝʨʽʛʘʶʯʠ ʚʽʜʧʦʚʽʜʥʽ ʥʦʤʝʨʠ (ʧʝʨʰʠʡ ʨʷʜʦʢ ʟʘʧʠʩʫʻʪʴʩʷ ʥʘ 

ʤʽʩʮʽ ʧʝʨʰʦʛʦ ʩʪʦʚʧʮʷ, ʜʨʫʛʠʡ ï ʥʘ ʤʽʩʮʽ ʜʨʫʛʦʛʦ ʽ ʪ. ʜ.). 

ʆʪʞʝ,        A' = 

ê
é
è

ú
ù
ø

1 0 3

4 1 1

2 4 2

3 2 -1

. 

ʇʨʠʢʣʘʜ 7. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʢʦʥʘʪʠ ʦʧʝʨʘʮʽʶ ʪʨʘʥʩʧʦʥʫʚʘʥʥʷ 

ʤʘʪʨʠʮʽ      A = 

ê
é
é
è

ú
ù
ù
ø2 0

1 4
-2 -1
7 8

. 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ A. 

ɺʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʤʘʪʨʠʯʥʠʭ ʦʧʝʨʘʮʽʡ (ʨʠʩ. 1.7). ɼʣʷ ʮʴʦʛʦ 

ʥʝʦʙʭʽʜʥʦ ʢʣʘʮʥʫʪʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ  ʚ ʧʘʥʝʣʽ ʤʘʪʝʤʘʪʠʯʥʠʭ 

ʽʥʩʪʨʫʤʝʥʪʽʚ. ʅʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ ʧʘʥʝʣʴ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ 

ʚʝʢʪʦʨʘʤʠ. ʇʦʪʽʤ ʪʨʝʙʘ ʢʣʘʮʥʫʪʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ  ʧʘʥʝʣʽ 

ʤʘʪʨʠʯʥʠʭ ʦʧʝʨʘʮʽʡ. ʋ ʟʨʘʟʦʢ, ʱʦ ʟôʷʚʣʷʻʪʴʩʷ ʥʘ ʝʢʨʘʥʽ, ʚʚʦʜʷʪʴ 

ʥʘʡʤʝʥʫʚʘʥʥʷ ʤʘʪʨʠʮʽ, ʱʦ ʙʫʜʝ ʪʨʘʥʩʧʦʥʫʚʘʪʠʩʷ (ʩʠʤʚʦʣ ɸ). ʇʽʩʣʷ 

ʥʘʪʠʩʢʘʥʥʷ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʩʠʤʚʦʣ ç=è ʥʘ ʝʢʨʘʥʽ ʟôʷʚʠʪʴʩʷ 

ʪʨʘʥʩʧʦʥʦʚʘʥʘ ʤʘʪʨʠʮʷ (ʨʠʩ. 1.7).  

 

 
ʈʠʩ. 1.7 
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1.2. ɺʠʟʥʘʯʥʠʢʠ 

 

1.2.1. ɺʠʟʥʘʯʥʠʢʠ 2-ʛʦ ʽ 3-ʛʦ ʧʦʨʷʜʢʽʚ  

 

ɹʫʜʴ-ʷʢʠʡ ʢʚʘʜʨʘʪʥʽʡ ʤʘʪʨʠʮʽ ʤʦʞʥʘ ʧʦʩʪʘʚʠʪʠ ʫ ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʜʝʷʢʝ 

ʯʠʩʣʦ, ʷʢʝ ʥʘʟʠʚʘʻʪʴʩʷ ʚʠʟʥʘʯʥʠʢʦʤ (ʘʙʦ ʜʝʪʝʨʤʽʥʘʥʪʦʤ). ɺʠʟʥʘʯʥʠʢʠ 

ʙʫʚʘʶʪʴ ʜʨʫʛʦʛʦ, ʪʨʝʪʴʦʛʦ ʪʘ ʽʥʰʠʭ ʧʦʨʷʜʢʽʚ. ʇʦʨʷʜʦʢ ʚʠʟʥʘʯʥʠʢʘ 

ʩʧʽʚʧʘʜʘʻ ʽʟ ʢʽʣʴʢʽʩʪʶ ʡʦʛʦ ʨʷʜʢʽʚ (ʘʙʦ ʩʪʦʚʧʮʽʚ), ʘ ʦʙʯʠʩʣʶʶʪʴʩʷ ʚʦʥʠ ʟʘ 

ʧʝʚʥʠʤʠ ʧʨʘʚʠʣʘʤʠ. ʆʪʞʝ, ʟʚʝʨʥʝʤʦʩʴ ʜʦ ʢʦʥʢʨʝʪʥʠʭ ʚʠʟʥʘʯʝʥʴ. 
 

 ɺʠʟʥʘʯʝʥʥʷ 1.  ɺʠʟʥʘʯʥʠʢʦʤ  ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʥʘʟʠʚʘʻʪʴʩʷ        

ʯʠʩʣʦ, ʱʦ ʜʦʨʽʚʥʶʻ   

                        21122211

2221

1211
det aaaa

aa

aa
A Ö-Ö==  .                                   (1.2) 

ʅʘʧʨʠʢʣʘʜ, 

î
î
î

î
î
î1 -1

2 3
 = 1Ŀ3 - (-1)Ŀ2 = 5. 

 

 ɺʠʟʥʘʯʝʥʥʷ 2. ɺʠʟʥʘʯʥʠʢʦʤ  3-ʛʦ ʧʦʨʷʜʢʫ ʥʘʟʠʚʘʻʪʴʩʷ ʯʠʩʣʦ,  

ʱʦ ʜʦʨʽʚʥʶʻ 

det A = 

î
î
î
î

î
î
î
îa11 a12 a13

a21 a22 a23

a31 a32 a33

 = a11Ŀa22Ŀa33 + a12Ŀa23Ŀa31 + a13Ŀa21Ŀa32 - 

- a13Ŀa22Ŀa31 - a11Ŀa23Ŀa32 - a12Ŀa21Ŀa33 .                                                (1.3) 

 

ʅʝʟʚʘʞʘʶʯʠ ʥʘ ʟʦʚʥʽʰʥʶ ʛʨʦʤʽʟʜʢʽʩʪʴ ʬʦʨʤʫʣʠ (1.3), ʾʾ ʜʦʩʠʪʴ ʣʝʛʢʦ 

ʟʘʧʘʤôʷʪʘʪʠ, ʷʢʱʦ ʢʝʨʫʚʘʪʠʩʷ, ʪʘʢ ʟʚʘʥʠʤ, ʧʨʘʚʠʣʦʤ ʪʨʠʢʫʪʥʠʢʽʚ (ʨʠʩ.1.8): 

 
 

¶¶¶

¶¶¶

¶¶¶

¶¶¶

¶¶¶

¶¶¶

+ -

 
                   ʘ   ʙ 

ʈʠʩ. 1.8.  
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ʊʨʠ ʧʝʨʰʠʭ ʜʦʜʘʥʢʠ ʫ (1.3) ʙʝʨʫʪʴʩʷ ʟ ʪʠʤ ʞʝ ʟʥʘʢʦʤ, ʷʢʠʡ ʚʠʭʦʜʠʪʴ 

ʚ ʨʝʟʫʣʴʪʘʪʽ ʧʝʨʝʤʥʦʞʫʚʘʥʥʷ ʝʣʝʤʝʥʪʽʚ ʛʦʣʦʚʥʦʾ ʜʽʘʛʦʥʘʣʽ ʽ ʝʣʝʤʝʥʪʽʚ, ʱʦ 

ʤʽʩʪʷʪʴʩʷ ʫ ʚʝʨʰʠʥʘʭ ʪʨʠʢʫʪʥʠʢʽʚ, ʱʦ ʤʘʶʪʴ ʩʪʦʨʦʥʫ, ʧʘʨʘʣʝʣʴʥʫ ʜʦ 

ʛʦʣʦʚʥʦʾ ʜʽʘʛʦʥʘʣʽ (ʨʠʩ. 1.8ʘ). 

ʊʨʠ ʦʩʪʘʥʥʽ ʜʦʜʘʥʢʠ ʫ ʩʧʽʚʚʽʜʥʦʰʝʥʥʽ (1.3) ʻ ʚʟʷʪʠʤʠ ʟ ʧʨʦʪʠʣʝʞʥʠʤ 

ʟʥʘʢʦʤ ʜʦʙʫʪʢʘʤʠ ʝʣʝʤʝʥʪʽʚ ʧʦʙʽʯʥʦʾ ʜʽʘʛʦʥʘʣʽ ʪʘ ʝʣʝʤʝʥʪʽʚ, ʱʦ ʤʽʩʪʷʪʴʩʷ 

ʫ ʚʝʨʰʠʥʘʭ ʪʨʠʢʫʪʥʠʢʽʚ, ʱʦ ʤʘʶʪʴ ʩʪʦʨʦʥʫ, ʧʘʨʘʣʝʣʴʥʫ ʜʦ ʧʦʙʽʯʥʦʾ 

ʜʽʘʛʦʥʘʣʽ (ʨʠʩ. 1.8ʙ). 

ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʥʠʢ    

det A = 
î
î
î

î
î
î1 2 3

0 4 -1

3 1 0
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʛʽʜʥʦ ʽʟ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤ (1.3)  

 

det A = 
î
î
î

î
î
î1 2 3

0 4 -1

3 1 0
 = 1Ŀ4Ŀ0 + 2 (-1)Ŀ3 + 0Ŀ1Ŀ3 - 3Ŀ4Ŀ3 - 2Ŀ0Ŀ0 - (-1)Ŀ1Ŀ1 = 

= -6 - 36 + 1 = -41. 

1.2.2. ʆʩʥʦʚʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʚʠʟʥʘʯʥʠʢʽʚ  

 

          ɿʘʫʚʘʞʠʤʦ, ʱʦ ʥʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʩʧʨʘʚʝʜʣʠʚʽ ʜʣʷ ʚʠʟʥʘʯʥʠʢʽʚ 

ʙʫʜʴ-ʷʢʦʛʦ ʧʦʨʷʜʢʫ. ʆʜʥʘʢ ʜʣʷ ʪʦʛʦ, ʱʦʙ ʫʥʠʢʥʫʪʠ ʛʨʦʤʽʟʜʢʠʭ ʚʠʢʣʘʜʦʢ 

ʘʙʦ ʩʧʨʦʩʪʠʪʠ ʾʭ,  ʧʨʠ ʜʦʚʝʜʝʥʥʽ  ʦʙʤʝʞʠʤʦʩʷ ʚʠʟʥʘʯʥʠʢʘʤʠ 3-ʛʦ ʧʦʨʷʜʢʫ.  

1. ɺʠʟʥʘʯʥʠʢ ʥʝ ʟʤʽʥʶʻʪʴʩʷ ʧʨʠ ʡʦʛʦ ʪʨʘʥʩʧʦʥʫʚʘʥʥʽ,ʪʦʙʪʦ 

det AT = det A. 

      ɼʣʷ ʜʦʚʝʜʝʥʥʷ ʜʦʩʪʘʪʥʴʦ ʨʦʟʢʨʠʪʠ ʦʙʠʜʚʘ ʮʽ ʚʠʟʥʘʯʥʠʢʠ,ʚʠʢʦʨʠʩʪʘʚʰʠ  

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (1.3).  ʉʝʥʩ  ʜʘʥʦʾ ʚʣʘʩʪʠʚʦʩʪʽ  ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦ ʨʷʜʢʠ 

ʪʘ ʩʪʦʚʧʮʽ ʚʠʟʥʘʯʥʠʢʘ ʨʽʚʥʦʧʨʘʚʥʽ. ʊʦʙʪʦ, ʷʢʱʦ ʜʝʷʢʝ ʪʚʝʨʜʞʝʥʥʷ 

ʩʧʨʘʚʝʜʣʠʚʝ ʜʣʷ ʩʪʦʚʧʮʽʚ ʚʠʟʥʘʯʥʠʢʘ, ʪʦ ʚʦʥʦ ʙʫʜʝ ʩʧʨʘʚʝʜʣʠʚʠʤ ʽ ʜʣʷ 

ʡʦʛʦ ʨʷʜʢʽʚ. 

ʂʦʞʥʠʡ ʜʦʜʘʥʦʢ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʨʽʚʥʦʩʪʽ (1. 3) ʤʽʩʪʠʪʴ ʫ ʷʢʦʩʪʽ  

ʤʥʦʞʥʠʢʘ ʝʣʝʤʝʥʪʠ ʨʷʜʢʽʚ ʪʘ ʩʪʦʚʧʮʽʚ ʚʠʟʥʘʯʥʠʢʘ. ʗʢʱʦ ʚʩʽ ʝʣʝʤʝʥʪʠ 

ʜʝʷʢʦʛʦ ʨʷʜʢʘ (ʘʙʦ ʩʪʦʚʧʮʷ) ʚʠʟʥʘʯʥʠʢʘ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʪʦ ʢʦʞʥʠʡ 

ʜʦʜʘʥʦʢ ʤʘʻ ʤʥʦʞʥʠʢ, ʱʦ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʊʦʙʪʦ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ 

ʚʠʟʥʘʯʥʠʢ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʆʪʞʝ, ʜʦʚʝʜʝʥʘ ʥʘʩʪʫʧʥʘ ʚʣʘʩʪʠʚʽʩʪʴ. 
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2. ɺʠʟʥʘʯʥʠʢ, ʫ ʷʢʦʛʦ ʫʩʽ ʝʣʝʤʝʥʪʠ ʜʝʷʢʦʛʦ ʩʪʦʚʧʮʷ (ʨʷʜʢʘ) ʥʫʣʴʦʚʽ, 

ʪʘʢʦʞ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

3. ʇʨʠ ʧʝʨʝʩʪʘʥʦʚʮʽ ʜʚʦʭ ʩʪʦʚʧʮʽʚ (ʨʷʜʢʽʚ) ʚʠʟʥʘʯʥʠʢʘ ʡʦʛʦ 

ʘʙʩʦʣʶʪʥʘ ʚʝʣʠʯʠʥʘ ʥʝ ʟʤʽʥʶʻʪʴʩʷ, ʘ ʟʥʘʢ ʟʤʽʥʶʻʪʴʩʷ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ. 

       ɼʦʚʝʜʝʥʥʷ ʚʠʧʣʠʚʘʻ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʟ ʚʠʟʥʘʯʝʥʥʷ ʜʝʪʝʨʤʽʥʘʥʪʘ. 

ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʚʠʟʥʘʯʥʠʢʘ 2-ʛʦ ʧʦʨʷʜʢʫ  

det A = 
î
î
î
î

î
î
î
îa11 a12

a21 a22
 = a11 a22 - a12 a21. 

det A1 = 
î
î
î
î

î
î
î
îa12 a11

a22 a21
 = a12 a21 - a11 a22 = - (a11 a22 - a12 a21) = - det A. 

3. ɺʠʟʥʘʯʥʠʢ, ʱʦ ʤʽʩʪʠʪʴ ʜʚʘ ʦʜʥʘʢʦʚʠʭ ʨʷʜʢʠ ʯʠ ʩʪʦʚʧʮʽ, ʜʦ-

ʨʽʚʥʶʻ ʥʫʣʶ. 

ɼʣʷ ʜʦʚʝʜʝʥʥʷ ʮʽʻʾ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʤʽʥʷʻʤʦ ʤʽʩʮʷʤʠ ʜʚʘ ʦʜʥʘʢʦʚʠʭ 

ʩʪʦʚʧʮʽ. ʊʦʜʽ, ʟ ʦʜʥʦʛʦ ʙʦʢʫ, ʚʠʟʥʘʯʥʠʢ ʥʝ ʤʦʞʝ ʟʤʽʥʠʪʠʩʷ (ʘʜʞʝ ʩʪʦʚʧʮʽ 

ʦʜʥʘʢʦʚʽ), ʘ ʟ ʽʥʰʦʛʦ ʙʦʢʫ, ʫ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʟʽ ʚʣʘʩʪʠʚʽʩʪʶ 2,  ʡʦʛʦ ʟʥʘʢ 

ʧʦʚʠʥʝʥ ʟʤʽʥʠʪʠʩʷ ʥʘ ʧʨʦʪʠʣʝʞʥʠʡ. ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ  

det A = - det A;    2 det A = 0;    det A = 0. 

4. ʄʥʦʞʝʥʥʷ ʙʫʜʴ-ʷʢʦʛʦ ʩʪʦʚʧʯʠʢʘ (ʨʷʜʢʘ) ʚʠʟʥʘʯʥʠʢʘ ʥʘ ʜʦʚʽʣʴʥʝ 

ʯʠʩʣʦ ʨʽʚʥʦʟʥʘʯʥʝ ʤʥʦʞʝʥʥʶ ʩʘʤʦʛʦ ʚʠʟʥʘʯʥʠʢʘ ʥʘ ʮʝ ʯʠʩʣʦ.  

ɼʦʚʝʜʝʥʥʷ ʮʽʻʾ ʚʣʘʩʪʠʚʦʩʪʽ ʥʘʚʝʜʝʥʦ ʥʠʞʯʝ. 

  

ɿʚʽʜʩʠ ʚ ʷʢʦʩʪʽ ʥʘʩʣʽʜʢʫ ʦʪʨʠʤʫʻʤʦ ʱʝ ʦʜʠʥ ʩʧʦʩʽʙ ʜʦʚʝʜʝʥʥʷ 

ʚʣʘʩʪʠʚʦʩʪʽ 2. ɼʣʷ ʮʴʦʛʦ ʜʦʩʪʘʪʥʴʦ ʧʦʢʣʘʩʪʠ  .  

5. ʗʢʱʦ ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʜʚʦʭ ʧʘʨʘʣʝʣʴʥʠʭ ʨʷʜʢʽʚ (ʘʙʦ ʩʪʦʚʧʮʽʚ) 

ʧʨʦʧʦʨʮʽʡʥʽ, ʪʦ ʚʠʟʥʘʯʥʠʢ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

  ɼʽʡʩʥʦ, ʷʢʱʦ, ʥʘʧʨʠʢʣʘʜ, ʧʨʦʧʦʨʮʽʡʥʽ ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʧʝʨʠhʭ 

ʜʚʦʭ ʩʪʦʚʧʮʽʚ, ʪʦ 
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(ʟʘ ʚʣʘʩʪʠʚʽʩʪʶ 3). 

 

6. ʗʢʱʦ ʝʣʝʤʝʥʪʠ ʜʝʷʢʦʛʦ ʨʷʜʢʘ (ʘʙʦ ʩʪʦʚʧʮʷ) ʚʠʟʥʘʯʥʠʢʘ 

ʧʨʝʜʩʪʘʚʣʝʥʽ ʫ ʚʠʛʣʷʜʽ ʩʫʤʠ, ʪʦ ʮʝʡ ʚʠʟʥʘʯʥʠʢ ʤʦʞʥʘ 

ʧʨʝʜʩʪʘʚʠʪʠ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ:  

 
         ɼʦʚʝʜʝʥʥʷ ʮʽʻʾ ʚʣʘʩʪʠʚʦʩʪʽ ʦʜʝʨʞʫʻʪʴʩʷ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʯʝʨʝʟ 

ʨʦʟʢʨʠʪʪʷ ʚʠʟʥʘʯʥʠʢʽʚ. 

7. ɺʝʣʠʯʠʥʘ ʚʠʟʥʘʯʥʠʢʘ ʥʝ ʟʤʽʥʠʪʴʩʷ, ʷʢʱʦ ʜʦ ʫʩʽʭ ʝʣʝʤʝʥʪʽʚ  ʙʫʜʴ-

ʷʢʦʛʦ ʡʦʛʦ ʩʪʦʚʧʮʷ (ʨʷʜʢʘ) ʜʦʜʘʪʠ ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ  ʧʘʨʘʣʝʣʴʥʦʛʦ 

ʩʪʦʚʧʮʷ (ʨʷʜʢʘ), ʧʦʤʥʦʞʝʥʽ  ʥʘ ʦʜʥʝ ʡ ʪʝ ʞ ʯʠʩʣʦ,ʪʦʙʪʦ: 

 
ɼʦʚʝʜʝʤʦ ʮʶ ʚʣʘʩʪʠʚʽʩʪʴ. ʂʦʨʠʩʪʫʶʯʠʩʴ ʚʣʘʩʪʠʚʽʩʪʶ 6, ʤʘʻʤʦ: 

 

333231

232221

131211

aaa

aaa

aaa

=

  , 

ʦʩʢʽʣʴʢʠ ʜʨʫʛʠʡ ʜʦʜʘʥʦʢ  ʟʘ ʚʣʘʩʪʠʚʽʩʪʶ 3 ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

     ʅʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʧʦʪʨʝʙʫʶʪʴ ʜʦʜʘʪʢʦʚʦʾ ʽʥʬʦʨʤʘʮʽʾ. ʆʪʞʝ, ʜʘʤʦ 

ʚʠʟʥʘʯʝʥʥʷ ʤʽʥʦʨʽʚ ʽ ʘʣʛʝʙʨʘʾʯʥʠʭ ʜʦʧʦʚʥʝʥʴ.  

ʈʦʟʛʣʷʥʝʤʦ ʚʠʟʥʘʯʥʠʢ n-ʛʦ ʧʦʨʷʜʢʫ. 

 

det A = 

î
î
î
î
î

î
î
î
î
î

a11 a12 é a1j é a1n

a21 a22 é a2j é a2n

é é é é é é

ai1 ai2 é aij é ain

é é é é é é

an1 an2 é anj é ann

. 
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ʈʦʟʛʣʷʥʝʤʦ ʜʦʚʽʣʴʥʠʡ ʝʣʝʤʝʥʪ ʚʠʟʥʘʯʥʠʢʘ aij. ʗʢʱʦ ʚʠʢʨʝʩʣʠʪʠ ʟ 

ʪʘʢʦʛʦ ʚʠʟʥʘʯʥʠʢʘ -̔ʡ ʨʷʜʦʢ ʪʘ j-ʡ ʩʪʦʚʧʝʮʴ, ʥʘ ʧʝʨʝʪʠʥʽ ʷʢʠʭ ʟʥʘʭʦʜʠʪʴʩʷ 

ʝʣʝʤʝʥʪ aij, ʪʦ ʦʜʝʨʞʠʤʦ ʚʠʟʥʘʯʥʠʢ (n-1) ʧʦʨʷʜʢʫ. ʁʦʛʦ ʥʘʟʠʚʘʶʪʴ 

ʤʽʥʦʨʦʤ ʝʣʝʤʝʥʪʘ aij  ʪʘ ʧʦʟʥʘʯʘʶʪʴ Mij, ʪʦʙʪʦ: 

                       ɺʠʟʥʘʯʝʥʥʷ 3. ʄʽʥʦʨʦʤ Mij  ʝʣʝʤʝʥʪʘ aij  ʚʠʟʥʘʯʥʠʢʘ n-ʛʦ 

ʧʦʨʷʜʢʫ ʥʘʟʠʚʘʻʪʴʩʷ ʚʠʟʥʘʯʥʠʢ (n-1)-ʛʦ ʧʦʨʷʜʢʫ, ʷʢʠʡ 

ʦʪʨʠʤʫʶʪʴ ʟ ʚʠʟʥʘʯʥʠʢʘ det A ʰʣʷʭʦʤ ʚʠʢʨʝʩʣʶʚʘʥʥʷ -̔ʛʦ 

ʨʷʜʢʘ ʪʘ j-ʛʦ ʩʪʦʚʧʮʷ, ʥʘ ʧʝʨʝʪʠʥʽ ʷʢʠʭ ʟʥʘʭʦʜʠʪʴʩʷ 

ʝʣʝʤʝʥʪ aij . 

ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʤʽʥʦʨʠ M11,  M13 ʚʠʟʥʘʯʥʠʢʘ 

 

D = 
î
î
î

î
î
î1 4 -1

2 0 3

1 -1 2
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

M11 = 
î
î
î

î
î
î0 3

-1 2
 = 0Ŀ2 - (-1)Ŀ3 = 3. 

M13 = 
î
î
î

î
î
î2 0

1 -1
 = 2Ŀ(-1) - 0Ŀ1 = -2. 

 

                      ɺʠʟʥʘʯʝʥʥʷ 4. ɸʣʛʝʙʨʘʾʯʥʠʤ ʜʦʧʦʚʥʝʥʥʷʤ Aij  ʝʣʝʤʝʥʪʘ aij  

ʚʠʟʥʘʯʥʠʢʘ D ʥʘʟʠʚʘʶʪʴ ʤʽʥʦʨ ʮʴʦʛʦ ʝʣʝʤʝʥʪʘ Mij , 

ʧʦʤʥʦʞʝʥʠʡ ʥʘ (-1)i + j, ʪʦʙʪʦ Aij  = (-1)i + j  Mij . 

ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʘʣʛʝʙʨʘʾʯʥʽ ʜʦʧʦʚʥʝʥʥʷ ɸ21, ɸ22, ɸ23 ʚʠʟʥʘʯʥʠʢʘ 

D = 
î
î
î

î
î
î1 4 -1

2 0 3

1 -1 2
. 

ʈʦʟʚôʷʟʘʥʥʷ.  

A21 = (-1)2 + 1 M21 = - M21 = - 
î
î
î

î
î
î4 -1

-1 2
 = - (4Ö2 - (-1)Ö(-1)) = -7. 

A22 = (-1)2 + 2 M22 = M22 = 
î
î
î

î
î
î1 -1

1 2
 = 1Ö2 - (-1)Ö1 = 3. 

A23 = (-1)2 + 3 M23 = - M23 = - 
î
î
î

î
î
î1 4

1 -1
 = - (1Ö(-1) - 4Ö1) = 6. 
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8 . ɺʠʟʥʘʯʥʠʢ ʜʦʨʽʚʥʶʻ ʩʫʤʽ ʜʦʙʫʪʢʽʚ ʝʣʝʤʝʥʪʽʚ ʙʫʜʴ-ʷʢʦʛʦ ʨʷʜʢʘ  

(ʩʪʦʚʧʮʷ) ʥʘ ʚʽʜʧʦʚʽʜʥʽ ʾʤ ʘʣʛʝʙʨʘʾʯʥʽ ʜʦʧʦʚʥʝʥʥʷ. 

                        det A = 

î
î
î
î
î
î

î
î
î
î
î
î

a11 a12 é a1j é a1n

a21 a22 é a2j é a2n

é é é é é é

ai1 ai2 é aij é ain

é é é é é é

an1 an2 é anj é ann

 =                   (1.4) 

= a1jA1j + a2jA2j + é + anjAnj . 

        ɿʘʫʚʘʞʝʥʥʷ. ɼʣʷ ʚʠʟʥʘʯʥʠʢʘ 3-ʛʦ ʧʦʨʷʜʢʫ ʜʦʚʝʜʝʥʥʷ ʮʽʻʾ ʚʣʘʩʪʠʚʦʩʪʽ  

ʦʜʝʨʞʫʻʪʴʩʷ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʡʦʛʦ ʨʦʟʢʨʠʪʪʷ, ʘ ʪʘʢʦʞ  

ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʦʥʷʪʪʷ ʘʣʛʝʙʨʘʾʯʥʦʛʦ ʜʦʧʦʚʥʝʥʥʷ.  

       ʎʷ ʚʣʘʩʪʠʚʽʩʪʴ ʬʘʢʪʠʯʥʦ ʧʨʝʜʩʪʘʚʣʷʻ ʩʦʙʦʶ ʫʥʽʚʝʨʩʘʣʴʥʠʡ ʩʧʦʩʽʙ 

ʨʦʟʢʨʠʪʪʷ ʚʠʟʥʘʯʥʠʢʽʚ ʙʫʜʴ-ʷʢʦʛʦ ʧʦʨʷʜʢʫ.  ɰʾ ʽʥʘʢʰʝ ʥʘʟʠʚʘʶʪʴ 

ʨʦʟʢʣʘʜʘʥʥʷʤ ʚʠʟʥʘʯʥʠʢʘ ʟʘ ʝʣʝʤʝʥʪʘʤʠ ʡʦʛʦ ʨʷʜʢʘ (ʘʙʦ ʩʪʦʚʧʮʷ). 

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʥʠʢ ʰʣʷʭʦʤ ʡʦʛʦ ʨʦʟʢʣʘʜʘʥʥʷ ʟʘ 

ʝʣʝʤʝʥʪʘʤʠ ʜʨʫʛʦʛʦ ʨʷʜʢʘ 

D = 
î
î
î

î
î
î1 3 1

2 4 -1

0 2 1
. 

ʈʦʟʚôʷʟʘʥʥʷ.  

D = 
î
î
î

î
î
î1 3 1

2 4 -1

0 2 1
 = 2ĿA21 + 4ĿA22 + (-1)ĿA23 =  

= 2Ŀ(-1)3M21 + 4Ŀ(-1)4M22 + (-1) (-1)5A23 =  

= -2Ŀ
î
î
î

î
î
î3 1

2 1
 + 4Ŀ

î
î
î

î
î
î1 1

0 1
 + 
î
î
î

î
î
î1 3

0 2
 =  

= -2 (3Ŀ1 - 1Ŀ2) + 4Ŀ(1Ŀ1 - 0Ŀ1) + (1Ŀ2 - 3Ŀ0) = 4. 

9. ʉʫʤʘ ʜʦʙʫʪʢʽʚ ʫʩʽʭ ʝʣʝʤʝʥʪʽʚ ʦʜʥʦʛʦ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʥʘ 

ʘʣʛʝʙʨʘʾʯʥʽ ʜʦʧʦʚʥʝʥʥʷ ʽʥʰʦʛʦ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

       ɼʦʚʝʜʝʥʥʷ ʧʨʦʚʝʜʝʤʦ ʜʣʷ ʚʠʟʥʘʯʥʠʢʘ 3-ʛʦ ʧʦʨʷʜʢʫ. ɺʽʜʧʦʚʽʜʥʦ ʜʦ  

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ  (1.3) ʽ ʚʣʘʩʪʠʚʦʩʪʽ 8 ʤʘʻʤʦ: 
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ʗʢʱʦ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ ʫ ʨʦʟʢʣʘʜʽ ʟʘʤʽʥʠʪʠ ʧʝʨʰʽ 

ʩʧʽʚʤʥʦʞʥʠʢʠ (ʘ ʮʝ - ʝʣʝʤʝʥʪʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ ʚʠʟʥʘʯʥʠʢʘ) ʥʘ ʝʣʝʤʝʥʪʠ, 

ʥʘʧʨʠʢʣʘʜ, ʜʨʫʛʦʛʦ ʨʷʜʢʘ, ʪʦ ʦʜʝʨʞʠʤʦ 

 

 

ʱʦ ʡ ʧʦʪʨʽʙʥʦ ʙʫʣʦ ʜʦʚʝʩʪʠ. 

1.2.3.ʇʨʘʢʪʠʯʥʠʡ ʧʨʠʡʦʤ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʥʠʢʽʚ 
 

ʗʢʱʦ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʥʠʢʽʚ 2-ʛʦ ʪʘ 3-ʛʦ ʧʦʨʷʜʢʽʚ ʽʩʥʫʶʪʴ ʟʨʫʯʥʽ 

ʽ ʧʨʦʩʪʽ ʬʦʨʤʫʣʠ, ʪʦ ʜʣʷ ʚʠʟʥʘʯʥʠʢʽʚ ʚʠʱʠʭ ʧʦʨʷʜʢʽʚ ʟʘʣʠʰʘʶʪʴʩʷ 

ʬʦʨʤʫʣʠ ʜʣʷ ʨʦʟʢʣʘʜʘʥʥʷ ʾʭ ʟʘ ʝʣʝʤʝʥʪʘʤʠ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʪʘ 

ʟʘʩʪʦʩʫʚʘʥʥʷ ʚʣʘʩʪʠʚʦʩʪʝʡ ʚʠʟʥʘʯʥʠʢʽʚ.  

ɿʘʛʘʣʴʥʘ ʽʜʝʷ ʧʦ ʦʧʪʠʤʽʟʘʮʽʾ ʮʴʦʛʦ ʧʨʦʮʝʩʫ ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦʙ ʫ 

ʜʝʷʢʦʤʫ ʨʷʜʢʫ ʘʙʦ ʩʪʦʚʧʮʽ ʜʘʥʦʛʦ ʚʠʟʥʘʯʥʠʢʘ n -ʛʦ ʧʦʨʷʜʢʫ, 

ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ, ʟʦʢʨʝʤʘ, ʚʣʘʩʪʠʚʽʩʪʴ 7, ʦʜʝʨʞʘʪʠ )1( -n  ʥʫʣʴʦʚʠʡ 

ʝʣʝʤʝʥʪ. ʋ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʟʘʤʽʩʪʴ ʚʠʟʥʘʯʥʠʢʘ n - ʛʦ ʧʦʨʷʜʢʫ ʬʘʢʪʠʯʥʦ 

ʜʦʚʝʜʝʪʴʩʷ ʦʙʯʠʩʣʶʚʘʪʠ ʦʜʠʥ ʚʠʟʥʘʯʥʠʢ )1( -n -ʛʦ ʧʦʨʷʜʢʫ, ʧʦʤʥʦʞʝʥʠʡ ʥʘ 

ʜʝʷʢʝ ʯʠʩʣʦ.   ʊʘʢʠʡ ʧʽʜʭʽʜ ʜʦ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʥʠʢʽʚ ʥʘʟʠʚʘʻʪʴʩʷ 

ʤʝʪʦʜʦʤ ʟʥʠʞʝʥʥʷ ʧʦʨʷʜʢʫ ʚʠʟʥʘʯʥʠʢʘ. ʇʨʦʽʣʶʩʪʨʫʻʤʦ ʡʦʛʦ ʥʘ 

ʢʦʥʢʨʝʪʥʦʤʫ ʧʨʠʢʣʘʜʽ. 

 

ʇʨʠʢʣʘʜ 5. ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʥʠʢ 

 

D = 

î
î
î
î
î

î
î
î
î
î1 3 -2 -2 1

0 -2 2 1 0

-1 2 1 -1 3

1 -1 3 0 1

2 2 3 -2 1

. 
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ʈʦʟʚôʷʟʘʥʥʷ.  

ʈʦʟʛʣʷʥʝʤʦ ʜʘʥʠʡ ʚʠʟʥʘʯʥʠʢ. ɼʨʫʛʠʡ ʨʷʜʦʢ ʚʞʝ ʤʘʻ ʜʚʘ ʥʫʣʽ. 

ʇʦʢʘʞʝʤʦ, ʱʦ ʚ ʮʴʦʤʫ ʨʷʜʢʫ ʤʦʞʥʘ ʫ ʨʝʟʫʣʴʪʘʪʽ ʧʝʨʝʪʚʦʨʝʥʴ ʦʪʨʠʤʘʪʠ ʱʝ 

ʜʚʘ ʥʫʣʴʦʚʠʭ ʝʣʝʤʝʥʪʘ. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʫ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʜʽʾ ʪʨʝʙʘ 

ʚʠʢʦʥʫʚʘʪʠ ʥʘʜ ʩʪʦʚʧʮʷʤʠ. ʆʪʞʝ, ʜʦ ʝʣʝʤʝʥʪʽʚ ʜʨʫʛʦʛʦ ʩʪʦʚʧʮʷ ʜʦʜʘʤʦ 

ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʪʨʝʪʴʦʛʦ ʩʪʦʚʧʮʷ.  

ʊʦʜʽ ʦʪʨʠʤʘʻʤʦ 

D = 

î
î
î
î
î

î
î
î
î
î1 1 -2 -2 1

0 0 2 1 0

-1 3 1 -1 3

1 2 3 0 1

2 5 3 -2 1

. 

 

ɼʘʣʽ ʚʩʽ ʝʣʝʤʝʥʪʠ ʯʝʪʚʝʨʪʦʛʦ ʩʪʦʚʧʮʷ, ʧʦʤʥʦʞʝʥʽ ʥʘ (-2), ʜʦʜʘʤʦ ʜʦ 

ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ ʪʨʝʪʴʦʛʦ ʩʪʦʚʧʮʷ. 

D = 

î
î
î
î
î

î
î
î
î
î1 1 -2 -2 1

0 0 0 1 0

-1 3 3 -1 3

1 2 3 0 1

2 5 7 -2 1

. 

ʆʯʝʚʠʜʥʦ, ʱʦ ʜʘʣʽ ʪʨʝʙʘ ʨʦʟʢʣʘʩʪʠ ʦʩʪʘʥʥʽʡ ʚʠʟʥʘʯʥʠʢ  ʟʘ ʝʣʝʤʝʥʪʘʤʠ 

ʜʨʫʛʦʛʦ ʨʷʜʢʘ. ʇʨʠ ʮʴʦʤʫ ʟʘʤʽʩʪʴ ʜʘʥʦʛʦ ʚʠʟʥʘʯʥʠʢʘ ʦʜʝʨʞʠʤʦ ʚʠʟʥʘʯʥʠʢ  

4 ï ʛʦ ʧʦʨʷʜʢʫ. 

 

D = 

î
î
î
î

î
î
î
î

1 1 -2 -2 1

0 0 0 1 0

-1 3 3 -1 3

1 2 3 0 1

2 5 7 -2 1

 = 1Ŀ(-1)2 + 4Ŀ

î
î
î

î
î
î

1 1 2 1

-1 3 3 3

1 2 3 1

2 5 7 1

 =  

 

= 

î
î
î
î

î
î
î
î1 1 2 1

-1 3 3 3

1 2 3 1

2 5 7 1

. 
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ɼʣʷ ʧʦʜʘʣʴʰʠʭ ʜʽʡ ʪʨʝʙʘ ʫʚʘʞʥʦ ʨʦʟʛʣʷʥʫʪʠ ʦʩʪʘʥʥʽʡ ʚʠʟʥʘʯʥʠʢ. ʗʢʱʦ 

ʜʦ ʝʣʝʤʝʥʪʽʚ ʧʝʨʰʦʛʦ ʩʪʦʚʧʮʷ ʜʦʜʘʪʠ ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʯʝʪʚʝʨʪʦʛʦ 

ʩʪʦʚʧʮʷ, ʧʦʤʥʦʞʝʥʽ ʥʘ (-1),  ʫ ʧʝʨʰʦʤʫ ʩʪʦʚʧʮʽ ʟ'ʷʚʣʷʪʴʩʷ ʚʽʜʨʘʟʫ ʜʚʘ ʥʫʣʽ:  

 

D = 

î
î
î

î
î
î

1 1 2 1

-1 3 3 3

1 2 3 1

2 5 7 1

 = 

î
î
î

î
î
î

0 1 2 1

-4 3 3 3

0 2 3 1

1 5 7 1

. 

 

ʇʦʪʽʤ ʝʣʝʤʝʥʪʠ ʯʝʪʚʝʨʪʦʛʦ ʨʷʜʢʘ ʧʦʤʥʦʞʠʤʦ ʥʘ 4 ʪʘ ʜʦʜʘʤʦ ʾʭ ʜʦ 

ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ ʜʨʫʛʦʛʦ ʨʷʜʢʘ. 

 

D = 

î
î
î

î
î
î

0 1 2 1

-4 3 3 3

0 2 3 1

1 5 7 1

 = 

î
î
î

î
î
î

0 1 2 1

0 23 31 7

0 2 3 1

1 5 7 1

. 

 

ʈʦʟʢʣʘʜʘʻʤʦ ʦʩʪʘʥʥʽʡ  ʚʠʟʥʘʯʥʠʢ ʟʘ ʝʣʝʤʝʥʪʘʤʠ ʧʝʨʰʦʛʦ ʩʪʦʚʧʮʷ. 

 

D = 

î
î
î
î

î
î
î
î0 1 2 1

0 23 31 7

0 2 3 1

1 5 7 1

 = 1Ŀ(-1)4 + 1Ŀ
î
î
î

î
î
î1 2 1

23 31 7

2 3 1
 =  

 

= - 
î
î
î

î
î
î1 2 1

23 31 7

2 3 1
 = 
î
î
î

î
î
î-1 2 1

-23 31 7

-2 3 1
. 

       ɼʘʣʽ ʜʽʻʤʦ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: ʜʦ ʝʣʝʤʝʥʪʽʚ ʪʨʝʪʴʦʛʦ ʩʪʦʚʧʮʷ ʜʦʜʘʤʦ 

ʚʽʜʧʦʚʽʜʥʽ ʝʣʝʤʝʥʪʠ ʧʝʨʰʦʛʦ: 

 

D = 
î
î
î

î
î
î-1 2 1

-23 31 7

-2 3 1
 = 
î
î
î

î
î
î-1 2 0

-23 31 -16

-2 3 -1
. 

 

ʅʘʨʝʰʪʽ, ʝʣʝʤʝʥʪʠ ʧʝʨʰʦʛʦ ʩʪʦʚʧʮʷ ʧʦʤʥʦʞʠʤʦ ʥʘ 2 ʪʘ ʜʦʜʘʤʦ ʾʭ ʜʦ 

ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ ʜʨʫʛʦʛʦ ʩʪʦʚʧʮʷ. 
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D = 
î
î
î

î
î
î-1 2 0

-23 31 -16

-2 3 1
 = 
î
î
î

î
î
î-1 0 0

23 -15 -16

-2 -1 1
. 

 

ɼʘʣʽ ʨʦʟʢʣʘʜʝʤʦ ʚʠʟʥʘʯʥʠʢ ʟʘ ʝʣʝʤʝʥʪʘʤʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ. 

D = 
î
î
î

î
î
î-1 0 0

23 -15 -16

-2 -1 1
 = -1Ŀ(-1)2Ŀ

î
î
î

î
î
î-15 -16

-1 -1
 =  

 

= -1Ŀ
î
î
î

î
î
î-15 -16

-1 -1
 = -15 + 16 = 1. 

     ɿʘʫʚʘʞʠʤʦ, ʱʦ ʧʨʠʡʦʤ, ʧʨʦʜʝʤʦʥʩʪʨʦʚʘʥʠʡ ʥʘ ʜʘʥʦʤʫ ʧʨʠʢʣʘʜʽ, 

ʟʘʚʞʜʠ ʙʝʟʜʦʛʘʥʥʦ ʧʨʘʮʶʻ. ʃʠʰʝ ʫ ʜʝʷʢʠʭ ʚʠʧʘʜʢʘʭ ʤʦʞʫʪʴ ʚʠʥʠʢʘʪʠ 

ʧʝʚʥʽ ʥʝʟʨʫʯʥʦʩʪʽ, ʘʣʝ ʾʭ ʚʜʘʻʪʴʩʷ ʧʦʜʦʣʘʪʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʣʘʩʪʠʚʦʩʪʽ 

ʚʠʟʥʘʯʥʠʢʽʚ.  

ʇʨʠʢʣʘʜ 6. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʥʠʢ 

det A = 

î
î
î
î

î
î
î
î1 1 1 1

1 -1 2 2

1 1 -1 3

1 1 1 -1

. 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ ɸ (ʟʛʽʜʥʦ ʟ ʤʝʪʦʜʠʢʦʶ, ʱʦ 

ʦʧʠʩʘʥʘ ʫ ʧʨʠʢʣʘʜʽ 2 ʧ.1.1.4). 

2. ɺʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʢʘʣʴʢʫʣʷʪʦʨʘ (ʨʠʩ. 1.9). 

3. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʚʦʜʷʪʴ ʚʠʨʘʟ  detA: 

ʅʘ ʝʢʨʘʥʽ ʧʨʠ ʮʴʦʤʫ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ 

detA:= 

4. ɼʘʣʽ ʥʘ ʧʘʥʝʣʽ ʢʘʣʴʢʫʣʷʪʦʨʘ  ʥʘʪʠʩʢʘʶʪʴ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ 

|X| 

5. ʋ ʟʨʘʟʢʫ, ʱʦ ʟôʷʚʣʷʻʪʴʩʷ, ʚʚʦʜʷʪʴ ʧʦʟʥʘʯʝʥʥʷ ɸ. 

6. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʨʝʟʫʣʴʪʘʪʫ ʫ ʥʦʚʦʤʫ ʨʷʜʢʫ ʚʚʦʜʷʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ  

detA = 

ʇʽʩʣʷ ʮʴʦʛʦ ʟôʷʚʣʷʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ:  detA = -8. 

ʍʽʜ ʪʘʢʠʭ ʦʙʯʠʩʣʝʥʴ ʚʽʜʦʙʨʘʞʝʥʦ ʥʘ ʨʠʩ. 1.9: 
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ʈʠʩ. 1.9.  

 

1.3. ʆʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ 
 

ʄʘʪʨʠʮʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʫ ʤʘʪʝʤʘʪʠʮʽ, ʟʦʢʨʝʤʘ, ʜʣʷ ʢʦʤʧʘʢʪʥʦʛʦ 

ʟʘʧʠʩʫ ʩʠʩʪʝʤ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʘʙʦ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʭ ʨʽʚʥʷʥʴ. ʋ 

ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʢʽʣʴʢʽʩʪʴ ʨʷʜʢʽʚ ʤʘʪʨʠʮʽ ʚʽʜʧʦʚʽʜʘʻ ʢʽʣʴʢʦʩʪʽ ʨʽʚʥʷʥʴ, ʘ 

ʢʽʣʴʢʽʩʪʴ ʩʪʦʚʧʮʽʚ ï ʢʽʣʴʢʦʩʪʽ ʥʝʚʽʜʦʤʠʭ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

ʩʠʩʪʝʤ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ. ɼʘʣʽ ʙʫʜʝ 

ʨʦʟʛʣʷʜʘʪʠʩʷ, ʪʘʢ ʟʚʘʥʠʡ, ʤʘʪʨʠʯʥʠʡ ʩʧʦʩʽʙ ʨʦʟʚôʷʟʫʚʘʥʥʷ  ʣʽʥʽʡʥʠʭ 

ʩʠʩʪʝʤ, ʧʨʠ ʨʝʘʣʽʟʘʮʽʾ ʷʢʦʛʦ ʥʘʡʚʘʞʣʠʚʽʰʫ ʨʦʣʴ ʚʽʜʽʛʨʘʻ ʦʙʝʨʥʝʥʘ 

ʤʘʪʨʠʮʷ. ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʚʠʚʯʝʥʥʷ ʮʴʦʛʦ ʧʠʪʘʥʥʷ. 

1.3.1. ʆʩʥʦʚʥʽ ʧʦʥʷʪʪʷ ʪʘ ʚʠʟʥʘʯʝʥʥʷ. ʋʤʦʚʠ ʽʩʥʫʚʘʥʥʷ ʦʙʝʨʥʝʥʦʾ 

ʤʘʪʨʠʮʽ 

ʅʝʭʘʡ ɸ ï ʢʚʘʜʨʘʪʥʘ ʤʘʪʨʠʮʷ n-ʛʦ ʧʦʨʷʜʢʫ: 

 

A = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 a13 é a1n

a21 a22 a23 é a2n

é é é é é

an1 an2 an3 é ann

, 

 

ʘ  ɽ ï ʦʜʠʥʠʯʥʘ ʢʚʘʜʨʘʪʥʘ ʤʘʪʨʠʮʷ ʪʦʛʦ ʞ ʧʦʨʷʜʢʫ. 
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                      ɺʠʟʥʘʯʝʥʥʷ 1. ʆʙʝʨʥʝʥʦʶ ʚʽʜʥʦʩʥʦ ʟʘʜʘʥʦʾ ʢʚʘʜʨʘʪʥʦʾ 

ʤʘʪʨʠʮʽ ɸ ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ A-1, ʷʢʘ ʧʽʩʣʷ ʤʥʦʞʝʥʥʷ ʥʘ 

ʚʠʭʽʜʥʫ ʤʘʪʨʠʮʶ ɸ ʷʢ ʟʣʽʚʘ, ʪʘʢ ʽ ʩʧʨʘʚʘ ʜʘʻ ʦʜʠʥʠʯʥʫ 

ʤʘʪʨʠʮʶ. ʆʪʞʝ,   A-1ĀA = AĀA-1 = E. 

ɺʚʝʜʝʤʦ ʜʝʷʢʽ ʜʦʜʘʪʢʦʚʽ ʚʠʟʥʘʯʝʥʥʷ. 

                      ɺʠʟʥʘʯʝʥʥʷ 2. ʂʚʘʜʨʘʪʥʘ ʤʘʪʨʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʦʩʦʙʣʠʚʦʶ 

(ʥʝʚʠʨʦʜʞʝʥʦʶ), ʷʢʱʦ ʾʾ ʚʠʟʥʘʯʥʠʢ ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ, ʪʦʙʪʦ 

det A Í 0. ʋ ʚʠʧʘʜʢʫ, ʢʦʣʠ det A = 0, ʤʘʪʨʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ 

ʦʩʦʙʣʠʚʦʶ, ʘʙʦ ʩʠʥʛʫʣʷʨʥʦʶ. 

                      ɺʠʟʥʘʯʝʥʥʷ 3. ʇʨʠʻʜʥʘʥʦʶ ʤʘʪʨʠʮʝʶ A
ï

 ʜʦ ʤʘʪʨʠʮʽ ɸ 

ʥʘʟʠʚʘʻʪʴʩʷ ʤʘʪʨʠʮʷ, ʱʦ ʦʪʨʠʤʫʻʪʴʩʷ ʟ ʤʘʪʨʠʮʽ ɸ ʰʣʷʭʦʤ 

ʟʘʤʽʥʠ ʾʾ ʝʣʝʤʝʥʪʽʚ ʥʘ ʚʽʜʧʦʚʽʜʥʽ ʾʤ ʘʣʛʝʙʨʘʾʯʥʽ ʜʦʧʦʚʥʝʥʥʷ ʟ 

ʥʘʩʪʫʧʥʠʤ ʪʨʘʥʩʧʦʥʫʚʘʥʥʷʤ.  

ʆʪʞʝ:    A
ï

 = 

ê
é
é
è

ú
ù
ù
ø

A11 A21 A31 é An1

A12 A22 A32 é An2

é é é é é

A1n A2n A3n é Ann

. 

ʄʘʻ ʤʽʩʮʝ ʪʝʦʨʝʤʘ ʧʨʦ ʽʩʥʫʚʘʥʥʷ ʦʙʝʨʥʝʥʦʾ ʤʘʪʨʠʮʽ. 

ʊɽʆʈɽʄɸ 1. ɼʣʷ ʪʦʛʦ, ʱʦʙ ʢʚʘʜʨʘʪʥʘ ʤʘʪʨʠʮʷ ɸ ʤʘʣʘ 

ʦʙʝʨʥʝʥʫ, ʥʝʦʙʭʽʜʥʦ ʪʘ ʜʦʩʪʘʪʥʴʦ, ʱʦʙ ʚʦʥʘ ʙʫʣʘ 

ʥʝʚʠʨʦʜʞʝʥʦʶ, ʪʦʙʪʦ det A Í 0. 

ɼʦʚʝʜʝʥʥʷ. 

ʇʦʟʥʘʯʠʤʦ det A = D. ʅʝʭʘʡ, ʟʛʽʜʥʦ ʟ ʫʤʦʚʦʶ ʪʝʦʨʝʤʠ, D Í 0. 

ɼʦʚʝʜʝʤʦ, ʱʦ ʫ ʤʘʪʨʠʮʽ ɸ ʽʩʥʫʻ ʦʙʝʨʥʝʥʘ. ʇʦʤʥʦʞʠʤʦ ʧʨʠʻʜʥʘʥʫ ʤʘʪʨʠʮʶ 

ʥʘ ʯʠʩʣʦ 
1

D
. ʇʨʠ ʮʴʦʤʫ ʦʪʨʠʤʘʻʤʦ 

A* = 
1

D
 A
ï
 = 

ê
é
é
é
é
è

ú
ù
ù
ù
ù
ø

A11

D

A21

D

A31

D
é

An1

D

A12

D
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D
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D
é
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D
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D
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D

A3n

D
é
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D
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ɼʦʚʝʜʝʤʦ, ʱʦ A* = A-1. ɼʣʷ ʮʴʦʛʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʜʦʙʫʪʦʢ A*ĿA ʪʘ AĿA* . 

ʗʢʱʦ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʷ ʫʤʦʚʘ A*ĿA = AĿA* = E, ʪʦ ʪʝʦʨʝʤʫ ʙʫʜʝ ʜʦʚʝʜʝʥʦ. 
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ʈʦʟʛʣʷʥʝʤʦ ʜʽʘʛʦʥʘʣʴʥʽ ʝʣʝʤʝʥʪʠ ʤʘʪʨʠʮʽ ʉ. 

c11 = a11 
A11

D
 + a12 

A12

D
 + é + a1n 

A1n

D
 =  

= 
1

D
 (a11 A11 + a12 A12 + é + a1n A1n) = 

D

D
 = 1. 

 

ɸʥʘʣʦʛʽʯʥʦ ʜʦʚʦʜʷʪʴ, ʱʦ ʫʩʽ ʝʣʝʤʝʥʪʠ cii  = 1 (i = 2, n ) . 

ʈʝʰʪʘ ʝʣʝʤʝʥʪʽʚ cij  (i Í j) ʙʫʜʫʪʴ ʦʪʨʠʤʫʚʘʪʠʩʷ, ʷʢ ʩʫʤʘ ʜʦʙʫʪʢʫ 

ʝʣʝʤʝʥʪʽʚ ʦʜʥʦʛʦ ʨʷʜʢʘ ʥʘ ʘʣʛʝʙʨʘʾʯʥʝ ʜʦʧʦʚʥʝʥʥʷ ʜʨʫʛʦʛʦ ʨʷʜʢʘ. ʊʘʢʘ 

ʩʫʤʘ ʜʦʙʫʪʢʽʚ ʫ ʚʽʜʧʦʚʽʜʥʦʩʪʽ ʟ ʪʝʦʨʝʤʦʶ ( 2.2)  ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

 

cij  = ai1 
Aj1

D
 + ai2 

Aj2

D
 + é + ain 

Ajn

D
 = . 

 

= 
1

D
 (ai1 Aj1 + ai2 Aj2 + é + ain Ajn) = 

0

D
 = 0. 

 

ʆʪʞʝ, AĿA* = E. ɸʥʘʣʦʛʽʯʥʦ ʜʦʚʦʜʠʪʴʩʷ, ʱʦ ʽ A*ĿA = E. ʊʘʢʠʤ ʯʠʥʦʤ, 

AĿA* = A*ĿA= E. ʊʝʦʨʝʤʫ ʜʦʚʝʜʝʥʦ. 

1.3.2. ʇʦʙʫʜʦʚʘ ʦʙʝʨʥʝʥʦʾ ʤʘʪʨʠʮʽ 

ɯʩʥʫʻ ʙʘʛʘʪʦ ʩʧʦʩʦʙʽʚ ʧʦʙʫʜʦʚʠ ʦʙʝʨʥʝʥʦʾ ʤʘʪʨʠʮʽ. ʅʘʡʙʽʣʴʰ 

ʧʦʰʠʨʝʥʠʤʠ ʟ ʥʠʭ ʻ ʤʝʪʦʜ ʧʨʠʻʜʥʘʥʦʾ ʤʘʪʨʠʮʽ, ʤʝʪʦʜ ʝʣʝʤʝʥʪʘʨʥʠʭ 

ʧʝʨʝʪʚʦʨʝʥʴ, ʤʝʪʦʜ ʞʦʨʜʘʥʦʚʠʭ ʚʠʢʣʶʯʝʥʴ ʽ ʪ. ʜ. 

ʈʦʟʛʣʷʥʝʤʦ ʤʝʪʦʜ ʧʨʠʻʜʥʘʥʦʾ ʤʘʪʨʠʮʽ. ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʦʙʝʨʥʝʥʦʾ 

ʤʘʪʨʠʮʽ ʟʘ ʮʠʤ ʤʝʪʦʜʦʤ ʜʦʮʽʣʴʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʪʘʢʫ ʩʭʝʤʫ: 
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1. ʆʙʯʠʩʣʶʻʪʴʩʷ ʚʠʟʥʘʯʥʠʢ ʚʠʭʽʜʥʦʾ ʤʘʪʨʠʮʽ ɸ. ʗʢʱʦ det A Í 0, 

ʦʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ ʽʩʥʫʻ. 

2. ɹʫʜʫʻʪʴʩʷ ʤʘʪʨʠʮʷ ʟ ʘʣʛʝʙʨʘʾʯʥʠʭ ʜʦʧʦʚʥʝʥʴ ʝʣʝʤʝʥʪʽʚ ʜʘʥʦʾ 

ʤʘʪʨʠʮʽ. 

3. ʆʜʝʨʞʘʥʘ ʤʘʪʨʠʮʷ ʟ ʘʣʛʝʙʨʘʾʯʥʠʭ ʜʦʧʦʚʥʝʥʴ ʪʨʘʥʩʧʦʥʫʻʪʴʩʷ (ʪʠʤ 

ʩʘʤʠʤ ʬʦʨʤʫʻʪʴʩʷ ʧʨʠʻʜʥʘʥʘ ʤʘʪʨʠʮʷ). 

4. ʅʘʨʝʰʪʽ ʢʦʞʝʥ ʝʣʝʤʝʥʪ ʧʨʠʻʜʥʘʥʦʾ ʤʘʪʨʠʮʽ ʜʽʣʠʪʴʩʷ  ʥʘ ʚʠʟʥʘʯʥʠʢ 

ʚʠʭʽʜʥʦʾ ʤʘʪʨʠʮʽ (det A). ʆʪʞʝ,  ʦʜʝʨʞʫʻʪʴʩʷ ʤʘʪʨʠʮʷ, ʦʙʝʨʥʝʥʘ ʜʦ ʜʘʥʦʾ. 

ʇʨʠʢʣʘʜ 1. ʇʦʙʫʜʫʚʘʪʠ ʦʙʝʨʥʝʥʫ ʜʦ ɸ ʤʘʪʨʠʮʶ. 

A = 
ê
é
è

ú
ù
ø1 2 -1

3 0 2

4 -2 5
. 

ʈʦʟʚô̫ ʟʘʥʥʷ.  

1. ʆʙʯʠʩʣʠʤʦ ʚʠʟʥʘʯʥʠʢ ʟʘʜʘʥʦʾ ʤʘʪʨʠʮʽ. 

det A = 
î
î
î

î
î
î1 2 -1

3 0 2

4 -2 5
 = 
î
î
î

î
î
î5 0 4

3 0 2

4 -2 5
 =

= -2 (-1)3 + 2 
î
î
î

î
î
î5 4

3 2
 = 2 (10 - 12) = -4 Í 0 

ʆʪʞʝ, ʦʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ ʽʩʥʫʻ. 

2. ɿʘʤʽʥʶʻʤʦ  ʢʦʞʝʥ ʝʣʝʤʝʥʪ ʚʠʭʽʜʥʦʾ ʤʘʪʨʠʮʽ ʥʘ ʡʦʛʦ ʘʣʛʝʙʨʘʾʯʥʝ 

ʜʦʧʦʚʥʝʥʥʷ. 

A11 = 
î
î
î

î
î
î0 2

-2 5
 = 4,  A12 = - 

î
î
î

î
î
î3 2

4 5
 = -7, ,

24

03
13

-
=A  

 

A21 = - 
î
î
î

î
î
î2 -1

-2 5
 = -8,  A22 = 

î
î
î

î
î
î1 -1

4 5
 = 9, A23 = - 

î
î
î

î
î
î1 2

4 -2
 = 10, 

 

A31 = 
î
î
î

î
î
î2 -1

0 2
 = 4,   A32 = - 

î
î
î

î
î
î1 -1

3 2
 = -5,  A33 = 

î
î
î

î
î
î1 2

3 0
 = -6, 

 

ê
é
è

ú
ù
ø4 -7 -6

-8 9 10

4 -5 -6
. 

3. ʌʦʨʤʫʻʤʦ ʧʨʠʻʜʥʘʥʫ ʤʘʪʨʠʮʶ  
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A
ï

 = 
ê
é
è

ú
ù
ø4 -8 4

-7 9 5

-6 10 -6
. 

 

4. ʆʪʞʝ, ʦʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ ʤʘʻ ʚʠʛʣʷʜ: 

 

A-1 = 
1

-4
 
ê
é
è

ú
ù
ø4 -8 4

-7 9 5

-6 10 -6
 = 

ê
é
é
è

ú
ù
ù
ø

-1 2 1

7

4
-
9

4

5

4

3

2
-
5

2

3

2

. 

ʇʝʨʝʚʽʨʢʘ: 

ê
é
è

ú
ù
ø1 2 -1

3 0 2

4 -2 5
 

ê
é
é
è

ú
ù
ù
ø

-1 2 1

7

4
-
9

4

5

4

3

2
-
5

2

3

2

 = 
ê
é
è

ú
ù
ø1 0 0

0 1 0

0 0 1
.. 

ʇʨʠʢʣʘʜ 2. ɿʘʩʦʙʘʤʠ ʩʝʨʝʜʦʚʠʱʘ Mathcad ʧʦʙʫʜʫʚʘʪʠ ʦʙʝʨʥʝʥʫ 

ʤʘʪʨʠʮʶ ʜʦ ʜʘʥʦʾ  

A = 
ê
é
è

ú
ù
ø2 1 -1

0 3 2

1 4 0
. 

ʈʦʟʚô̫ ʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʚʦʜʷʪʴ ʚʠʭʽʜʥʫ ʤʘʪʨʠʮʶ ɸ (ʟʛʽʜʥʦ ʟ 

ʤʝʪʦʜʠʢʦʶ, ʱʦ ʦʧʠʩʘʥʘ ʚ ʧʨʠʢʣʘʜʽ 2 ʧ.1.1.4). 

2. ɺʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʢʘʣʴʢʫʣʷʪʦʨʘ (ʨʠʩ. 1.10). 

3. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʚʚʦʜʷʪʴ ʚʠʨʘʟ   AOBER: 

ʅʘ ʝʢʨʘʥʽ ʧʨʠ ʮʴʦʤʫ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ   AOBER: = 
4. ɼʘʣʽ ʚ ʧʘʥʝʣʽ ʢʘʣʴʢʫʣʷʪʦʨʘ ʥʘʪʠʩʢʘʶʪʴ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ 

                                       X-1 . 

5. ʋ ʟʨʘʟʢʫ, ʱʦ ʟô̫ ʚʣʷʻʪʴʩʷ, ʚʚʦʜʷʪʴ ʧʦʟʥʘʯʝʥʥʷ ɸ. 

6. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʨʝʟʫʣʴʪʘʪʫ ʫ ʥʦʚʦʤʫ ʨʷʜʢʫ ʚʚʦʜʷʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 

AOBER= 

(ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟô̫ ʚʣʷʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ (ʨʠʩ.1.10 : 1-ʡ ʚʘʨʽʘʥʪ)). 

7. ɼʣʷ ʪʦʛʦ, ʱʦʙ ʦʪʨʠʤʘʪʠ ʦʙʝʨʥʝʥʫ ʤʘʪʨʠʮʶ ʟ ʝʣʝʤʝʥʪʘʤʠ ʫ ʚʠʛʣʷʜʽ 

ʟʚʠʯʘʡʥʠʭ ʜʨʦʙʽʚ, ʥʝʦʙʭʽʜʥʦ ʚʠʢʦʨʠʩʪʘʪʠ ʟʥʘʢ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ 

(­) ʟ ʧʘʥʝʣʝʡ ʚʽʜʥʦʰʝʥʴ (ʨʠʩ. 1.10 : 2-ʡ ʚʘʨʽʘʥʪ). ʇʨʠ ʮʴʦʤʫ ʦʙʝʨʥʝʥʘ 

ʤʘʪʨʠʮʷ ʥʘ ʝʢʨʘʥʽ ʙʫʜʝ ʚʽʜʦʙʨʘʞʘʪʠʩʷ ʪʘʢ, ʷʢ ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 1.10: 
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ʈʠʩ. 1.10  

 
1.4. ʈʘʥʛ ʤʘʪʨʠʮʽ 

 

ʈʦʟʛʣʷʥʝʤʦ ʫ ʤʘʪʨʠʮʽ ɸ ʨʦʟʤʽʨʫ (m³n) ʤʽʥʦʨʠ ʨʽʟʥʠʭ ʧʦʨʷʜʢʽʚ. 

 

A = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 é a1n

a21 a22 é a2n

é é é é

am1 am2 é amn

. 

ʄʽʥʦʨʠ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ ï ʮʝ ʩʘʤʽ ʝʣʝʤʝʥʪʠ ʤʘʪʨʠʮʽ. ʗʩʥʘ ʨʽʯ, ʱʦ 

ʩʝʨʝʜ ʤʽʥʦʨʽʚ ʤʦʞʫʪʴ ʟʫʩʪʨʽʯʘʪʠʩʷ ʪʘʢʽ, ʱʦ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʪʘ ʪʘʢʽ, ʱʦ 

ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʚʽʜ ʥʫʣʷ. ʅʝʭʘʡ r ï ʤʘʢʩʠʤʘʣʴʥʠʡ ʧʦʨʷʜʦʢ ʚʽʜʤʽʥʥʦʛʦ ʚʽʜ 

ʥʫʣʷ ʤʽʥʦʨʫ, ʪʦʙʪʦ ʫʩʽ ʤʽʥʦʨʠ, ʧʦʨʷʜʦʢ  ʷʢʠʭ ʚʠʱʝ r, ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. ʋ 

ʪʘʢʦʤʫ ʨʘʟʽ ʚʽʜʟʥʘʯʘʶʪʴ, ʱʦ ʤʘʪʨʠʮʷ ɸ ʤʘʻ ʨʘʥʛ r.  
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              ɺʠʟʥʘʯʝʥʥʷ 1. ʈʘʥʛ ʤʘʪʨʠʮʽ ï ʮʝ ʥʘʡʙʽʣʴʰʠʡ ʧʦʨʷʜʦʢ 

ʚʽʜʤʽʥʥʠʭ ʚʽʜ ʥʫʣʷ ʤʽʥʦʨʽʚ ʮʽʻʾ ʤʘʪʨʠʮʽ (ʪʘʢʽ ʤʽʥʦʨʠ 

ʥʘʟʠʚʘʶʪʴʩʷ ʙʘʟʠʩʥʠʤʠ). 

ɿʘʟʚʠʯʘʡ ʨʘʥʛ ʤʘʪʨʠʮʽ ɸ ʧʦʟʥʘʯʘʻʪʴʩʷ r(ɸ) , rA, r. 

ʊɽʆʈɽʄɸ ʇʈʆ ʈɸʅɻ ʄɸʊʈʀʎɯ: 

 ʈʘʥʛ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʻ ʥʘʡʙʽʣʴʰʦʤʫ ʯʠʩʣʫ ʣʽʥʽʡʥʦ 

ʥʝʟʘʣʝʞʥʠʭ ʨʷʜʢʽʚ (ʘʙʦ ʩʪʦʚʧʮʽʚ) ʤʘʪʨʠʮʽ. ʇʨʠʯʦʤʫ ʨʘʥʛ ʧʦ 

ʩʪʦʚʧʮʷʭ ʟʙʽʛʘʻʪʴʩʷ ʟ ʨʘʥʛʦʤ ʧʦ ʨʷʜʢʘʭ. 

ʈʘʥʛ ʤʘʪʨʠʮʽ ʥʝ ʟʤʽʥʶʻʪʴʩʷ ʧʨʠ ʝʣʝʤʝʥʪʘʨʥʠʭ 

ʧʝʨʝʪʚʦʨʝʥʥʷʭ ʤʘʪʨʠʮʽ (ʜʠʚ. ʧ. 1. 4 .2). 

 

1.4.1. ɼʚʘ ʩʧʦʩʦʙʠ ʦʙʯʠʩʣʝʥʥʷ ʨʘʥʛʫ ʤʘʪʨʠʮʽ 

 

1. ʄʝʪʦʜ ʦʪʦʯʫʶʯʠʭ ʤʽʥʦʨʽʚ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʚ ʥʝʥʫʣʴʦʚʽʡ ʤʘʪʨʠʮʽ  ɸ 

ʰʫʢʘʶʪʴʩʷ ʜʦʚʽʣʴʥʽ ʙʘʟʠʩʥʽ ʤʽʥʦʨʠ.  ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ɸ ï ʮʝ ʢʚʘʜʨʘʪʥʘ 

ʤʘʪʨʠʮʷ, ʱʦ ʤʘʻ 3 ʨʷʜʢʠ ʽ 3 ʩʪʦʚʧʮʽ (ʷʢʱʦ ʢʽʣʴʢʽʩʪʴ ʾʭ ʽʥʰʘ, ʧʦʰʫʢ 

ʨʘʥʛʫ ʧʨʦʭʦʜʠʪʴ ʟʘ ʪʽʻʶ ʞ ʩʭʝʤʦʶ). ʆʩʢʽʣʴʢʠ ʤʘʻʤʦ ʥʝʥʫʣʴʦʚʫ 

ʤʘʪʨʠʮʶ, ʪʦ ʩʝʨʝʜ ʾʾ ʝʣʝʤʝʥʪʽʚ ʻ ʥʝ ʨʽʚʥʽ ʥʫʣʶ. ʂʦʞʝʥ ʝʣʝʤʝʥʪ ï ʮʝ 

ʤʽʥʦʨ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ. ʊʦʙʪʦ rang AÓ 1. ɼʘʣʽ ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʤʽʥʦʨʠ 

ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. ʗʢʱʦ ʚʩʽ ʚʦʥʠ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʪʦ rang A= 1, ʷʢʱʦ 

ʥʽ, ʪʦ rang AÓ 2. ʅʘʨʝʰʪʽ ʨʦʟʛʣʷʜʘʻʤʦ ʤʽʥʦʨ ʪʨʝʪʴʦʛʦ ʧʦʨʷʜʢʫ. ʗʢʱʦ 

ʚʽʥ ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦ rang A= 3. ʗʢʱʦ ʚʽʥ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦ 

 rangA=2. (ɼʦ ʨʝʯʽ, ʤʦʞʥʘ ʧʦʯʠʥʘʪʠ ʟ ʤʽʥʦʨʽʚ ʥʘʡʚʠʱʦʛʦ ʧʦʨʷʜʢʫ.   

ʗʢʱʦ ʤʽʥʦʨ ʪʨʝʪʴʦʛʦ ʧʦʨʷʜʢʫ ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦ ʥʘ ʮʴʦʤʫ 

ʜʦʩʣʽʜʞʝʥʥʷ ʤʦʞʥʘ ʧʨʠʧʠʥʠʪʠ, ʪʦʤʫ ʱʦ rang A=3. ʗʢʱʦ ʤʘʻʤʦ ʽʥʰʠʡ 

ʨʝʟʫʣʴʪʘʪ, ʪʦ ʟʚʝʨʪʘʻʤʦʩʴ ʜʦ ʤʽʥʦʨʽʚ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ  ʽ ʪ. ʽ.).  

2. ʄʝʪʦʜ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʟʥʘʭʦʜʠʪʴʩʷ ʜʝʷʢʘ ʤʘʢʩʠʤʘʣʴʥʘ ʣʽʥʽʡʥʦ 

ʥʝʟʘʣʝʞʥʘ ʩʠʩʪʝʤʘ ʨʷʜʢʽʚ ʤʘʪʨʠʮʽ (ʤʝʪʦʜ ɻʘʫʩʩʘ). 

            ɺʠʟʥʘʯʝʥʥʷ 2.  ɽʣʝʤʝʥʪʘʨʥʠʤʠ ʧʝʨʝʪʚʦʨʝʥʥʷʤʠ ʤʘʪʨʠʮʽ   

ʥʘʟʠʚʘʶʪʴ ʥʘʩʪʫʧʥʽ ʜʽʾ: 

ʘ) ʧʝʨʝʩʪʘʥʦʚʢʘ ʤʽʩʮʷʤʠ (ʪʨʘʥʩʧʦʟʠʮʽʷ) ʨʷʜʢʽʚ ʯʠ ʩʪʦʚʧʮʽʚ 

ʤʘʪʨʠʮʽ; 

ʙ) ʤʥʦʞʝʥʥʷ ʫʩʽʭ ʝʣʝʤʝʥʪʽʚ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʥʘ ʜʦʚʽʣʴʥʝ 

ʯʠʩʣʦ, ʚʽʜʤʽʥʥʝ ʚʽʜ ʥʫʣʷ;  
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ʚ) ʜʦʜʘʚʘʥʥʷ ʜʦ ʝʣʝʤʝʥʪʽʚ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ) ʚʽʜʧʦʚʽʜʥʠʭ 

ʝʣʝʤʝʥʪʽʚ ʽʥʰʦʛʦ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ), ʧʦʤʥʦʞʝʥʠʭ ʥʘ ʜʝʷʢʝ 

ʯʠʩʣʦ; 

ʛ) ʟʘʤʽʥʘ ʨʷʜʢʽʚ ʩʪʦʚʧʮʷʤʠ, ʘ ʩʪʦʚʧʮʽʚ ï ʚʽʜʧʦʚʽʜʥʠʤʠ 

ʨʷʜʢʘʤʠ; 

ʜ) ʚʠʢʨʝʩʣʝʥʥʷ ʨʷʜʢʘ (ʩʪʦʚʧʮʷ), ʫʩʽ ʝʣʝʤʝʥʪʠ ʷʢʦʛʦ 

ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ. 

     ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʝʣʝʤʝʥʪʘʨʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʥʝ ʟʤʽʥʶʶʪʴ 

ʨʘʥʛʫ  ʤʘʪʨʠʮʽ. 

            ɺʠʟʥʘʯʝʥʥʷ 3.  ɼʚʽ ʤʘʪʨʠʮʽ ɸ ʽ B ʥʘʟʠʚʘʶʪʴʩʷ 

ʝʢʚʽʚʘʣʝʥʪʥʠʤʠ, ʷʢʱʦ      ʤʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ r(ɸ) = r (ɺ). ʋ 

ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʟʘʧʠʩʫʶʪʴ ɸ ~ ɺ. 

ʋ ʧʦʜʘʣʴʰʦʤʫ ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʟʘʜʘʯ ʜʦʩʠʪʴ ʢʦʨʠʩʥʦ ʤʘʪʠ ʥʘ ʫʚʘʟʽ ʪʘʢʫ 

ʣʝʤʫ. 

           ʃʝʤʘ. ʗʢʱʦ ʫʩʽ ʤʽʥʦʨʠ r-ʛʦ ʧʦʨʷʜʢʫ ʤʘʪʨʠʮʽ ɸ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ,    

ʪʦ    ʽ ʚʩʽ ʤʽʥʦʨʠ ʧʦʨʷʜʢʫ ʚʠʱʝ, ʥʽʞ r, ʪʘʢʦʞ ʜʦʨʽʚʥʶʶʪʴ 

ʥʫʣʶ. 

                      ɺʠʟʥʘʯʝʥʥʷ 4. ʋʩʷʢʠʡ ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ ʤʽʥʦʨ ʤʘʪʨʠʮʽ, 

ʧʦʨʷʜʦʢ ʷʢʦʛʦ ʚʽʜʧʦʚʽʜʘʻ ʾʾ ʨʘʥʛʫ, ʥʘʟʠʚʘʻʪʴʩʷ ʙʘʟʠʩʥʠʤ 

ʤʽʥʦʨʦʤ ʮʽʻʾ ʤʘʪʨʠʮʽ. 

ɺʽʜʟʥʘʯʠʤʦ, ʱʦ ʤʘʪʨʠʮʷ ʤʦʞʝ ʤʘʪʠ ʥʝ ʦʜʠʥ ʙʘʟʠʩʥʠʡ ʤʽʥʦʨ, ʘ 

ʜʝʢʽʣʴʢʘ. ʇʨʦʪʝ ʧʦʨʷʜʢʠ ʫʩʽʭ ʙʘʟʠʩʥʠʭ ʤʽʥʦʨʽʚ ʦʜʥʘʢʦʚʽ ʽ ʚʽʜʧʦʚʽʜʘʶʪʴ 

ʨʘʥʛʦʚʽ ʤʘʪʨʠʮʽ. 

ʉʪʦʚʧʮʽ ʪʘ ʨʷʜʢʠ, ʷʢʽ ʙʝʨʫʪʴ ʫʯʘʩʪʴ ʚ ʫʪʚʦʨʝʥʥʽ ʙʘʟʠʩʥʦʛʦ ʤʽʥʦʨʫ, 

ʪʘʢʦʞ ʥʘʟʠʚʘʶʪʴʩʷ ʙʘʟʠʩʥʠʤʠ. 

ʇʨʠʢʣʘʜ 1. ʄʝʪʦʜʦʤ ʦʪʦʯʫʶʯʠʭ ʤʽʥʦʨʽʚ ʦʙʯʠʩʣʠʪʠ ʨʘʥʛ ʤʘʪʨʠʮʽ 

A = 
ê
é
è

ú
ù
ø4 2 3

5 2 1

9 4 4
. 

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʘ) ʆʙʯʠʩʣʶʻʤʦ ʙʫʜʴ-ʷʢʝ ʦʪʦʯʝʥʥʷ ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ. 

 



34 
 

ê
é
è

ú
ù
ø4 2 3

5 2 1

9 4 4
. 

 

ʗʩʥʘ ʨʽʯ, ʱʦ ʦʪʦʯʝʥʥʷ D1  ̧0 ; ʪʦʜʽ ʧʝʨʝʭʦʜʷʪʴ ʜʦ ʘʥʘʣʽʟʫ ʦʪʦʯʝʥʥʷ 

ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ.  

ʙ) ɺʽʜʦʢʨʝʤʣʶʻʤʦ ʙʫʜʴ-ʷʢʝ ʦʪʦʯʝʥʥʷ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. 

 

ê
é
è

ú
ù
ø4 2 3

5

9

2 1

4 4
. 

 

D2 = 
î
î
î

î
î
î2 1

4 4
 = 8 - 4 ̧  0. 

 

ʆʩʢʽʣʴʢʠ D2  ̧0, ʪʦ ʧʝʨʝʭʦʜʠʤʦ ʜʦ ʦʪʦʯʝʥʥʷ ʪʨʝʪʴʦʛʦ ʧʦʨʷʜʢʫ. 

ê
é
è

ú
ù
ø4 2 3

5 2 1

9 4 4
. 

 

ʆʪʦʯʝʥʥʷ ʪʨʝʪʴʦʛʦ ʧʦʨʷʜʢʫ ï ʮʝ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ɸ. 

ɿʚʽʜʪʠ ʤʘʻʤʦ: 

 

D3 = 
î
î
î

î
î
î4 2 3

5 2 1

9 4 4
 = 
î
î
î

î
î
î4 2 3

1 0 -2

9 4 4
 = 
î
î
î

î
î
î4 2 11

1 0 0

9 4 22
 =  

 

= 1Ö(-1)2 + 1 
î
î
î

î
î
î2 11

4 22
 = 0. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʨʘʥʛ ʚʠʭʽʜʥʦʾ ʤʘʪʨʠʮʽ r(A) = 2. 

ʅʝʦʙʭʽʜʥʦ ʟʘʫʚʘʞʠʪʠ, ʱʦ ʜʘʥʠʡ ʤʝʪʦʜ ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʛʨʦʤʽʟʜʢʽʩʪʶ 

(ʦʩʦʙʣʠʚʦ, ʢʦʣʠ ʤʘʪʨʠʮʷ ʤʘʻ ʟʥʘʯʥʽ ʧʦʨʷʜʢʠ). ʋ ʟʚôʷʟʢʫ ʟ ʚʠʱʝʟʘʟʥʘʯʝʥʠʤ, 

ʮʝʡ ʤʝʪʦʜ ʥʝ ʟʥʘʡʰʦʚ ʰʠʨʦʢʦʛʦ ʧʨʘʢʪʠʯʥʦʛʦ ʚʧʨʦʚʘʜʞʝʥʥʷ. ʅʘ ʧʨʘʢʪʠʮʽ 

ʯʘʩʪʽʰʝ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʤʝʪʦʜʠ, ʱʦ ʟʘʩʥʦʚʘʥʽ ʥʘ ʧʦʥʷʪʪʷʭ 

ʝʢʚʽʚʘʣʝʥʪʥʦʩʪʽ  ʤʘʪʨʠʮʴ ʪʘ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ. ʆʪʞʝ, ʟʚʝʨʥʝʤʦʩʴ 

ʜʦ ʥʘʩʪʫʧʥʦʛʦ ʧʨʘʚʠʣʘ. 
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ʇʨʘʚʠʣʦ ʦʙʯʠʩʣʝʥʥʷ ʨʘʥʛʫ ʤʘʪʨʠʮʽ. ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʨʘʥʛʫ ʤʘʪʨʠʮʽ 

ɸ ʾʾ ʥʝʦʙʭʽʜʥʦ ʟʚʝʩʪʠ ʜʦ ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ ʬʦʨʤʠ. ʊʦʜʽ ʨʘʥʛ ʤʘʪʨʠʮʽ ɸ ʙʫʜʝ 

ʜʦʨʽʚʥʶʚʘʪʠ ʯʠʩʣʫ ʥʝʥʫʣʴʦʚʠʭ ʨʷʜʢʽʚ ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ ʬʦʨʤʠ ʤʘʪʨʠʮʽ. 

                 ɺʠʟʥʘʯʝʥʥʷ 5. ʄʘʪʨʠʮʷ ɸ ʤʘʻ ʪʨʘʧʝʮʽʻʚʠʜʥʫ ʬʦʨʤʫ, ʷʢʱʦ: 

 ʘ) ʝʣʝʤʝʥʪʠ, ʱʦ ʨʦʟʪʘʰʦʚʘʥʽ ʥʠʞʯʝ ʝʣʝʤʝʥʪʽʚ a11, a22, é, ann,    

ʧʝʨʝʪʚʦʨʶʶʪʴʩʷ ʥʘ ʥʫʣʴ; 

        ʙ) ʝʣʝʤʝʥʪʠ a11, a22, é, ann ʚʽʜʤʽʥʥʽ  ʚʽʜ ʥʫʣʷ; 

        ʚ) ʫʩʽ ʝʣʝʤʝʥʪʠ ʦʩʪʘʥʥʽʭ )( nm-  ʨʷʜʢʽʚ (ʧʨʠnm² ) 

ʧʝʨʝʪʚʦʨʶʶʪʴʩʷ ʥʘ ʥʫʣʴ. 

ʇʨʠʢʣʘʜ ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ ʬʦʨʤʠ ʤʘʪʨʠʮʽ ɸ: 

A = 

ê
é
è

ú
ù
ø

2 3 4 5

0 1 2 0

0 0 4 5

0 0 0 0

. 

ʄʘʪʨʠʮʶ ɸ ʜʦ ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ ʬʦʨʤʠ ʟʚʦʜʷʪʴ ʟʘ ʜʦʧʦʤʦʛʦʶ ʘʣʛʦʨʠʪʤʫ 

ɻʘʫʩʩʘ. ɯʜʝʷ ʘʣʛʦʨʠʪʤʫ ɻʘʫʩʩʘ ʧʦʣʷʛʘʻ ʚ ʪʘʢʦʤʫ. ʅʘ ʧʝʨʰʦʤʫ ʝʪʘʧʽ ʟʘ 

ʙʘʟʠʩʥʠʡ ʦʙʠʨʘʶʪʴ ʨʷʜʦʢ, ʫ ʷʢʦʛʦ a1j  ̧0. ʁʦʛʦ ʩʪʘʚʣʷʪʴ ʥʘ ʧʝʨʰʝ ʤʽʩʮʝ ʫ 

ʩʠʩʪʝʤʽ ʨʷʜʢʽʚ. ʇʦʪʽʤ ʧʝʨʰʠʡ ʨʷʜʦʢ ʥʝʦʙʭʽʜʥʦ ʧʦʤʥʦʞʠʪʠ ʥʘ ʪʘʢʠʡ 

ʤʥʦʞʥʠʢ, ʱʦʙ ʧʽʩʣʷ ʜʦʜʘʚʘʥʥʷ ʜʦ ʜʨʫʛʦʛʦ ʨʷʜʢʘ  ʡʦʛʦ ʝʣʝʤʝʥʪ a12 

ʧʝʨʝʪʚʦʨʶʚʘʚʩʷ ʥʘ ʥʫʣʴ. ɸʥʘʣʦʛʽʯʥʠʤ ʯʠʥʦʤ ʜʦʙʠʚʘʶʪʴʩʷ, ʱʦʙ ʨʝʰʪʘ 

ʝʣʝʤʝʥʪʽʚ a1j (j  ̧1) ʧʝʨʝʪʚʦʨʠʣʘʩʴ ʥʘ ʥʫʣʴ. ʅʘ ʜʨʫʛʦʤʫ ʝʪʘʧʽ ʟʥʦʚʫ 

ʦʙʠʨʘʶʪʴ ʙʘʟʠʩʥʠʡ ʨʷʜʦʢ (ʧʝʨʰʠʡ ʨʷʜʦʢ ʧʨʠ ʮʴʦʤʫ ʟʘʣʠʰʘʻʪʴʩʷ 

ʥʝʟʤʽʥʥʠʤ), ʧʨʠʯʦʤʫ ʮʝ ʙʫʜʝ ʨʷʜʦʢ, ʚ ʷʢʦʛʦ a1j = 0, ʘ a2j  ̧0. ʎʝʡ ʨʷʜʦʢ 

ʩʪʘʚʣʷʪʴ ʥʘ ʜʨʫʛʝ ʤʽʩʮʝ ʫ ʩʠʩʪʝʤʽ ʨʷʜʢʽʚ ʽ ʜʦʙʠʚʘʶʪʴʩʷ, ʱʦʙ ʨʝʰʪʘ 

ʝʣʝʤʝʥʪʽʚ a2j (j > 2) ʧʝʨʝʪʚʦʨʠʣʘʩʴ  ʥʘ ʥʫʣʴ. ɸʥʘʣʦʛʽʯʥʦ ʜʽʶʪʴ ʽ ʜʘʣʽ. 

ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʨʘʥʛ ʤʘʪʨʠʮʽ ɸ ʰʣʷʭʦʤ ʟʚʝʜʝʥʥʷ ʾʾ ʜʦ 

ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ  ʬʦʨʤʠ, ʷʢʱʦ 

A = 
ê
é
è

ú
ù
ø2 3 5 -3 -2

3 4 3 -1 -3

1 1 -2 2 -1
. 

ʈʦʟʚôʷʟʘʥʥʷ.  

1) ʅʘ ʧʝʨʰʦʤʫ ʝʪʘʧʽ ʦʙʠʨʘʶʪʴ ʙʘʟʠʩʥʠʡ ʨʷʜʦʢ ʽ ʩʪʘʚʣʷʪʴ ʡʦʛʦ ʫ ʩʠʩʪʝʤʽ 

ʨʷʜʢʽʚ ʥʘ ʧʝʨʰʝ ʤʽʩʮʝ. ɿʘ ʙʘʟʠʩʥʠʡ ʪʫʪ ʤʦʞʥʘ ʧʨʠʡʤʘʪʠ ʽ ʧʝʨʰʠʡ, ʽ 
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ʜʨʫʛʠʡ, ʽ ʪʨʝʪʽʡ ʨʷʜʢʠ. ʇʨʦʪʝ ʜʣʷ ʟʨʫʯʥʦʩʪʽ ʦʙʯʠʩʣʶʚʘʥʴ ʦʙʠʨʘʶʪʴ ʪʨʝʪʽʡ, 

ʘʜʞʝ ʫ ʥʴʦʛʦ a11 = 1, ʘ ʮʝ ʦʟʥʘʯʘʻ, ʱʦ ʜʦʩʠʪʴ ʧʨʦʩʪʦ ʤʦʞʥʘ ʜʦʙʠʪʠʩʷ 

ʧʝʨʝʪʚʦʨʝʥʥʷ ʥʘ ʥʫʣʴ ʫʩʽʭ ʢʦʝʬʽʮʽʻʥʪʽʚ, ʱʦ ʩʪʦʷʪʴ ʥʠʞʯʝ ʝʣʝʤʝʥʪʘ a11. 

ʆʪʞʝ, ʤʘʻʤʦ   
ê
é
è

ú
ù
ø2 3 5 -3 -2

3 4 3 -1 -3

1 1 -2 2 -1
 ~ 
ê
é
è

ú
ù
ø1 1 -2 2 -1

2 3 5 -3 -2

3 4 3 -1 -3
. 

ɽʣʝʤʝʥʪʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ ʤʥʦʞʠʤʦ ʥʘ (-2) ʽ ʜʦʜʘʻʤʦ ʡʦʛʦ ʝʣʝʤʝʥʪʠ ʜʦ 

ʚʽʜʧʦʚʽʜʥʠʭ ʝʣʝʤʝʥʪʽʚ ʜʨʫʛʦʛʦ ʨʷʜʢʘ: 

ê
é
è

ú
ù
ø1 1 -2 2 -1

2 3 5 -3 -2

3 4 3 -1 -3
 ~ 
ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0

3 4 3 -1 -3
. 

ɽʣʝʤʝʥʪʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ ʤʥʦʞʠʤʦ ʥʘ (-3) ʽ ʜʦʜʘʻʤʦ ʾʭ ʜʦ ʚʽʜʧʦʚʽʜʥʠʭ 

ʝʣʝʤʝʥʪʽʚ ʪʨʝʪʴʦʛʦ ʨʷʜʢʘ: 

ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0

3 4 3 -1 -3
 ~ 
ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0

0 1 9 -7 0
. 

 

2) ʅʘ ʜʨʫʛʦʤʫ ʝʪʘʧʽ ʟʥʦʚʫ ʦʙʠʨʘʻʤʦ ʙʘʟʠʩʥʠʡ ʨʷʜʦʢ, ʘʣʝ ʪʘʢʠʡ, ʫ 

ʷʢʦʛʦ a1j = 0, ʘ a2j  ̧0. 

ʊʘʢʠʤ ʨʷʜʢʦʤ ʤʦʞʝ ʩʣʫʞʠʪʠ ʷʢ ʜʨʫʛʠʡ, ʪʘʢ ʽ ʪʨʝʪʽʡ. ʅʝʭʘʡ ʙʘʟʠʩʥʠʤ 

ʥʘ ʮʴʦʤʫ ʝʪʘʧʽ ʙʫʜʝ ʜʨʫʛʠʡ ʨʷʜʦʢ. ʊʦʜʽ ʥʝʦʙʭʽʜʥʦ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʜʦʙʠʪʠʩʷ, ʱʦʙ ʝʣʝʤʝʥʪ a32 ʧʝʨʝʪʚʦʨʠʚʩʷ ʥʘ 

ʥʫʣʴ.  

ʆʪʞʝ, ʤʘʻʤʦ: 

ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0

0 1 9 -7 0
 ~ 
ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0

0 0 0 0 0
. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʭʽʜʥʘ ʤʘʪʨʠʮʷ ʟʚʝʜʝʥʘ ʜʦ ʪʨʘʧʝʮʽʻʚʠʜʥʦʾ ʬʦʨʤʽ, ʽ ʧʨʠ 

ʮʴʦʤʫ ʦʯʝʚʠʜʥʦ, ʱʦ r(ɸ) = 2. 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʤʦʞʥʘ ʧʨʦʜʦʚʞʠʪʠ ʚʠʢʦʥʫʚʘʪʠ ʝʣʝʤʝʥʪʘʨʥʽ 

ʧʝʨʝʪʚʦʨʝʥʥʷ ʩʪʦʚʧʮʽʚ ʟ ʪʠʤ, ʱʦʙ ʜʦʙʠʪʠʩʷ ʙʽʣʴʰ ʚʠʪʦʥʯʝʥʦʛʦ ʚʠʛʣʷʜʫ 

ʝʢʚʽʚʘʣʝʥʪʥʦʾ ʤʘʪʨʠʮʽ: 

ê
é
è

ú
ù
ø1 1 -2 2 -1

0 1 9 -7 0
 ~ 
ê
é
è

ú
ù
ø1 1 2 2 0

0 1 9 -7 0
 ~ 
ê
é
è

ú
ù
ø1 1 2 2

0 1 9 -7
 ~ 

 

~ 
ê
é
è

ú
ù
ø1 1 -7 2

0 1 0 -7
 ~ 
ê
é
è

ú
ù
ø1 1 -7 9

0 1 0 0
 ~ 
ê
é
è

ú
ù
ø1 1 0 9

0 1 0 0
 ~  
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~ 
ê
é
è

ú
ù
ø1 1 0

0 1 0
 ~ 
ê
é
è

ú
ù
ø1 1

0 1
. 

ʋ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ: 

A = 
ê
é
è

ú
ù
ø2 3 5 -3 -2

3 4 3 -1 -3

1 1 -2 2 -1
 ~ 
ê
é
è

ú
ù
ø1 1

0 1
. 

ʇʨʠʢʣʘʜ 3. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʙʯʠʩʣʠʪʠ ʨʘʥʛ ʤʘʪʨʠʮʽ 

A = 
ê
é
è

ú
ù
ø0 -1 3 0 2

2 -4 1 5 3

-4 5 7 -10 0
. 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʚʠʭʽʜʥʫ ʤʘʪʨʠʮʶ ɸ (ʟʛʽʜʥʦ ʟ 

ʤʝʪʦʜʠʢʦʶ, ʦʧʠʩʘʥʦʶ ʚ ʧʨʠʢʣʘʜʽ 2 ʧ.1.1.4). 

2. ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʨʘʥʛʫ ʤʘʪʨʠʮʴ ʚ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʽʩʥʫʻ 

ʚʤʦʥʪʦʚʘʥʘ ʬʫʥʢʮʽʷ rank( ). 

ɼʣʷ ʪʦʛʦ, ʱʦʙ ʾʾ ʚʠʢʣʠʢʘʪʠ, ʥʝʦʙʭʽʜʥʦ: 

ʘ) ʥʘʪʠʩʥʫʪʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ f(x)  ʟ ʛʨʫʧʠ ʧʽʢʪʦʛʨʘʬʽʯʥʦʛʦ 

ʤʝʥʶ çʛʦʣʦʚʥʝè; 

ʙ) ʫ ʩʧʠʩʢʫ ʬʫʥʢʮʽʡ, ʱʦ ʟôʷʚʣʷʶʪʴʩʷ ʥʘ ʝʢʨʘʥʽ, ʪʨʝʙʘ ʦʙʨʘʪʠ ʬʫʥʢʮʽʶ 

rank( ) ʽ ʥʘʪʠʩʥʫʪʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ ʆʂ. 

3. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ    rang A :  

ʇʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ   rang A :=  

4. ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʝʪʘʧʽ ʚʠʢʣʠʢʘʶʪʴ ʚʤʦʥʪʦʚʘʥʫ ʬʫʥʢʮʽʶ rank( ), ʽ ʥʘ 

ʝʢʨʘʥʽ ʤʦʥʽʪʦʨʘ ʙʫʜʝ ʬʦʨʤʫʚʘʪʠʩʷ ʚʠʨʘʟ ʚʠʜʫ:     rang A := rank(ɸ) 

5. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʟʥʘʯʝʥʥʷ ʨʘʥʛʫ ʚʚʦʜʷʪʴ ʚʠʨʘʟ   rank ɸ =  

ʉʠʤʚʦʣ (=) ʤʦʞʥʘ ʚʢʘʟʘʪʠ ʟ ʢʥʦʧʦʢ ʧʘʥʝʣʝʡ ʢʘʣʴʢʫʣʷʪʦʨʘ. ʇʨʠ ʮʴʦʤʫ ʥʘ 

ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ  ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʶʚʘʥʴ (ʨʠʩ. 1.11). 
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ʈʠʩ. 1.11 

 

1.5. ʉʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

 

ɯʩʥʫʻ ʟʥʘʯʥʘ ʢʽʣʴʢʽʩʪʴ ʧʨʠʢʣʘʜʥʠʭ ʟʘʜʘʯ, ʷʢʽ ʤʦʞʥʘ  ʦʧʠʩʘʪʠ  

ʩʠʩʪʝʤʦʶ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ (ʉʃɸʈ), ʧʨʠʯʦʤʫ ʜʦʩʠʪʴ 

ʰʠʨʦʢʠʡ ʢʣʘʩ ʤʘʪʝʤʘʪʠʯʥʠʭ ʤʦʜʝʣʝʡ ʦʙôʻʢʪʽʚ, ʷʢʽ ʦʧʠʩʫʶʪʴʩʷ ʪʘʢʠʤʠ 

ʨʽʚʥʷʥʥʷʤʠ, ʥʘʣʝʞʠʪʴ ʜʦ ʟʘʜʘʯ ʝʢʦʥʦʤʽʢʠ. ʎʝ, ʥʘʧʨʠʢʣʘʜ, ʪʨʘʥʩʧʦʨʪʥʽ 

ʟʘʜʘʯʽ, ʟʘʜʘʯʽ ʧʣʘʥʫʚʘʥʥʷ ʚʠʨʦʙʥʠʮʪʚʘ ʪʦʱʦ. 

 

1.5.1. ʆʩʥʦʚʥʽ ʧʦʥʷʪʪʷ ʪʘ ʚʠʟʥʘʯʝʥʥʷ 

 

ʉʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʚʠʛʣʷʜʫ  

 

                         

íî
ì
îë

a11 x1 + a12 x2 + a13 x3 +é + a1n xn = b1,

a21 x1 + a22 x2 + a23 x3 +é + a2n xn = b2 ,

é,

am1 x1 + am2 x2 + am3 x3 +é + amn xn = bm

           (1.5) 

 

ʥʘʟʠʚʘʶʪʴ ʩʠʩʪʝʤʦʶ m ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟ n ʥʝʚʽʜʦʤʠʤʠ x1, 

x2, é, xn; aij  ʥʘʟʠʚʘʶʪʴʩʷ ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʩʠʩʪʝʤʠ (i = 1, m , j = 1, n ); bi 

(i = 1, m ) ï ʚʽʣʴʥʽ ʯʣʝʥʠ, ʘʙʦ ʧʨʘʚʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʴ. 
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                      ɺʠʟʥʘʯʝʥʥʷ 1. ʉʫʢʫʧʥʽʩʪʴ ʯʠʩʝʣ x1 = a1, x2 = a2, é, xn = an 

ʥʘʟʠʚʘʻʪʴʩʷ ʨʦʟʚôʷʟʢʦʤ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ 

ʨʽʚʥʷʥʴ, ʷʢʱʦ ʢʦʞʥʝ ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʥʘ 

ʪʦʪʦʞʥʽʩʪʴ ʧʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ ʚ ʥʴʦʛʦ ʯʠʩʝʣ ai ʟʘʤʽʩʪʴ 

ʚʽʜʧʦʚʽʜʥʠʭ ʥʝʚʽʜʦʤʠʭ xi ʜʣʷ ʚʩʽʭ i = 1, n . 

ɼʣʷ ʙʫʜʴ-ʷʢʦʾ ʩʠʩʪʝʤʠ (1.5) ʤʦʞʣʠʚʽ ʪʽʣʴʢʠ ʪʨʠ ʚʠʧʘʜʢʠ: 

1) ʩʠʩʪʝʤʘ ʥʝ ʤʘʻ ʞʦʜʥʦʛʦ ʨʦʟʚôʷʟʢʫ (ʥʝʩʫʤʽʩʥʘ ʩʠʩʪʝʤʘ); 

2) ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ; 

3) ʩʠʩʪʝʤʘ ʤʘʻ ʙʝʟʣʽʯ ʨʦʟʚôʷʟʢʽʚ.  

                      ɺʠʟʥʘʯʝʥʥʷ 2.  ʉʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ, ʷʢʘ 

ʤʘʻ, ʧʨʠʥʘʡʤʥʽ, ʦʜʠʥ ʨʦʟʚôʷʟʦʢ, ʥʘʟʠʚʘʻʪʴʩʷ ʩʫʤʽʩʥʦʶ, ʘ 

ʩʠʩʪʝʤʘ, ʷʢʘ ʥʝ ʤʘʻ ʨʦʟʚôʷʟʢʫ, ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʩʫʤʽʩʥʦʶ. 

                      ɺʠʟʥʘʯʝʥʥʷ 3.  ʋʩʷ ʤʥʦʞʠʥʘ ʨʦʟʚôʷʟʢʽʚ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ 

(1.5) ʥʘʟʠʚʘʻʪʴʩʷ ʟʘʛʘʣʴʥʠʤ ʨʦʟʚôʷʟʢʦʤ.  

                      ɺʠʟʥʘʯʝʥʥʷ 4.  ɼʚʽ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

ʥʘʟʠʚʘʶʪʴʩʷ ʝʢʚʽʚʘʣʝʥʪʥʠʤʠ, ʷʢʱʦ ʚʦʥʠ ʤʘʶʪʴ ʦʜʥʫ ʡ ʪʫ ʞ 

ʤʥʦʞʠʥʫ ʨʦʟʚôʷʟʢʽʚ. 

                      ɺʠʟʥʘʯʝʥʥʷ 5.  ʗʢʱʦ ʚʩʽ ʚʽʣʴʥʽ ʯʣʝʥʠ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, bi=0 (i = 1, m ), ʪʦ 

ʪʘʢʫ ʩʠʩʪʝʤʫ ʥʘʟʠʚʘʶʪʴ ʦʜʥʦʨʽʜʥʦʶ. ʗʢʱʦ ʧʨʠʥʘʡʤʥʽ ʦʜʠʥ 

ʚʽʣʴʥʠʡ ʯʣʝʥ bi ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʥʘʟʠʚʘʶʪʴ ʥʝʦʜʥʦʨʽʜʥʦʶ. 

ʂʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʥʝʚʽʜʦʤʠʭ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ, ʱʦ ʟʘʧʠʩʘʥʽ ʫ ʚʠʛʣʷʜʽ 

ʤʘʪʨʠʮʽ ɸ 

                    A = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 a13 é a1n

a21 a22 a23 é a2n

é é é é é

am1 am2 am3 é amn

                                 (1.6) 

ʥʘʟʠʚʘʶʪʴ ʤʘʪʨʠʮʝʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ. 

ʗʢʱʦ ʢʽʣʴʢʽʩʪʴ ʨʽʚʥʷʥʴ ʩʠʩʪʝʤʠ m ʜʦʨʽʚʥʶʻ ʢʽʣʴʢʦʩʪʽ ʥʝʚʽʜʦʤʠʭ n, ʪʦ 

ʩʠʩʪʝʤʘ ʤʘʻ ʢʚʘʜʨʘʪʥʫ ʤʘʪʨʠʮʶ ɸ ʧʦʨʷʜʢʫ n. ʋ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʚʠʟʥʘʯʥʠʢ 

D = det A ʥʘʟʠʚʘʶʪʴʩʷ ʚʠʟʥʘʯʥʠʢʦʤ ʩʠʩʪʝʤʠ. 
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ɺʽʣʴʥʽ ʯʣʝʥʠ ʩʠʩʪʝʤʠ, ʱʦ ʟʘʧʠʩʘʥʽ ʫ ʚʠʛʣʷʜʽ  

B = 

ê
é
é
è

ú
ù
ù
ø

b1

b2

é

bm

                                                            (1.7) 

ʥʘʟʠʚʘʶʪʴʩʷ ʚʝʢʪʦʨʦʤ-ʩʪʦʚʧʮʝʤ ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ. 

ʅʝʚʽʜʦʤʽ ʩʠʩʪʝʤʠ x1, x2, é, xn, ʱʦ ʟʘʧʠʩʘʥʽ ʫ ʚʠʛʣʷʜʽ ʤʘʪʨʠʮʽ-ʩʪʦʚʧʮʷ               

X = 

ê
é
é
è

ú
ù
ù
ø

x1

x2

é

xm

                                                           (1.8) 

ʥʘʟʠʚʘʶʪʴʩʷ ʚʝʢʪʦʨʦʤ-ʩʪʦʚʧʮʝʤ ʥʝʚʽʜʦʤʠʭ. 

ʄʘʪʨʠʮʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ, ʜʦʧʦʚʥʝʥʘ ʩʧʨʘʚʘ ʚʝʢʪʦʨʦʤ-ʩʪʦʚʧʮʝʤ 

ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ, ʥʘʟʠʚʘʻʪʴʩʷ ʨʦʟʰʠʨʝʥʦʶ ʤʘʪʨʠʮʝʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ. 

ʊʘʢʘ ʤʘʪʨʠʮʷ ʚʠʟʥʘʯʘʻʪʴʩʷ ʯʝʨʝʟ Aľ ʽ ʤʘʻ ʚʠʛʣʷʜ: 

     

                    Aľ = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 a13 é a1n | b1

a21 a22 a23 é a2n | b2

é é é é é | é

am1 am2 am3 é amn | bm

.                       (1.9) 

ʇʨʠʡʤʘʶʯʠ ʜʦ ʫʚʘʛʠ ʤʘʪʨʠʮʽ ʚʠʛʣʷʜʫ (1.6), (1.7), (1.8), ʩʠʩʪʝʤʫ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ (1.5) ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ: 

   

A Ŀ X = B.                                                 (1.10) 

 

ʗʢʱʦ ʧʦʟʥʘʯʠʪʠ ʩʪʦʚʧʮʽ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʯʝʨʝʟ 

 A1, A2, é, An, ʪʦ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ (1.5) ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʪʘʢʽʡ ʬʦʨʤʽ: 

A1 x1 + A2 x2 + é + An xn = B.                            (1.11) 

ʆʩʥʦʚʥʠʤ ʧʠʪʘʥʥʷʤ ʧʨʠ ʨʦʟʚôʷʟʫʚʘʥʥʽ ʪʘ ʜʦʩʣʽʜʞʝʥʥʽ ʩʠʩʪʝʤʠ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʻ ʧʠʪʘʥʥʷ ʧʨʦ ʩʫʤʽʩʥʽʩʪʴ ʩʠʩʪʝʤʠ. 

 

       ʊɽʆʈɽʄɸ ʂʨʦʥʝʢʝʨʘ-ʂʘʧʝʣʣʽ 

( ʢʨʠʪʝʨʽʡ ʩʫʤʽʩʥʦʩʪʽ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ 

ʨʽʚʥʷʥʴ): 
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 ʉʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʤʘʻ ʨʦʟʚôʷʟʦʢ 

ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʨʘʥʛ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ ʥʝ 

ʟʤʽʥʶʻʪʴʩʷ ʧʨʠ ʜʦʜʘʚʘʥʥʽ ʜʦ ʥʝʾ ʩʪʦʚʧʮʷ ʜʦʚʽʣʴʥʠʭ ʯʣʝʥʽʚ 

(ʨʦʟʰʠʨʝʥʘ ʤʘʪʨʠʮʷ).  

ʎʝʡ ʨʦʟʚôʷʟʦʢ ʻʜʠʥʠʡ, ʷʢʱʦ ʮʝʡ ʨʘʥʛ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʻ 

ʢʽʣʴʢʦʩʪʽ  ʥʝʚʽʜʦʤʠʭ.      

ʗʢʱʦ ʨʘʥʛ ʤʘʪʨʠʮʽ ʤʝʥʰʝ ʯʠʩʣʘ ʥʝʚʽʜʦʤʠʭ, ʩʠʩʪʝʤʘ ʤʘʻ 

ʙʝʟʣʽʯ ʨʦʟʚôʷʟʢʽʚ. 

ɯʥʘʢʰʝ ʢʘʞʫʯʠ, ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʤʘʻ 

ʨʦʟʚôʷʟʦʢ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʨʘʥʛ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ 

ʜʦʨʽʚʥʶʻ ʨʘʥʛʫ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ 

ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʤʝʪʦʜʠ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʩʠʩʪʝʤ ʨʽʚʥʷʥʴ, ʫ ʷʢʠʭ 

ʢʽʣʴʢʽʩʪʴ ʥʝʚʽʜʦʤʠʭ ʩʧʽʚʧʘʜʘʻ ʟ ʢʽʣʴʢʽʩʪʶ ʨʽʚʥʷʥʴ. 

  

1.5.2. ʇʨʘʚʠʣʦ ʂʨʘʤʝʨʘ* 

 

ɼʣʷ ʩʠʩʪʝʤ ʟ ʢʚʘʜʨʘʪʥʦʶ ʤʘʪʨʠʮʝʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʧʨʠ ʥʝʚʽʜʦʤʠʭ 

ʩʧʨʘʚʝʜʣʠʚʘ ʥʘʩʪʫʧʥʘ ʪʝʦʨʝʤʘ. 

ʊɽʆʈɽʄɸ 1. ʗʢʱʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ D = det A 

ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ (ʪʦʙʪʦ r(A) = n), ʪʦ ʩʠʩʪʝʤʘ ʩʫʤʽʩʥʘ ʽ ʤʘʻ 

ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ, ʷʢʠʡ ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ ʬʦʨʤʫʣʘʤʠ 

xj = 
Dj

D
,                                      (1.12) 

ʜʝ Dj ï ʜʦʧʦʤʽʞʥʠʡ ʚʠʟʥʘʯʥʠʢ, ʷʢʠʡ ʦʪʨʠʤʫʻʪʴʩʷ ʟ ʚʠʟʥʘʯʥʠʢʘ D ʰʣʷʭʦʤ 

ʟʘʤʽʥʠ j-ʛʦ ʩʪʦʚʧʮʷ ʩʪʦʚʧʮʝʤ ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ, (j = 1, n ). 

ɼʦʚʝʜʝʥʥʷ. 

ʆʩʢʽʣʴʢʠ D  ̧0, ʪʦ ʤʘʪʨʠʮʷ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ɸ ʥʝʚʠʨʦʜʞʝʥʘ ʽ ʤʘʻ 

ʦʙʝʨʥʝʥʫ ɸ-1, ʧʨʠʯʦʤʫ ʤʘʪʨʠʮʷ ɸ-1 ʙʫʜʝ ʻʜʠʥʦʶ. 

ʃʽʚʫ ʪʘ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʩʠʩʪʝʤʠ  A Ŀ X = B 

 

ʧʦʤʥʦʞʠʤʦ ʥʘ ɸ-1 ʟʣʽʚʘ. ʊʦʜʽ ʦʪʨʠʤʘʻʤʦ  ɸ-1 Ŀ A Ŀ X = ɸ-1 Ŀ B,  

E Ŀ X = ɸ-1 Ŀ B  ,                        X = ɸ-1 Ŀ B.                                                 (1.13) 

                                                           
*
 ʂʨʘʤʝʨ ɻʘʙʨʽʝʣʴ (1704 ï 1752) ï ʰʚʝʡʮʘʨʩʴʢʠʡ ʤʘʪʝʤʘʪʠʢ.  
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ʋ ʩʠʣʫ ʪʦʛʦ, ʱʦ ʤʘʪʨʠʮʷ ɸ-1 ʻʜʠʥʘ, ʦʪʨʠʤʘʻʤʦ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ 

ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. ʈʽʚʥʽʩʪʴ (1.13) ʟʘʧʠʰʝʤʦ ʚ ʢʦʦʨʜʠʥʘʪʥʽʡ ʬʦʨʤʽ  

ê
é
é
è

ú
ù
ù
ø

x1

x2

é

xn

 = 

ê
é
é
é
è

ú
ù
ù
ù
ø

A11

D

A12

D

A13

D
é

A1n

D

A21

D

A22

D

A23

D
é

A2n

D

é é é é é

An1

D

An2

D

An3

D
é

Ann

D

 Ŀ 

ê
é
é
è

ú
ù
ù
ø

b1

b2

é

bn

 =  

 = 

ê
é
é
è

ú
ù
ù
ø

1

D
 (b1 A11 + b2 A21 + é + bn An1)

1

D
 (b1 A12 + b2 A22 + é + bn An2)

é

1

D
 (b1 An2 + b2 An2 + é + bn Ann)

 = 

ê
é
é
é
è

ú
ù
ù
ù
ø

D1

D

D2

D

é

Dn

D

   .                               (1.14) 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʚ ʜʫʞʢʘʭ  ʚʠʨʘʟʫ (1.14) 

b1 A1j + b2 A2j + é + bn Anj 

ʻ ʥʽʯʠʤ ʽʥʰʠʤ, ʷʢ ʨʦʟʢʣʘʜʘʥʥʷʤ ʚʠʟʥʘʯʥʠʢʘ Dj ʟʘ ʝʣʝʤʝʥʪʘʤʠ j-ʛʦ  

ʩʪʦʚʧʮʷ.  ʊʘʢʠʤ ʯʠʥʦʤ,   xj = 
Dj

D
, (j = 1, n ) ʻ ʻʜʠʥʠʤ ʨʦʟʚôʷʟʢʦʤ ʚʠʭʽʜʥʦʾ 

ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ. 

ʇʨʠʢʣʘʜ 1. ɿʘ ʧʨʘʚʠʣʦʤ ʂʨʘʤʝʨʘ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

íî
ì
î
ëx1 + x2 + x3 = 4,

2x1 + x2 + 3x3 = 7,

3x1 + 2x3 = 5.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʆʙʯʠʩʣʠʤʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ 

D = 
î
î
î

î
î
î1 1 1

2 1 3

3 0 2
 = 
î
î
î

î
î
î1 1 1

1 0 2

3 0 2
 = 1Ŀ(-1)1 + 2Ŀ

î
î
î

î
î
î1 2

3 2
 = 4. 

ʆʩʢʽʣʴʢʠ D  ̧0, ʪʦ ʟʘʜʘʥʘ ʩʠʩʪʝʤʘ ʩʫʤʽʩʥʘ ʽ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ. 

ʆʙʯʠʩʣʠʤʦ ʜʦʧʦʤʽʞʥʽ ʚʠʟʥʘʯʥʠʢʠ. 

D1 = 
î
î
î

î
î
î4 1 1

7 1 3

5 0 2
 = 
î
î
î

î
î
î4 1 1

3 0 2

5 0 2
 = 1Ŀ(-1)1 + 2Ŀ

î
î
î

î
î
î3 2

5 2
 = 4. 
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D2 = 
î
î
î

î
î
î1 1 4

2 1 7

3 0 5
 = 
î
î
î

î
î
î0 0 1

-1 -5 3

1 -3 2
 = 1Ŀ(-1)1 + 3Ŀ

î
î
î

î
î
î-1 -5

1 -3
 = 8. 

D3 = 
î
î
î

î
î
î1 1 4

2 1 7

3 0 5
 = 
î
î
î

î
î
î1 1 4

1 0 3

3 0 5
 = 1Ŀ(-1)1 + 2Ŀ

î
î
î

î
î
î1 3

3 5
 = 4. 

 

ɿʘ ʬʦʨʤʫʣʘʤʠ (1.12) ʟʥʘʡʜʝʤʦ ʢʦʨʝʥʽ ʩʠʩʪʝʤʠ 

x1 = 
D1

D
 = 

4

4
 = 1, x2 = 

D2

D
 = 

8

4
 = 2, x3 = 

D3

D
 = 

4

4
 = 1. 

ʇʝʨʝʚʽʨʢʘ:   

.51213

,713212

,4121

¹Ö+Ö

¹Ö++Ö

¹++

 

ʇʨʠʢʣʘʜ 2. ɿʘ ʧʨʘʚʠʣʦʤ ʂʨʘʤʝʨʘ ʚ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʨʦʟʚôʷʟʘʪʠ 

ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

íî
ì
îë

x1 + x2 + x3 = -2,

4x1 + 2x2 + x3 = -4,

9x1 + 3x2 + x3 = -8.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʚʠʨʘʟ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʥʠʢʘ 

ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʪʘ ʜʦʧʦʤʽʞʥʠʭ ʚʠʟʥʘʯʥʠʢʽʚ. ʇʦʢʘʞʝʤʦ ʧʦ 

ʝʪʘʧʘʭ, ʷʢ ʮʷ ʦʧʝʨʘʮʽʷ ʚʠʢʦʥʫʻʪʴʩʷ ʜʣʷ ʚʠʟʥʘʯʥʠʢʘ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ: 

ʘ) ʚʚʦʜʷʪʴ ʟʘʤʽʥʫ   detA :  

(ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ  detA := ) 

ʙ) ʚʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ, ʢʣʘʮʥʫʚʰʠ 

ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ ʚ ʧʘʥʝʣʽ ʤʘʪʝʤʘʪʠʯʥʠʭ ʽʥʩʪʨʫʤʝʥʪʽʚ; 

ʚ) ʥʘ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ 

ʥʘʪʠʩʢʘʶʪʴ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ |X|, ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ   

detA := |  |  

ʛ) ʥʘ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ 

ʥʘʪʠʩʢʘʶʪʴ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ  ʬʦʨʤʫʚʘʥʥʷ ʤʘʪʨʠʮʽ ʽ ʚʢʘʟʫʶʪʴ 

ʧʦʨʷʜʢʠ ʚʠʟʥʘʯʥʠʢʘ, ʱʦ ʚʚʦʜʠʪʴʩʷ; 

ʜ) ʚʚʦʜʷʪʴ ʝʣʝʤʝʥʪʠ ʚʠʟʥʘʯʥʠʢʘ. 

ʇʨʦʮʝʩ ʬʦʨʤʫʚʘʥʥʷ ʪʘʢʠʭ ʚʠʟʥʘʯʥʠʢʽʚ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩ.1.12. 

2. ɺʠʚʦʜʷʪʴ ʟʥʘʯʝʥʥʷ ʚʠʟʥʘʯʥʠʢʽʚ ʟʛʽʜʥʦ ʟ ʘʨʠʬʤʝʪʠʯʥʠʤʠ ʚʠʨʘʟʘʤʠ: 

 

detA =  

detA1 =  
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detA2 = 

detA3 = 

3. ɺʚʦʜʷʪʴ ʘʨʠʬʤʝʪʠʯʥʽ ʚʠʨʘʟʠ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʢʦʨʝʥʽʚ  

X1 := 
detA1

detA
 , 

X2 := 
detA2

detA
 , 

X3 := 
detA3

detA
 . 

2. ʆʙʯʠʩʣʶʶʪʴ ʢʦʨʝʥʽ ʩʠʩʪʝʤʠ, ʫʚʽʚʰʠ ʚ ʩʝʨʝʜʦʚʠʱʝ Mathcad 

ʚʽʜʧʦʚʽʜʥʽ ʚʠʨʘʟʠ. 

  

 
 

ʈʠʩ. 1.12  
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1.5.3. ʄʘʪʨʠʯʥʠʡ ʤʝʪʦʜ  

ɼʣʷ ʩʠʩʪʝʤ ʟ ʥʝʚʠʨʦʜʞʝʥʦʶ ʢʚʘʜʨʘʪʥʦʶ ʤʘʪʨʠʮʝʶ ʢʦʝʬʽʮʽʻʥʪʽʚ 

ʩʠʩʪʝʤʠ ʜʦʩʠʪʴ ʯʘʩʪʦ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʤʘʪʨʠʯʥʠʡ ʤʝʪʦʜ. 

ʆʪʞʝ, ʥʝʭʘʡ ʜʘʥʘ ʩʠʩʪʝʤʘ ʨʽʚʥʷʥʴ ʫ ʤʘʪʨʠʯʥʽʡ ʬʦʨʤʽ: 

ɸ Ö ʍ = ɺ.                                                               (1.15) 

ɿʛʽʜʥʦ ʟ ʫʤʦʚʦʶ ʟʘʜʘʯʽ ʤʘʪʨʠʮʷ ɸ ʻ ʥʝʚʠʨʦʜʞʝʥʦʶ, ʪʦʜʽ ʫ ʥʝʾ ʽʩʥʫʻ 

ʦʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ A-1, ʧʨʠʯʦʤʫ ʪʘʢʘ ʤʘʪʨʠʮʷ ʙʫʜʝ ʻʜʠʥʦʶ. 

A-1 Ö (ɸ Ö ʍ ) = A-1 Ö ɺ;  (A-1 Ö ɸ) Ö ʍ = A-1 Ö ɺ;  ɽ   ʍ = A-1 Ö ɺ; 

                                           ʍ = A-1 Ö ɺ.                                                       (1.16) 

ʉʧʽʚʚʽʜʥʦʰʝʥʥʷ (1.16) ʟʘʜʘʻ ʤʘʪʨʠʯʥʫ ʬʦʨʤʫ ʨʦʟʚôʷʟʢʫ ʩʠʩʪʝʤ 

ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ  ʨʽʚʥʷʥʴ ʨʦʟʤʽʨʫ n³n ʟ ʥʝʚʠʨʦʜʞʝʥʦʶ ʤʘʪʨʠʮʝʶ 

ʢʦʝʬʽʮʽʻʥʪʽʚ ɸ. 

ʌʦʨʤʫʣʘ (1.16) ʦʪʨʠʤʘʣʘ ʰʠʨʦʢʝ ʨʦʟʧʦʚʩʶʜʞʝʥʥʷ ʜʣʷ ʪʠʭ ʚʠʧʘʜʢʽʚ, 

ʢʦʣʠ, ʦʜʠʥ ʨʘʟ ʦʙʯʠʩʣʠʚʰʠ ʦʙʝʨʥʝʥʫ ʤʘʪʨʠʮʶ A-1, ʘ ʧʦʪʽʤ ʪʽʣʴʢʠ 

ʟʤʽʥʶʶʯʠ ʚʝʢʪʦʨ ɺ, ʦʪʨʠʤʫʶʪʴ ʩʠʩʪʝʤʫ ʨʦʟʚôʷʟʢʽʚ. 

ʊʘʢʠʡ ʧʽʜʭʽʜ ʥʘʙʫʚʘʻ ʩʚʦʻʾ ʘʢʪʫʘʣʴʥʦʩʪʽ, ʥʘʧʨʠʢʣʘʜ, ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ 

ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ, ʢʦʣʠ ʥʝʦʙʭʽʜʥʦ ʦʪʨʠʤʫʚʘʪʠ ʩʫʢʫʧʥʽʩʪʴ ʨʦʟʚôʷʟʢʽʚ.  

ʇʨʠʢʣʘʜ 3. ʄʘʪʨʠʯʥʠʤ ʤʝʪʦʜʦʤ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

íî
ì
îë

x1 + x2 + x3 = -2,

4x1 + 2x2 + x3 = 2,

9x1 + 3x2 + x3 = 4.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʆʙʯʠʩʣʠʤʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ 

detA = 
î
î
î

î
î
î1 1 1

4 2 1

9 3 1
 = 
î
î
î

î
î
î0 1 1

2 2 1

6 3 1
 =  

= 1Ö(-1)1 + 3Ö
î
î
î

î
î
î2 1

6 2
 = -2. 

ʆʩʢʽʣʴʢʠ det A  ̧0, ʪʦ ʚʠʭʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ. 

ʅʘ ʥʘʩʪʫʧʥʦʤʫ ʝʪʘʧʽ ʥʝʦʙʭʽʜʥʦ ʟʥʘʡʪʠ ʦʙʝʨʥʝʥʫ ʤʘʪʨʠʮʶ A-1 ʜʦ 

ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ɸ. 

ɼʣʷ ʮʴʦʛʦ ʟʥʘʡʜʝʤʦ ʚʽʜʧʦʚʽʜʥʽ ʘʣʛʝʙʨʘʾʯʥʽ ʜʦʧʦʚʥʝʥʥʷ. 

A11 = -1;  A12 = 5;  A13 = -6; 

A21 = 2;  A22 = -8;  A23 = 6; 
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A31 = -1;  A32 = 3;  A33 = -2. 

ʇʨʠʻʜʥʘʥʘ ʤʘʪʨʠʮʷ ʙʫʜʝ ʤʘʪʠ ʚʠʛʣʷʜ  Aľ = 
ê
é
è

ú
ù
ø-1 2 -1

5 -8 3

-6 6 -2
. 

ʆʙʝʨʥʝʥʘ ʤʘʪʨʠʮʷ ʚʠʟʥʘʯʘʻʪʴʩʷ ʪʘʢʠʤ ʯʠʥʦʤ:   A-1 = 

ê
é
é
è

ú
ù
ù
ø

1

2
-1

1

2

-
5

2
4 -

3

2

3 -3 1

. 

ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʨʦʟʚôʷʟʦʢ ʚʠʭʽʜʥʦʾ ʩʠʩʪʝʤʠ ʟʥʘʡʜʝʤʦ ʽʟ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: 

X = A-1ĿB = 

ê
é
é
è

ú
ù
ù
ø

1

2
-1

1

2

-
5

2
4 -

3

2

3 -3 1

Ŀ
ê
é
é
è

ú
ù
ù
ø-2

2

4
 = 
ê
é
é
è

ú
ù
ù
ø-1

7

-8
 . 

 

ʆʪʞʝ,  x1 = -1,  x2 = 7,  x3 = -8. 

ʇʝʨʝʚʽʨʢʘ:    

.4873)1(9

2872)1(4

2871

=-Ö+-Ö

=-Ö+-Ö

-=-+-

 

ʇʨʠʢʣʘʜ 4. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʪʨʠʯʥʠʤ ʩʧʦʩʦʙʦʤ ʨʦʟʚôʷʟʘʪʠ 

ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ: 

íî
ì
îë

x1 + 2x2 + 3x3 = 7,

x1 - 3x2 + 2x3 = 5,

x1 + x2 + x3 = 3.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ɸ ʪʘ 

ʤʘʪʨʠʮʶ-ʩʪʦʚʧʝʮʴ ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ B. 

ɺʽʜʟʥʘʯʠʤʦ ʝʪʘʧʠ ʚʚʝʜʝʥʥʷ, ʥʘʧʨʠʢʣʘʜ, ʤʘʪʨʠʮʽ A: 

ʘ) ʚʚʦʜʷʪʴ ʟʤʽʥʥʫ ɸ : (ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ A :=  ) 

ʙ) ʚʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʠʟʥʘʯʥʠʢʘʤʠ, 

ʢʣʘʮʥʫʚʰʠ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʚʽʜʧʦʚʽʜʥʽʡ ʢʥʦʧʮʽ ʚ ʧʘʥʝʣʽ ʤʘʪʝʤʘʪʠʯʥʠʭ 

ʽʥʩʪʨʫʤʝʥʪʽʚ; 

ʚ) ʥʘ ʧʘʥʝʣʽ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʠʟʥʘʯʥʠʢʘʤʠ ʥʘʪʠʩʢʘʶʪʴ 

ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ ʬʦʨʤʫʚʘʥʥʷ ʤʘʪʨʠʮʽ ʽ ʚʢʘʟʫʶʪʴ ʧʦʨʷʜʢʠ  

ʤʘʪʨʠʮʽ, ʱʦ ʚʚʦʜʠʪʴʩʷ (3Ĭ3); 

ʛ) ʚʚʦʜʷʪʴ ʝʣʝʤʝʥʪʠ ʤʘʪʨʠʮʽ. 

ʇʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ ʪʘʢʘ ʽʥʬʦʨʤʘʮʽʷ: 
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ɸ :=
ê
é
è

ú
ù
ø1 2 3

1 -3 2

1 1 1
   B :=

ê
é
è

ú
ù
ø7

5

3
  

2. ʌʦʨʤʫʶʪʴ ʤʘʪʝʤʘʪʠʯʥʠʡ ʚʠʨʘʟ, ʟʛʽʜʥʦ ʟ ʥʠʤ ʙʫʜʫʪʴ ʚʠʟʥʘʯʘʪʠʩʷ 

ʢʦʨʝʥʽ ʚʠʭʽʜʥʦʛʦ ʨʽʚʥʷʥʥʷ: 

ʍ := ɸ-1 Ö ɺ 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʤʘʪʨʠʮʷ ɸ-1 ʚʚʦʜʠʪʴʩʷ ʯʝʨʝʟ ʢʥʦʧʢʫ ʧʘʥʝʣʽ 

ʢʘʣʴʢʫʣʷʪʦʨʘ. 

3. ʆʪʨʠʤʫʶʪʴ ʢʦʨʝʥʽ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ, ʚʚʽʚʰʠ ʚʠʨʘʟ ʍ =  

ʅʘ ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʝʥʴ ʫ ʚʠʛʣʷʜʽ 

X :=
ê
é
è

ú
ù
ø1

0

2
 

4. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʜʦʩʠʪʴ ʣʝʛʢʦ ʚʠʢʦʥʘʪʠ ʧʝʨʝʚʽʨʢʫ, ʚʚʽʚʰʠ 

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ    ɸ Ö ʍ ï ɺ =  

ʅʘ ʝʢʨʘʥʽ ʧʨʠ ʮʴʦʤʫ ʟôʷʚʣʷʻʪʴʩʷ ʽʥʬʦʨʤʘʮʽʷ ʚʠʜʫ   ɸ Ö ʍ ï ɺ = 
ê
é
è

ú
ù
ø0

0

0
. 

ʇʨʦʮʝʩ ʨʦʟʚôʷʟʫʚʘʥʥʷ  ʟʘʜʘʥʦʾ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad 

ʟʦʙʨʘʞʝʥʦ ʥʘ ʨʠʩ. 1.13. 

1.5.4. ʄʝʪʦʜ ɻʘʫʩʩʘ* 

ʄʝʪʦʜ ɻʘʫʩʩʘ, ʷʢʠʡ ʽʥʘʢʰʝ ʥʘʟʠʚʘʶʪʴ ʤʝʪʦʜʦʤ ʚʠʢʣʶʯʝʥʥʷ ʥʝʚʽʜʦʤʠʭ, 

ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦ ʩʠʩʪʝʤʫ n ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

                      

íî
ì
îë

a11 x1 + a12 x2 + a13 x3 +é + a1n xn = b1 ,

a21 x1 + a22 x2 + a23 x3 +é + a2n xn = b2 ,

é,

an1 x1 + an2 x2 + an3 x3 +é + ann xn = bn.

              (1.17) 

ʚʽʜʥʦʩʥʦ n ʥʝʚʽʜʦʤʠʭ x1, x2, é, xn ʟʚʦʜʷʪʴ ʧʦʩʣʽʜʦʚʥʠʤʠ ʚʠʢʣʶʯʝʥʥʷʤʠ 

ʥʝʚʽʜʦʤʠʭ ʜʦ ʝʢʚʽʚʘʣʝʥʪʥʦʾ ʩʠʩʪʝʤʠ ʟ ʪʨʠʢʫʪʥʦʶ ʤʘʪʨʠʮʝʶ: 

 

                                                           
*
 ʂʘʨʣ ʌʨʽʜʨʽʭ ɻʘʫʩʩ (1777-1855) ï ʥʽʤʝʮʴʢʠʡ ʤʘʪʝʤʘʪʠʢ. 
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ʈʠʩ. 1.13  

 

 

                       

íî
ì
îë

x1 + a12' x2 + a13' x3 +é + a1n' xn = b1',

x2 + a23' x3 +é + a2n' xn = b2',

é,

xn = bn'.

            (1.18) 

ʇʨʦʮʝʩ ʟʚʝʜʝʥʥʷ ʩʠʩʪʝʤʠ (1.17) ʜʦ ʝʢʚʽʚʘʣʝʥʪʥʦʾ ʬʦʨʤʠ (1.18) 

ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʷʤʠʤ ʭʦʜʦʤ ʤʝʪʦʜʫ ɻʘʫʩʩʘ. ʇʨʷʤʠʡ ʭʽʜ ʤʝʪʦʜʫ ɻʘʫʩʩʘ 

ʚʠʢʦʥʫʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʘʧʘʨʘʪʫ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ, ʷʢʠʡ 

ʜʝʪʘʣʴʥʦ ʚʠʢʣʘʜʘʚʩʷ ʚ ʧ.1.4.3. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʫ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ 

ʝʣʝʤʝʥʪʘʨʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʟʘʩʪʦʩʦʚʫʶʪʴʩʷ ʪʽʣʴʢʠ ʜʣʷ ʨʷʜʢʽʚ ʩʠʩʪʝʤʠ 

(1.17). ʂʨʽʤ ʪʦʛʦ, ʩʣʽʜ ʟʘʟʥʘʯʠʪʠ, ʱʦ, ʢʦʣʠ ʚ ʩʠʩʪʝʤʽ (1.17) ʤʘʪʨʠʮʷ 

ʢʦʝʬʽʮʽʻʥʪʽʚ ɸ ʥʝʚʠʨʦʜʞʝʥʘ, ʪʦ ʮʶ ʩʠʩʪʝʤʫ ʟʘʚʞʜʠ ʤʦʞʥʘ ʟʚʝʩʪʠ ʜʦ 

ʪʨʠʢʫʪʥʦʾ ʬʦʨʤʽ (1.18). ɿʚʦʨʦʪʥʠʡ ʭʽʜ ʤʝʪʦʜʫ ɻʘʫʩʩʘ ʧʦʣʷʛʘʻ 

ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʫ ʚʠʟʥʘʯʝʥʥʽ ʢʦʨʝʥʽʚ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ, ʷʢʽ ʟʥʘʭʦʜʷʪʴ ʟʘ 

ʨʝʢʫʨʝʥʪʥʠʤʠ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤʠ 
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xn = bn';    xi = bi' - ä
k = i + 1

n
 aik' xk.                                   (1.19) 

ɼʣʷ ʟʨʫʯʥʦʩʪʽ ʦʙʯʠʩʣʝʥʴ ʝʣʝʤʝʥʪʘʨʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʩʠʩʪʝʤʠ (1.17) 

ʚʠʢʦʥʫʶʪʴ ʩʪʦʩʦʚʥʦ ʾʾ ʤʘʪʨʠʯʥʦʾ ʬʦʨʤʠ. ʊʦʤʫ ʟʘʧʠʩʫʶʪʴ ʨʦʟʰʠʨʝʥʫ 

ʤʘʪʨʠʯʥʫ ʩʠʩʪʝʤʫ 

Aľ = 

ê
é
é
è

ú
ù
ù
ø

a11 a12 a13 é a1n | b1

a21 a22 a23 é a2n | b2

é é é é é | é

am1 am2 am3 é amn | bm

. 

 

ɼʘʣʽ ʧʨʷʤʠʤ ʭʦʜʦʤ ʤʝʪʦʜʫ ɻʘʫʩʩʘ ʟʚʦʜʷʪʴ ʾʾ ʜʦ ʚʠʛʣʷʜʫ: 

 

                       Aľ = 

ê
é
é
è

ú
ù
ù
ø

1 a12' a13' é a1n' | b1'

0 1 a23' é a2n' | b2'

é é é é é | é

0 0 0 é 1 | bm'

.                            (1.20) 

 

ʅʘ ʦʩʥʦʚʽ ʤʘʪʨʠʮʽ (1.20) ʟʘʧʠʩʫʶʪʴ ʝʢʚʽʚʘʣʝʥʪʥʫ ʩʠʩʪʝʤʫ ʨʽʚʥʷʥʴ ʽ, 

ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʨʝʢʫʨʝʥʪʥʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (1.19), ʚʠʟʥʘʯʘʶʪʴ ʢʦʨʝʥʽ 

ʚʠʭʽʜʥʦʾ ʩʠʩʪʝʤʠ. 

 ʇʨʦʽʣʶʩʪʨʫʻʤʦ ʟʘʩʪʦʩʫʚʘʥʥʷ ʘʧʘʨʘʪʫ ʤʝʪʦʜʫ ɻʘʫʩʩʘ ʥʘ ʢʦʥʢʨʝʪʥʦʤʫ 

ʧʨʠʢʣʘʜ.̔ 

ʇʨʠʢʣʘʜ 5. ʄʝʪʦʜʦʤ ɻʘʫʩʩʘ ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ 

ʨʽʚʥʷʥʴ 

íî
ì
î
ëx1 + x2 + x3 = -2 ,

4x1 + 2x2 + x3 = -4 ,

9x1 + 3x2 + x3 = -8.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʘʧʠʰʝʤʦ ʨʦʟʰʠʨʝʥʫ ʤʘʪʨʠʮʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʽ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʥʘʜ ʨʷʜʢʘʤʠ ʟʚʝʜʝʤʦ ʾʾ ʜʦ ʪʨʠʢʫʪʥʦʾ ʬʦʨʤʠ. 

ê
é
è

ú
ù
ø1 1 1 | -2

4 2 1 | -4

9 3 1 | -8
 ~ 
ê
é
è

ú
ù
ø1 1 1 | -2

0 -2 -3 | 4

9 3 1 | -8
 ~  
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~ 
ê
é
è

ú
ù
ø1 1 1 | -2

0 -2 -3 | 4

0 0 1 | -2
. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʷʤʠʡ ʭʽʜ ʤʝʪʦʜʫ ɻʘʫʩʩʘ ʟʘʚʝʨʰʝʥʦ. ɼʣʷ ʨʝʘʣʽʟʘʮʽʾ 

ʟʚʦʨʦʪʥʦʛʦ ʭʦʜʫ ʥʘ ʦʩʥʦʚʽ ʦʩʪʘʥʥʴʦʾ ʤʘʪʨʠʮʽ ʟʘʧʠʰʝʤʦ ʝʢʚʽʚʘʣʝʥʪʥʫ 

ʩʠʩʪʝʤʫ ʜʦ ʟʘʜʘʥʦʾ. 

íî
ì
îë

x1 + x2 + x3 = -2,

-2x2 - 3x3 = 4,

 x3 = -2.

 

ʈʝʘʣʽʟʫʶʯʠ ʟʚʦʨʦʪʥʠʡ ʭʽʜ ʤʝʪʦʜʫ ɻʘʫʩʩʘ, ʚʠʟʥʘʯʘʶʪʴ ʙʝʟʧʦʩʝʨʝʜʥʴʦ 

ʢʦʨʝʥʽ ʚʠʭʽʜʥʦʾ ʩʠʩʪʝʤʠ. ʉʧʨʘʚʜʽ, ʟ ʦʩʪʘʥʥʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 

ʝʢʚʽʚʘʣʝʥʪʥʦʾ ʤʘʪʨʠʮʽ ʚʠʭʦʜʠʪʴ, ʱʦ x3 = -2. ʇʽʩʣʷ ʧʽʜʩʪʘʥʦʚʢʠ x3 ʚ 

ʧʝʨʝʜʦʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʤʘʻʤʦ   x2 + 
2

3
Ŀ(-2) = -2;  x2 = 1. 

ʅʘʨʝʰʪʽ, ʟ ʧʝʨʰʦʾ ʨʽʚʥʦʩʪʽ ʤʘʻʤʦ:  x1 + 1 - 2 = -2;  x1 = -1. 

ʆʪʞʝ, ʚʠʭʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʪʘʢʠʡ ʨʦʟʚôʷʟʦʢ:   x1 = -1;  x2 = 1;  x3 = -2. 

ʇʨʠʢʣʘʜ 6. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʨʦʟʚôʷʟʘʪʠ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʤʝʪʦʜʦʤ ɻʘʫʩʩʘ, ʷʢʱʦ: 

 

íî
ì
îë

2x1 - 3x2 + 4x3 = -6 ,

x1 + 4x2 - x3 = 3 ,

5x1 - 6x2 + 3x3 = -1.

 

ʈʦʟʚôʷʟʦʢ 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʽʩʥʫʻ ʩʪʘʥʜʘʨʪʥʘ ʬʫʥʢʮʽʷ rref( ), 

ʷʢʘ ʤʦʞʝ ʚʠʢʦʥʫʚʘʪʠ ʽ ʧʨʷʤʠʡ, ʽ ʟʚʦʨʦʪʥʠʡ ʭʽʜ ʤʝʪʦʜʫ ɻʘʫʩʩʘ. 

ɺʠʟʥʘʯʠʤʦ ʤʝʪʦʜʠʢʫ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʧʦʩʪʘʚʣʝʥʦʾ ʟʘʜʘʯʽ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʪʘ 

ʚʝʢʪʦʨ-ʩʪʦʚʧʝʮʴ ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ. ʇʨʠ ʮʴʦʤʫ ʢʦʨʠʩʪʫʶʪʴʩʷ ʤʝʪʦʜʠʢʦʶ 

ʧʨʠʢʣʘʜʫ 4.  

ʅʘ ʤʦʥʽʪʦʨʽ ʢʦʤʧôʶʪʝʨʘ ʽʥʬʦʨʤʘʮʽʷ ʙʫʜʝ ʚʽʜʦʙʨʘʞʘʪʠʩʷ ʪʘʢʠʤ ʯʠʥʦʤ: 

A := 
ê
é
è

ú
ù
ø2 -3 4

1 4 -1

5 -6 3
 ; B := 

ê
é
è

ú
ù
ø-6

3

-1
. 

ʇʽʩʣʷ ʚʚʝʜʝʥʥʷ ʟʥʘʯʝʥʴ ʤʘʪʨʠʮʽ ɸ ʪʘ ɺ ʥʝʦʙʭʽʜʥʦ ʧʨʠʩʚʦʾʪʠ ʟʤʽʥʥʠʡ 

ORIGIN ʦʟʥʘʯʝʥʥʷ, ʱʦ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ʎʝ ʚʠʢʦʥʫʻʪʴʩʷ ʜʣʷ ʪʦʛʦ, ʱʦʙ 
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ʩʝʨʝʜʦʚʠʱʝ ʥʫʤʝʨʫʚʘʣʦ ʨʷʜʢʠ ʪʘ ʩʪʦʚʧʮʽ ʤʘʪʨʠʮʴ, ʧʦʯʠʥʘʶʯʠ ʟ ʦʜʠʥʠʮʽ. 

ʆʪʞʝ, ʚʚʦʜʷʪʴ   ORIGIN: = 1 

2. ɼʣʷ ʪʦʛʦ, ʱʦʙ ʩʬʦʨʤʫʚʘʪʠ ʨʦʟʰʠʨʝʥʫ ʤʘʪʨʠʮʶ ʩʠʩʪʝʤʠ, ʚ 

ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʬʫʥʢʮʽʷ augment(A, B).  ʊʘʢʘ 

ʬʫʥʢʮʽʷ ʜʦʜʘʻ ʜʦ ʩʪʦʚʧʮʽʚ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ A ʩʧʨʘʚʘ ʩʪʦʚʧʝʮʴ 

ʚʽʣʴʥʠʭ ʯʣʝʥʽʚ B. 

ʆʪʞʝ, ʚ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʚʠʨʘʟ: 

ROZSHM := augment(A, B) 

3. ɼʣʷ ʚʠʚʝʜʝʥʥʷ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ ʥʘ ʝʢʨʘʥʽ ʢʦʤʧôʶʪʝʨʘ ʚ 

ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʚʦʜʷʪʴ  ROZSHM = 

ʇʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʙʫʜʝ ʚʽʜʦʙʨʘʞʘʪʠʩʷ ʪʘʢʘ ʽʥʬʦʨʤʘʮʽʷ: 

ROZSHM := 
ê
é
è

ú
ù
ø2 -3 4 -6

1 4 -1 2

5 -6 3 -1
 

4. ɼʣʷ ʨʝʘʣʽʟʘʮʽʾ ʤʝʪʦʜʫ ɻʘʫʩʩʘ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʚʤʦʥʪʦʚʘʥʫ  

ʬʫʥʢʮʽʶ rref( ). ɼʣʷ ʮʴʦʛʦ ʚʚʦʜʷʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 

TRM := rref(ROZSHM) 

5. ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʪʨʠʢʫʪʥʠʡ ʚʠʛʣʷʜ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ ʥʘ ʝʢʨʘʥʽ 

ʢʦʤʧôʶʪʝʨʘ ʚʠʢʣʠʢʘʻʪʴʩʷ ʟʘʧʠʩʦʤ  TRM =  

ʇʨʠ ʮʴʦʤʫ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ ʨʝʟʫʣʴʪʘʪ  

 

TRM := 
ê
é
è

ú
ù
ø1 0 0 1

0 1 0 0

0 0 1 -2
 

ɿʨʦʟʫʤʽʣʦ, ʱʦ ʦʩʪʘʥʥʽʡ ʩʪʦʚʧʯʠʢ ʤʽʩʪʠʪʴ ʟʥʘʯʝʥʥʷ ʢʦʨʝʥʽʚ ʩʠʩʪʝʤʠ. 

ʅʘ ʧʽʜʩʪʘʚʽ ʪʘʢʦʾ ʤʘʪʨʠʮʽ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʝʢʚʽʚʘʣʝʥʪʥʫ ʩʠʩʪʝʤʫ 

ʚʽʜʥʦʩʥʦ ʟʘʜʘʥʦʾ ʫ ʚʠʛʣʷʜʽ: 

íî
ì
îë

x1 + 0 x2 + 0 x3 = 1,

0 x1 + x2 + 0 x3 = 0,

0 x1 + 0 x2 + x3 = -2.

 

ɿ ʪʘʢʦʾ ʩʠʩʪʝʤʠ ʚʠʭʦʜʠʪʴ, ʱʦ x1 = 1; x2 = 0; x3 = -2. 

6. ʇʨʦʛʨʘʤʥʦ ʦʩʪʘʥʥʽʡ ʩʪʦʚʧʝʮʴ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ (ʩʪʦʚʧʮʷ 

ʨʦʟʚôʷʟʢʽʚ) ʤʦʞʥʘ ʚʽʜʦʢʨʝʤʠʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʚʤʦʥʪʦʚʘʥʦʾ ʬʫʥʢʮʽʾ 

submatrix (A, ir , jr , ic, jc). ʊʘʢʘ ʬʫʥʢʮʽʷ ʬʦʨʤʫʻ ʤʘʪʨʠʮʶ, ʷʢʘ ʻ ʙʣʦʢʦʤ 

ʤʘʪʨʠʮʽ ɸ, ʨʦʟʪʘʰʦʚʘʥʠʤ ʚ ʨʷʜʢʘʭ ʟ ir  ʧʦ jr  ʪʘ  ʚ ʩʪʦʚʧʮʷʭ ʟ ic ʧʦ jc. 
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ʆʪʞʝ, ʚʽʜʦʢʨʝʤʠʤʦ ʚʽʜ ʨʦʟʰʠʨʝʥʦʾ ʤʘʪʨʠʮʽ ʨʦʟʚôʷʟʦʢ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʬʫʥʢʮʽʾ submatrix (A, ir , jr , ic, jc) ʪʘʢʠʤ ʯʠʥʦʤ: 

ʍ := submatrix(TRM, 1, 3, 4, 4) 

7. ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʨʝʟʫʣʴʪʘʪ ʨʦʟʚôʷʟʢʫ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ ʥʘ ʝʢʨʘʥ 

ʢʦʤʧôʶʪʝʨʘ ʤʦʞʥʘ ʚʠʚʝʩʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʟʚʝʨʪʘʥʥʷ   ʍ =  

ʧʽʩʣʷ ʯʦʛʦ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ ʪʘʢʘ ʽʥʬʦʨʤʘʮʽʷ  

X = 
ê
é
è

ú
ù
ø1

0

2
 

8.  ʇʝʨʝʚʽʨʢʘ ʨʦʟʚôʷʟʢʫ ʚʠʢʦʥʫʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʟʚʝʨʪʘʥʥʷ  

ɸ Ö ʍ ï ɺ =  

ʅʘ ʝʢʨʘʥʽ ʢʦʤʧôʶʪʝʨʘ ʟôʷʚʣʷʻʪʴʩʷ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 

ɸ Ö ʍ ï ɺ = 
ê
é
è

ú
ù
ø0

0

0
      

ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʧʨʦʮʝʩ ʨʦʟʚôʷʟʢʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʽʣʶʩʪʨʫʻ 

 ʨʠʩ. 1.14: 

 

 
ʈʠʩ. 1.14  
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1.5.5. ʆʜʥʦʨʽʜʥʽ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ 

 ɺʠʟʥʘʯʝʥʥʷ  6.  ʃʽʥʽʡʥʝ ʨʽʚʥʷʥʥʷ ʥʘʟʠʚʘʻʪʴʩʷ ʦʜʥʦʨʽʜʥʠʤ, 

ʷʢʱʦ ʚʽʣʴʥʠʡ ʯʣʝʥ ʨʽʚʥʷʥʥʷ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʉʠʩʪʝʤʘ, ʷʢʘ 

ʤʽʩʪʠʪʴ ʪʽʣʴʢʠ ʦʜʥʦʨʽʜʥʽ ʨʽʚʥʷʥʥʷ, ʥʘʟʠʚʘʻʪʴʩʷ ʦʜʥʦʨʽʜʥʦʶ. 

ʆʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ m ʨʽʚʥʷʥʴ ʽʟ n ʥʝʚʽʜʦʤʠʤʠ ʤʘʻ ʚʠʛʣʷʜ: 

                       

íî
ì
îë

a11 x1 + a12 x2 + a13 x3 +é + a1n xn = 0,

a21 x1 + a22 x2 + a23 x3 +é + a2n xn = 0,

é,

am1 x1 + am2 x2 + am3 x3 +é + amn xn = 0.

                (1.21) 

ɺʽʜʟʥʘʯʠʤʦ, ʱʦ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʟʘʚʞʜʠ ʩʫʤʽʩʥʘ, ʦʩʢʽʣʴʢʠ ʤʘʻ 

ʧʨʠʥʘʡʤʥʽ ʦʜʠʥ ʨʦʟʚôʷʟʦʢ: x1 = x2 = é = xn = 0. 

 ɺʠʟʥʘʯʝʥʥʷ 7. ʗʢʱʦ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʦʜʠʥ-ʻʜʠʥʠʡ 

ʨʦʟʚôʷʟʦʢ, ʪʦ ʚʽʥ ʙʫʜʝ ʥʫʣʴʦʚʠʤ, ʽ ʩʠʩʪʝʤʘ ʥʘʟʠʚʘʻʪʴʩʷ ʪʨʠ-

ʚʽʘʣʴʥʦ ʩʫʤʽʩʥʦʶ. 

                       ɺʠʟʥʘʯʝʥʥʷ 8.  ʗʢʱʦ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʙʽʣʴʰʝ, ʥʽʞ 

ʦʜʠʥ ʨʦʟʚôʷʟʦʢ, ʪʦ ʩʝʨʝʜ ʥʠʭ ʻ ʥʝʥʫʣʴʦʚʽ, ʽ ʫ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ 

ʩʠʩʪʝʤʘ ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʪʨʠʚʽʘʣʴʥʦ ʩʫʤʽʩʥʦʶ. 

ʇʨʠ ʨʦʟʚôʷʟʫʚʘʥʥʽ ʪʘ ʜʦʩʣʽʜʞʝʥʥʽ ʦʜʥʦʨʽʜʥʠʭ ʩʠʩʪʝʤ ʣʽʥʽʡʥʠʭ 

ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟʘʚʞʜʠ ʚʠʥʠʢʘʻ ʧʠʪʘʥʥʷ: ʟʘ ʷʢʠʭ ʫʤʦʚ ʦʜʥʦʨʽʜʥʘ 

ʩʠʩʪʝʤʘ (1.21) ʤʘʻ, ʦʢʨʽʤ ʚʢʘʟʘʥʦʛʦ ʪʨʠʚʽʘʣʴʥʦʛʦ ʨʦʟʚôʷʟʢʫ, ʽʥʰʽ ʨʦʟʚôʷʟʢʠ 

(ʪʦʙʪʦ ʻ ʥʝʪʨʠʚʽʘʣʴʥʦ ʩʫʤʽʩʥʦʶ)? 

ʎʝ ʧʠʪʘʥʥʷ ʨʦʟʚôʷʟʫʻʪʴʩʷ ʜʦʩʠʪʴ ʧʨʦʩʪʦ. ɺʽʜʟʥʘʯʠʤʦ, ʱʦ ʽʩʥʫʚʘʥʥʷ 

ʥʝʪʨʠʚʽʘʣʴʥʦʛʦ ʨʦʟʚôʷʟʢʫ ʩʠʩʪʝʤʠ (1.21) ʝʢʚʽʚʘʣʝʥʪʥʝ ʣʽʥʽʡʥʽʡ ʟʘʣʝʞʥʦʩʪʽ 

ʩʪʦʚʧʮʽʚ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ (1.21). ɸʜʞʝ ʣʽʥʽʡʥʘ ʟʘʣʝʞʥʽʩʪʴ 

ʩʪʦʚʧʮʽʚ ʪʘʢʦʾ ʤʘʪʨʠʮʽ ʦʟʥʘʯʘʻ, ʱʦ ʽʩʥʫʶʪʴ ʯʠʩʣʘ x1, x2, x3, é, xn, ʪʘʢʽ, ʱʦ 

ʥʝ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʽ ʪʘʢʽ, ʱʦ ʟʘʜʦʚʦʣʴʥʷʶʪʴ  ʨʽʚʥʷʥʥʷʤ (1.21). ʇʨʦʪʝ ʚ 

ʩʠʣʫ ʪʝʦʨʝʤʠ ʧʨʦ ʙʘʟʠʩʥʠʡ ʤʽʥʦʨ ʣʽʥʽʡʥʘ ʟʘʣʝʞʥʽʩʪʴ ʩʪʦʚʧʮʽʚ ʤʘʪʨʠʮʽ 

ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ (1.21) ʙʫʜʝ ʤʘʪʠ ʤʽʩʮʝ ʪʦʜʽ ʡ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 

ʧʦʨʷʜʦʢ r ʾʾ ʙʘʟʠʩʥʦʛʦ ʤʽʥʦʨʫ ʙʫʜʝ ʤʝʥʰʝ ʯʠʩʣʘ n ʾʾ ʩʪʦʚʧʮʽʚ. ʊʘʢʽ 

ʤʽʨʢʫʚʘʥʥʷ ʧʨʠʚʦʜʷʪʴ ʜʦ ʥʘʩʪʫʧʥʦʾ ʪʝʦʨʝʤʠ. 

ʊɽʆʈɽʄɸ 2. ʆʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ (1.21) ʙʫʜʝ ʤʘʪʠ 

ʥʝʪʨʠʚʽʘʣʴʥʽ ʨʦʟʚôʷʟʢʠ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʾʾ ʨʘʥʛ r 

ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʤʝʥʰʝ ʯʠʩʣʘ n ʾʾ ʩʪʦʚʧʮʽʚ. 
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ʅʘʩʣʽʜʦʢ ʪʝʦʨʝʤʠ 2. ʆʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʨʦʟʤʽʨʥʦʩʪʽ (n ³ 

n) ʤʘʻ ʥʝʪʨʠʚʽʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 

ʚʠʟʥʘʯʥʠʢ, ʩʢʣʘʜʝʥʠʡ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ ʧʨʠ ʥʝʚʽʜʦʤʠʭ, ʜʦʨʽʚʥʶʻ 

ʥʫʣʶ. 

ʉʧʨʘʚʜʽ, ʫ ʚʠʧʘʜʢʫ ʢʚʘʜʨʘʪʥʦʾ ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ (1.21), ʪʦʙʪʦ ʢʦʣʠ 

nm= , ʨʘʥʛ r ʾʾ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ ʙʫʜʝ ʤʝʥʰʝ ʯʠʩʣʘ m = n 

ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʚʠʟʥʘʯʥʠʢ ʮʽʻʾ ʤʘʪʨʠʮʽ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

ʇʨʠʢʣʘʜ 7.  ɺʩʪʘʥʦʚʠʪʠ, ʯʠ ʤʘʻ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚôʷʟʢʠ ʩʠʩʪʝʤʘ 

ʦʜʥʦʨʽʜʥʠʭ ʨʽʚʥʷʥʴ 

íî
ì
îë

x1 - 3x2 + 2x3 = 0,

2x1 - x2 + x3 = 0,

8x1 + x2 - x3 = 0.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

ʉʧʦʯʘʪʢʫ ʦʙʯʠʩʣʠʤʦ  ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ.  

D = 
î
î
î

î
î
î1 -3 2

2 -1 1

8 1 -1
 = 
î
î
î

î
î
î1 -3 -1

2 -1 0

8 1 0
 = -1Ŀ(-1)3+1Ŀ

î
î
î

î
î
î2 -1

8 1
 = -10. 

ʆʩʢʽʣʴʢʠ D  ̧0, ʪʦ ʚʠʭʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ: 

 x1 = 0; x2 = 0; x3 = 0.  

ʇʨʠʢʣʘʜ 8. ʇʨʠ ʷʢʦʤʫ ʟʥʘʯʝʥʥʽ a ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ  

í
ì
ë

ax1 + x2 + 5x3 = 0,

7x1 - ax2 + x3 = 0,

-3x1 + 2x2 + 3x3 = 0.

ʤʘʻ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚôʷʟʢʠ? 

ʈʦʟʚôʷʟʘʥʥʷ. 

ɿʥʘʡʜʝʤʦ ʚʠʟʥʘʯʥʠʢ ʤʘʪʨʠʮʽ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ. 

D = 
î
î
î

î
î
îa 1 5

7 -a 1

-3 2 3
 = 
î
î
î

î
î
îa 1 (5 + a)

7 -a 8

-3 2 0
 = 

î
î
î
î

î
î
î
îa

ç
æ
å

÷
ö
õ2

3
a + 1 (5 + a)

7
ç
æ
å

÷
ö
õ14

3
 - a 8

-3 0 0

 = 

= -3Ŀ(-1)3+1Ŀ

î
î
î
î

î
î
î
î

ç
æ
å

÷
ö
õ2

3
a + 1 (5 + a)

ç
æ
å

÷
ö
õ14

3
 - a 8

 = -3Ŀ
ê
é
è

ú
ù
ø16

3
a + 8 - 

70

3
 + 5a - 

14

3
a - 3a2  =  

= -3a2 - 17a + 46. 

 

ʆʯʝʚʠʜʥʦ, ʱʦ ʪʘʢʠʡ ʚʠʟʥʘʯʥʠʢ ʟʘʣʝʞʠʪʴ ʚʽʜ ʟʥʘʯʝʥʥʷ a. 
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ɼʘʣʽ ʚʽʜʟʥʘʯʠʤʦ, ʱʦ ʥʝʥʫʣʴʦʚʠʡ ʨʦʟʚôʷʟʦʢ ʽʩʥʫʻ ʣʠʰʝ ʚ ʪʦʤʫ ʚʠʧʘʜʢʫ, 

ʢʦʣʠ D = 0, ʪʦʙʪʦ ʢʦʣʠ  -3a2 - 17a + 46 = 0. 

ʈʦʟʚôʷʟʘʚʰʠ ʪʘʢʝ ʢʚʘʜʨʘʪʥʝ ʨʽʚʥʷʥʥʷ, ʟʥʘʡʜʝʤʦ ʜʚʘ ʢʦʨʝʥʽ: 

 a1 = 2;  a2 = -23/3. 

ʆʪʞʝ, ʚʠʭʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʥʝʥʫʣʴʦʚʽ ʨʦʟʚôʷʟʢʠ ʪʽʣʴʢʠ ʧʨʠ 

ʚʠʱʝʚʢʘʟʘʥʠʭ ʟʥʘʯʝʥʥʷʭ a. 

ʇʨʠʢʣʘʜ 9. ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʜʦʩʣʽʜʠʪʠ ʥʘ ʩʫʤʽʩʥʽʩʪʴ ʦʜʥʦʨʽʜʥʫ 

ʩʠʩʪʝʤʫ  

íî
ì
îë

4x1 - 9x2 + 8x3 + 5x4 = 0,

-3x1 + 2x2 - 5x3 + 3x4 = 0,

3x1 - 4x2 + 7x3 + 5x4 = 0,

2x1 + x2 + 4x3 + 3x4 = 0.

 

ʈʦʟʚôʷʟʘʥʥʷ. 

1. ʋ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʚʚʦʜʷʪʴ ʤʘʪʨʠʮʶ ʢʦʝʬʽʮʽʻʥʪʽʚ ʩʠʩʪʝʤʠ 

ʟʛʽʜʥʦ ʟ ʤʝʪʦʜʠʢʦʶ ʧʨʠʢʣʘʜʫ 4. ʇʨʠ ʮʴʦʤʫ ʥʘ ʤʦʥʽʪʦʨʽ ʢʦʤʧôʶʪʝʨʘ ʙʫʜʝ 

ʚʽʜʦʙʨʘʞʘʪʠʩʷ: 

A := 

ê
é
é
è

ú
ù
ù
ø4 -9 8 5

-3 2 -5 3

3 -4 7 5

2 1 4 3

 

2. ɼʘʣʽ ʦʙʯʠʩʣʶʶʪʴ ʚʠʟʥʘʯʥʠʢ ʮʽʻʾ ʤʘʪʨʠʮʽ. ɼʣʷ ʮʴʦʛʦ:  

ʘ) ʚʚʦʜʷʪʴ ʟʤʽʥʥʫ detA : (ʥʘ ʝʢʨʘʥʽ ʚʽʜʦʙʨʘʞʘʻʪʴʩʷ detA :=  ) 

a) ʚʽʜʢʨʠʚʘʶʪʴ ʧʘʥʝʣʴ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ, ʢʣʘʮʥʫʚʰʠ 

ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʧʦ ʢʥʦʧʮʽ ʚ ʧʘʥʝʣʽ ʤʘʪʝʤʘʪʠʯʥʠʭ ʽʥʩʪʨʫʤʝʥʪʽʚ; 

ʙ) ʥʘ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ ʦʧʝʨʘʮʽʡ ʟ ʤʘʪʨʠʮʷʤʠ ʪʘ ʚʝʢʪʦʨʘʤʠ 

ʥʘʪʠʩʢʘʶʪʴ ʢʫʨʩʦʨʦʤ ʤʠʰʽ ʥʘ ʢʥʦʧʢʫ |X|, ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʟôʷʚʣʷʻʪʴʩʷ   

detA := |ƴ|, 

ʛ) ʚ ʦʪʨʠʤʘʥʠʡ ʰʘʙʣʦʥ ʚʚʦʜʷʪʴ ʧʦʟʥʘʯʝʥʥʷ ʤʘʪʨʠʮʽ ɸ:  

detA := |ɸ| 

3. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʯʠʩʣʦʚʦʛʦ ʟʥʘʯʝʥʥʷ ʚʠʟʥʘʯʥʠʢʘ ʚʚʦʜʷʪʴ ʚʠʨʘʟ 

detA :=  (ʧʨʠ ʮʴʦʤʫ ʥʘ ʝʢʨʘʥʽ ʤʦʥʽʪʦʨʘ ʤʘʻʤʦ:  detA = -136  ). 

ʆʩʢʽʣʴʢʠ detA  ̧0, ʜʘʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʻʜʠʥʠʡ ʨʦʟʚôʷʟʦʢ, ʷʢʠʡ ʜʣʷ  

ʦʜʥʦʨʽʜʥʦʾ ʩʠʩʪʝʤʠ ʻ ʥʫʣʴʦʚʠʤ. ɯʥʰʠʤʠ ʩʣʦʚʘʤʠ, ʩʠʩʪʝʤʘ ʤʘʻ ʪʽʣʴʢʠ 

ʪʨʠʚʽʘʣʴʥʽʡ ʨʦʟʚôʷʟʦʢ.  

ʇʨʦʮʝʩ ʨʝʘʣʽʟʘʮʽʾ ʦʙʯʠʩʣʝʥʴ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ  

ʨʠʩ. 1.15: 
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ʈʠʩ. 1.15 

 
1.6. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

 (ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, 

 ʪʘʢ ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

 

ɺʠʢʦʥʘʪʠ ʜʽʾ :BA ml+  

1. ,5,0;1,1 == ml  

A = 
ê
é
è

ú
ù
ø3 4 -1

-2 0 3/4

7 0.1 8
;    B = 

ê
é
è

ú
ù
ø1/4 3 -0.8

-3 0.6 3/7

6 4 2
. 

2. ,3/1;7,0 -== ml  

A = 
ê
é
è

ú
ù
ø1 4 -0.7

1/3 7 8
;   B = 

ê
é
è

ú
ù
ø2/5 0.1 7

-3 -1 4
. 

 

3. ,2,0;6/1 == ml   

A = 
ê
é
è

ú
ù
ø1 4

3 -7

3/6 0.1
;   B = 

ê
é
è

ú
ù
ø-7 8

9 0.1

-1/8 4
. 
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4. ,1,0;6,1 =-= ml  

A = 
ê
é
è

ú
ù
ø7 -1

8/11 0.25
;   B = 

ê
é
è

ú
ù
ø6/11 7

0 -0.8
. 

  

ʆʙʯʠʩʣʠʪʠ ʜʦʙʫʪʢʠ ʤʘʪʨʠʮʴ A Ā B ʪʘ B Ā A, ʷʢʱʦ ʚʦʥʠ ʽʩʥʫʶʪʴ: 

 

 1. A = 
ê
é
è

ú
ù
ø1 2 0

3 1 -4
; B = 

ê
é
è

ú
ù
ø-2 3

4 5

-1 4
. 

 2. A = 
ê
é
è

ú
ù
ø1 3 5

-2 0 4

1 2 4
; B = 

ê
é
è

ú
ù
ø2 3 3

0 4 0

-1 -2 4
. 

 3. A = 
ê
é
è

ú
ù
ø2 -1 1

4 0 2
; B = 

ê
é
è

ú
ù
ø1 2

3 4

-1 3
. 

 4. A = 
ê
é
è

ú
ù
ø1 2 1

0 -1 3

4 5 1
; B = 

ê
é
è

ú
ù
ø1 2 5

0 -1 -1

3 4 6
. 

 5. A = 
ê
é
è

ú
ù
ø1 2 3

8 3 4

5 6 -1
; B = 

ê
é
è

ú
ù
ø3 0

1 -2

3 7
. 

 

ɺʠʟʥʘʯʠʪʠ ʤʘʪʨʠʮʶ C, ʷʢʱʦ ʟʘʜʘʥʦ ʪʘʢʽ ʫʤʦʚʠ: 

 

1. C = A Ā B - 2B;      A = 
ê
é
è

ú
ù
ø-2 1

2 -3
; B = 

ê
é
è

ú
ù
ø1 4

3 -4
. 

2. C = 3A - B Ā A;      A = 
ê
é
è

ú
ù
ø1 4

0 -2
; B = 

ê
é
è

ú
ù
ø0 1

4 2
. 

3. C = (2A - B) Ā (3A);    A = 
ê
é
è

ú
ù
ø2 1

4 2
;B = 

ê
é
è

ú
ù
ø-1 0

4 -2
. 

 

4. C = A2 - B Ā D;     A = 
ê
é
è

ú
ù
ø4 2

-1 4
;  B = 

ê
é
è

ú
ù
ø2

-1
;  D = [-1  4]. 
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5. C = 2B Ā D - 4A2;   A = 
ê
é
è

ú
ù
ø1 -2

-1 3
;    B = 

ê
é
è

ú
ù
ø-1

4
;  D = [2  -1]. 

 

ɺʠʢʦʥʘʪʠ ʦʧʝʨʘʮʽʶ ʪʨʘʥʩʧʦʥʫʚʘʥʥʷ ʤʘʪʨʠʮʽ A: 

1. A = 
ê
é
è

ú
ù
ø1 -1 2

3 7 8

9 10 -1
      2. A = [1  4  5  7  -1]            3. A = 

ê
é
é
è

ú
ù
ù
ø

1

2

0

-1

4

 

ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʥʠʢ: 

 

1. 

î
î
î
î

î
î
î
î2 -1 1 0

0 1 2 -1

3 -1 2 3

3 1 6 1

 2. 

î
î
î
î

î
î
î
î

5 6 0 0 0

1 5 6 0 0

0 1 5 6 0

0 0 1 5 6

0 0 0 1 5

 3. 

î
î
î
î

î
î
î
î

2 1 1 1 1

1 3 1 1 1

1 1 4 1 1

1 1 1 5 1

1 1 1 1 6

 

 

ʆʙʯʠʩʣʠʪʠ ʦʙʝʨʥʝʥʫ ʤʘʪʨʠʮʶ ʚʽʜʥʦʩʥʦ ʟʘʜʘʥʦʾ. ɺʠʢʦʥʘʪʠ ʧʝʨʝʚʽʨʢʫ 

 

1. 

ê
é
é
è

ú
ù
ù
ø3 0 0

0 0 -1

0 2 0
  2. 

ê
é
é
è

ú
ù
ù
ø5 0 0

4 5 0

-10 4 5
     3. 

ê
é
é
è

ú
ù
ù
ø1 2 0

-1 1 2

3 0 1
   4. 

ê
é
é
è

ú
ù
ù
ø2 7 3

3 9 4

1 5 3
 

 

ʆʙʯʠʩʣʠʪʠ ʨʘʥʛ ʤʘʪʨʠʮʽ 

1. 

ê
é
é
è

ú
ù
ù
ø2 -1 3 -2 4

4 -2 5 1 7

2 -1 1 8 2
 2. 

ê
é
é
è

ú
ù
ù
ø

0 1 1 0 0

1 1 0 0 0

0 1 0 1 1

1 0 1 0 0

0 0 1 1 0

     3. 

ê
é
é
è

ú
ù
ù
ø1 3 5 -1

2 -1 -3 4

5 1 -1 4

7 7 9 1

  

 4. 

ê
é
é
è

ú
ù
ù
ø0 1 0 4 3 1

0 1 3 0 2 1

2 1 0 0 1 1

-1 2 -1 -1 -1 1

   5. 

ê
é
é
è

ú
ù
ù
ø3 -1 3 2 5

5 -3 2 3 4

1 -3 -5 0 -7

7 -5 1 4 1

6. 

ê
é
é
è

ú
ù
ù
ø0 2 -2 4

2 3 -4 6

-4 0 2 0
 

 



59 
 

ʈʦʟʚôʷʟʘʪʠ ʟʘʜʘʯʫ ʩʠʩʪʝʤʠ ʪʨʴʦʭ ʣʽʥʽʡʥʠʭ ʘʣʛʝʙʨʘʾʯʥʠʭ ʨʽʚʥʷʥʴ ʟ 

ʪʨʴʦʤʘ ʥʝʚʽʜʦʤʠʤʠ. ʅʝʦʙʭʽʜʥʦ ʟʥʘʡʪʠ ʾʾ ʨʦʟʚôʷʟʦʢ ʟʘ ʜʦʧʦʤʦʛʦʶ:  

ʘ) ʧʨʘʚʠʣʘ ʂʨʘʤʝʨʘ; ʙ) ʤʘʪʨʠʯʥʦʛʦ ʤʝʪʦʜʫ; ʚ) ʤʝʪʦʜʫ ɻʘʫʩʩʘ. 

 

1. 

íî
ì
î
ë2x1 + 3x2 - 4x3 = 5

x1 + 2x2 - 3x3 = 3

3x1 - x2 + 2x3 = 2

 2.  

íî
ì
î
ë3x1 + 2x2 - 3x3 = -1

2x1 - x2 + 3x3 = 2

x1 + x2 + 2x3 = 3

 

 3. 

íî
ì
î
ë2x1 + x2 + 3x3 = 1

-x1 + 2x2 - 2x3 = -1

x1 - 2x2 + 3x3 = 2

4.  

íî
ì
î
ëx1 + 2x2 - 3x3 = -2

2x1 + 3x2 - x3 = 0

-x1 + 2x2 - 2x3 = 1

  

5.  

íî
ì
î
ë2x1 + x2 - 2x3 = 3

-x1 + 3x2 + x3 = -4

3x1 - x2 + 3x3 = -4

   6. 

íî
ì
î
ëx1 + x2 - 2x3 = 6

2x1 + 3x2 - 7x3 = 16

5x1 + 2x2 + x3 = 16

 

 

ɺʠʟʥʘʯʠʪʠ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ a, ʧʨʠ ʷʢʦʤʫ ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʤʘʻ 

ʥʝʥʫʣʴʦʚʽ ʨʦʟʚôʷʟʢʠ. 

 

1. 

í
ì
ëa2 x1 + 3x2 + 2x3 = 0

ax1 - x2 + x3 = 0

8x1 - x2 + 4x3 = 0

 2. 

íî
ì
î
ë-x1 + x2 + 4x3 = 0

ax1 + ax2 + 4x3 = 0

-2x1 - 7x2 + 5x3 = 0
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2. ɺɽʂʊʆʈʅɸ ɸʃɻɽɹʈɸ 

 

2. 1. ɺʩʪʫʧ 

 

  ʇʦʨʷʜ ʟ, ʪʘʢ ʟʚʘʥʠʤʠ, ʩʢʘʣʷʨʥʠʤʠ  ʚʝʣʠʯʠʥʘʤʠ, ʷʢʽ ʧʦʚʥʽʩʪʶ 

ʚʠʟʥʘʯʘʶʪʴʩʷ ʯʠʩʣʦʤ, ʽʩʥʫʶʪʴ ʚʝʢʪʦʨʥʽ ʚʝʣʠʯʠʥʠ, ʜʣʷ ʟʘʚʜʘʥʥʷ ʷʢʠʭ 

ʦʜʥʦʛʦ ʯʠʩʣʦʚʦʛʦ ʟʥʘʯʝʥʥʷ ʥʝʜʦʩʪʘʪʥʴʦ: ʥʝʦʙʭʽʜʥʦ ʚʢʘʟʘʪʠ ʱʝ ʚʣʘʩʪʠʚʠʡ 

ʾʤ ʥʘʧʨʷʤʦʢ. ɺʝʢʪʦʨʥʠʤʠ ʚʝʣʠʯʠʥʘʤʠ ʻ, ʥʘʧʨʠʢʣʘʜ,  ʩʠʣʘ, ʱʦ ʜʽʻ ʥʘ 

ʤʘʪʝʨʽʘʣʴʥʫ ʪʦʯʢʫ, ʰʚʠʜʢʽʩʪʴ ʘʙʦ ʧʨʠʩʢʦʨʝʥʥʷ ʮʽʻʾ ʪʦʯʢʠ ʽ ʪʘʢ ʜʘʣʽ.  ɸ ʦʩʴ 

ʪʝʤʧʝʨʘʪʫʨʘ, ʤʘʩʘ, ʜʦʚʞʠʥʘ, ʦʙ'ʻʤ  ï ʮʝ ʩʢʘʣʷʨʥʽ ʚʝʣʠʯʠʥʠ.  

 ɺʟʘʛʘʣʽ ʚʝʢʪʦʨʥʦʶ ʚʝʣʠʯʠʥʦʶ, ʘʙʦ ʚʝʢʪʦʨʦʤ,  ʥʘʟʠʚʘʻʪʴʩʷ ʚʝʣʠʯʠʥʘ, 

ʱʦ ʤʘʻ ʥʘʧʨʷʤʦʢ. 

          ʅʘʚʝʜʝʤʦ ʩʪʨʦʛʽʰʝ ʚʠʟʥʘʯʝʥʥʷ, ʧʨʠʡʥʷʪʝ ʚ ʤʘʪʝʤʘʪʠʮʽ.  

 

  ɺʠʟʥʘʯʝʥʥʷ 1. ɺʽʜʨʽʟʦʢ ʧʨʷʤʦʾ ʣʽʥʽʾ ʥʘʟʠʚʘʶʪʴ ʩʧʨʷʤʦʚʘʥʠʤ   

ʚʽʜʨʽʟʢʦʤ ʘʙʦ ʚʝʢʪʦʨʦʤ, ʷʢʱʦ  ʚʢʘʟʘʥʦ, ʷʢʠʡ ʟ ʡʦʛʦ ʢʽʥʮʽʚ 

ʚʚʘʞʘʶʪʴ ʧʦʯʘʪʢʦʤ ʚʝʢʪʦʨʘ, ʘ ʷʢʠʡ ʢʽʥʮʝʤ.  

 ɻʨʘʬʽʯʥʦ ʚʝʢʪʦʨʠ ʟʦʙʨʘʞʫʶʪʴ  ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 

 

 

     
                                                    

ʈʠʩ. 2. 1 

 

 ʗʢ ʙʘʯʠʤʦ, ʧʦʟʥʘʯʘʶʪʴʩʷ ʚʝʢʪʦʨʠ ʘʙʦ ʯʝʨʝʟ AB, ʢʦʣʠ ʚʽʜʦʤʽ ʧʦʯʘʪʦʢ 

ɸ ʪʘ ʢʽʥʝʮʴ ɺ ʚʝʢʪʦʨʘ, ʘʙʦ ʧʨʦʩʪʦ ʘ. (ɹʝʟʫʤʦʚʥʦ, ʟ ʮʽʻʶ ʤʝʪʦʶ  ʤʦʞʥʘ 

ʙʨʘʪʠ ʙʫʜʴ-ʷʢʽ ʽʥʰʽ ʙʫʢʚʠ). ʌʘʢʪʠʯʥʦ, ʜʣʷ ʪʦʛʦ, ʱʦʙ ʟʘʜʘʪʠ ʚʝʢʪʦʨ, ʪʨʝʙʘ 

ʟʥʘʪʠ ʜʚʘ ʡʦʛʦ ʧʘʨʘʤʝʪʨʠ: ʜʦʚʞʠʥʫ ʪʘ ʥʘʧʨʷʤʦʢ. ɸʣʝ ʥʝ ʩʣʽʜ ʚʚʘʞʘʪʠ, ʱʦ 

ʻʜʠʥʠʤ ʽ ʥʘʡʢʨʘʱʠʤ ʩʧʦʩʦʙʦʤ ʟʘʚʜʘʥʥʷ ʚʝʢʪʦʨʘ ʻ ʩʘʤʝ ʛʝʦʤʝʪʨʠʯʥʠʡ. ɼʣʷ 

ʙʽʣʴʰ ʝʬʝʢʪʠʚʥʦʛʦ ʚʠʚʯʝʥʥʷ ʚʝʢʪʦʨʽʚ ʢʦʨʠʩʥʦ ʤʘʪʠ ʫ ʨʦʟʧʦʨʷʜʞʝʥʥʽ ʧʝʚʥʽ 

ʘʥʘʣʽʪʠʯʥʽ ʚʠʨʘʟʠ. ɿ ʮʽʻʶ ʤʝʪʦʶ ʪʨʦʭʠ ʧʽʟʥʽʰʝ ʟʚʝʨʥʝʤʦʩʴ ʜʦ ʪʘʢʠʭ 

ʧʦʥʷʪʴ, ʷʢ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ, ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ ʽ ʥʘʧʨʷʤʥʽ ʢʦʩʠʥʫʩʠ 

ʚʝʢʪʦʨʘ. ʊʘʢʦʞ ʧʽʜʢʨʝʩʣʠʤʦ, ʱʦ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʥʝ ʙʫʜʝ ʟʘʪʚʝʨʜʞʫʚʘʪʠʩʴ 

ʧʨʦʪʠʣʝʞʥʝ, ʙʫʜʝʤʦ ʚʚʘʞʘʪʠ, ʱʦ ʚʝʢʪʦʨʠ ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʫ ʪʨʠʢʫʪʥʽʡ 

ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ. ɸ ʟʘʨʘʟ ʟʚʝʨʥʝʤʦʩʴ ʜʦ ʜʝʷʢʠʭ ʜʦʧʦʤʽʞʥʠʭ 

ʨʝʟʫʣʴʪʘʪʽʚ. 

 

          2. 2. ʇʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ʥʘ ʚʽʩʴ 

 

 ɺʠʟʥʘʯʝʥʥʷ 2. ɺʝʢʪʦʨʥʽʡ ʧʨʦʝʢʮʽʻʶ ʚʝʢʪʦʨʘ ɸɺ ʥʘ ʚʽʩʴ ʆʍ 

ʥʘʟʠʚʘʻʪʴʩʷ ʚʝʢʪʦʨ 11BA , ʜʝ 1A  ʽ 1B - ʚʽʜʧʦʚʽʜʥʽ ʧʨʦʝʢʮʽʾ 
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ʧʦʯʘʪʢʫ ʪʘ ʢʽʥʮʷ ʚʝʢʪʦʨʘ (ʨʠʩ. 2.2). 

 

 

  

 

 

 

 

 

ʈʠʩ.2.2 

 

ɺʠʟʥʘʯʝʥʥʷ 3 .ʉʢʘʣʷʨʥʦʶ ʧʨʦʝʢʮʽʻʶ ʚʝʢʪʦʨʘ ɸɺ ʥʘ ʚʽʩʴ ʆʍ 

ʥʘʟʠʚʘʻʪʴʩʷ ʯʠʩʣʦ (ʩʢʘʣʷʨ) , ʱʦ ʜʦʨʽʚʥʶʻ ʜʦʙʫʪʢʫ ʜʦʚʞʠʥʠ 

ʚʝʢʪʦʨʘɸɺ ʥʘ ʢʦʩʠʥʫʩ a, ʜʝ a- ʢʫʪ ʤʽʞ ʚʝʢʪʦʨʦʤ ʽ ʚʽʩʩʶ. 

 ʆʯʝʚʠʜʥʦ , ʱʦ ʩʢʘʣʷʨʥʘ ʧʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ʤʦʞʝ ʙʫʪʠ ʷʢ ʜʦʜʘʪʥʦʶ,  ʪʘʢ ʽ 

ʚʽʜôʻʤʥʦʶ  ʚ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʢʫʪʘ a. ɺ ʧʦʜʘʣʴʰʦʤʫ ʙʫʜʝʤʦ ʢʘʟʘʪʠ 

çʧʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ʥʘ ʚʽʩʴè, ʤʘʶʯʠ ʥʘ ʫʚʘʟʽ  ʩʢʘʣʷʨʥʫ ʧʨʦʝʢʮʽʶ. 

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʚʽʜʦʤʽ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ),,( 111 zyxA  ʽ ),,( 222 zyxB . 

ʅʘ ʨʠʩ. 2. 2 ʥʘʧʨʷʤʦʢ ʚʝʢʪʦʨʘ 
11ɺɸ  ʩʧʽʚʧʘʜʘʻ ʟ ʥʘʧʨʷʤʢʦʤ ʦʩʽ ʆʍ (ʚʟʘʛʘʣʽ 

ʢʘʞʫʯʠ, ʚʽʥ ʤʦʞʝ ʙʫʪʠ ʽ ʧʨʦʪʠʣʝʞʥʠʤ), ʘ ʜʦʚʞʠʥʘ, ʦʯʝʚʠʜʥʦ, ʜʦʨʽʚʥʶʻ 

ʨʽʟʥʠʮʽ ʘʙʩʮʠʩ ʪʦʯʦʢ ɺ  ̔ɸ ʚʽʜʧʦʚʽʜʥʦ, ʘ ʩʘʤʝ, .12 xx -  ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ 

ʟʥʘʡʪʠ ʧʨʦʝʢʮʽʾ ʚʝʢʪʦʨʘ ʥʘ ʦʩʽ ʦʨʜʠʥʘʪ ʪʘ ʘʧʣʽʢʘʪ. ʄʘʻ ʤʽʩʮʝ ʥʘʩʪʫʧʥʝ 

ʚʠʟʥʘʯʝʥʥʷ. 

ɺʠʟʥʘʯʝʥʥʷ 3.  ʂʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ ï ʮʝ ʡʦʛʦ ʧʨʦʝʢʮʽʾ   ʥʘ 

ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʥʽ ʚʽʩʽ.  

 ʑʦʙ ʟʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ, ʪʨʝʙʘ ʚʽʜʥʷʪʠ ʚʽʜ ʢʦʦʨʜʠʥʘʪ ʢʽʥʮʷ 

ʚʝʢʪʦʨʘ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʡʦʛʦ ʧʦʯʘʪʢʫ. ɸ ʩʘʤʝ: 

{ }{ }.,,,, 121212 ZYXzzyyxxAB =---=  ʊʦʙʪʦ ʫ ʬʽʛʫʨʥʠʭ ʜʫʞʢʘʭ ʟʘʧʠʩʘʥʽ 

ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ. (ʋ ʢʽʥʮʽ ʜʘʥʦʛʦ ʨʦʟʜʽʣʫ (ʧ. 2.10) ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ 

ʙʫʜʫʪʴ ʚʠʟʥʘʯʝʥʽ ʚ ʜʝʱʦ ʽʥʰʽʡ ʽʥʪʝʨʧʨʝʪʘʮʽʾ).  ɼʦʮʽʣʴʥʦ ʚʠʢʦʨʠʩʪʘʪʠ ʾʭ 

ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʜʦʚʞʠʥʠ ʚʝʢʪʦʨʘ, ʘʙʦ, ʷʢ ʧʨʠʡʥʷʪʦ ʢʘʟʘʪʠ, ʤʦʜʫʣʷ 

ʚʝʢʪʦʨʘ. ɼʦ ʨʝʯʽ, ʮʝ ʤʦʞʥʘ ʟʨʦʙʠʪʠ ʜʚʦʤʘ ʩʧʦʩʦʙʘʤʠ. ʇʦ ʧʝʨʰʝ, ʦʩʢʽʣʴʢʠ 

ʦʩʪʘʥʥʽʡ ʜʦʨʽʚʥʶʻ ʜʦʚʞʠʥʽ ʚʽʜʨʽʟʢʘ ʤʽʞ ʧʦʯʘʪʢʦʤ ʽ ʢʽʥʮʝʤ ʚʝʢʪʦʨʘ,  ʤʦʞʥʘ 

ʩʢʦʨʠʩʪʘʪʠʩʴ ʟʚʠʯʘʡʥʦʶ ʬʦʨʤʫʣʦʶ ʜʣʷ ʨʦʟʰʫʢʫ  ʚʽʜʩʪʘʥʽ ʤʽʞ ʜʚʦʤʘ 

ʪʦʯʢʘʤʠ. ɸ ʩʘʤʝ, ʥʝʭʘʡ ʟʘʜʘʥʽ ʢʦʦʨʜʠʥʘʪʠ  ʪʦʯʦʢ ),,,( 111 zyxA  ʽ  ),,,( 222 zyxB . 

ʊʦʜʽ ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ ʜʦʨʽʚʥʶʻ  

                         .)()()( 2

12

2

12

2

12 zzyyxxAB -+-+-=                              (2.1) 

 ʇʦ ʜʨʫʛʝ, ʪʦʡ ʞʝ ʨʝʟʫʣʴʪʘʪ ʦʜʝʨʞʫʻʪʴʩʷ, ʷʢʱʦ ʟʘ ʜʦʧʦʤʦʛʦʶ  

ʧʘʨʘʣʝʣʴʥʦʛʦ ʧʝʨʝʥʦʩʫ ʧʦʻʜʥʘʪʠ ʧʦʯʘʪʦʢ ʚʝʢʪʦʨʘ ʟ ʧʦʯʘʪʢʦʤ ʢʦʦʨʜʠʥʘʪ, 

ʧʦʙʫʜʫʚʘʪʠ ʧʨʷʤʦʢʫʪʥʠʡ ʧʘʨʘʣʝʣʝʧʽʧʝʜ ʪʘʢ, ʱʦʙ ʚʝʢʪʦʨ ABʙʫʚ 
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ʨʦʟʪʘʰʦʚʘʥʠʡ ʥʘ ʦʜʥʽʡ ʟ ʡʦʛʦ ʜʽʘʛʦʥʘʣʝʡ, ʘ ʚʠʤʽʨʠ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ 

ʩʧʽʚʧʘʜʘʣʠ ʟ ʡʦʛʦ ʧʨʦʝʢʮʽʷʤʠ ʥʘ ʦʩʽ ʢʦʦʨʜʠʥʘʪ (ʨʠʩ. 2.3). 

 

 

 

 

 

 

 

     

 

  

ʈʠʩ.2.3 

 

ɼʚʽʯʽ ʚʠʢʦʨʠʩʪʘʚʰʠ ʪʝʦʨʝʤʫ ʇʽʬʘʛʦʨʘ,   ʦʜʝʨʞʠʤʦ ʪʫ ʩʘʤʫ ʬʦʨʤʫʣʫ (2.1). 

ʊʘʢʠʤ ʯʠʥʦʤ, ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ ʜʦʨʽʚʥʶʻ ʢʚʘʜʨʘʪʥʦʤʫ ʢʦʨʝʥʶ ʟ ʩʫʤʠ 

ʢʚʘʜʨʘʪʽʚ ʡʦʛʦ ʢʦʦʨʜʠʥʘʪ 

                .)()()( 2222

12

2

12

2

12 ZYXzzyyxxAB ++=-+-+-=  

ʅʘʧʨʷʤʦʢ ʚʝʢʪʦʨʘ ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʡʦʛʦ ʥʘʧʨʷʤʥʠʭ 

ʢʦʩʠʥʫʩʽʚ. ʆʩʪʘʥʥʽ ï ʮʝ ʢʦʩʠʥʫʩʠ ʢʫʪʽʚ gba ,, , ʷʢʽ ʜʘʥʠʡ ʚʝʢʪʦʨ ʫʪʚʦʨʶʻ 

ʚʽʜʧʦʚʽʜʥʦ ʟ ʦʩʷʤʠ  ʘʙʩʮʠʩ, ʦʨʜʠʥʘʪ ʪʘ ʘʧʣʽʢʘʪ.   ʅʘʧʨʷʤʥʽ ʢʦʩʠʥʫʩʠ 

ʜʦʨʽʚʥʶʶʪʴ: 

                    .cos,cos,cos
AB

Z

AB

Y

AB

X
=== gba                             (2.2)  

ʆʯʝʚʠʜʥʦ    .1coscoscos 222 =++ gba     

                                               

2. 3. ʃʽʥʽʡʥʽ  ʦʧʝʨʘʮʽʾ ʟ ʚʝʢʪʦʨʘʤʠ 

 

 ʇʽʜ ʣʽʥʽʡʥʠʤʠ ʦʧʝʨʘʮʽʷʤʠ ʟ ʚʝʢʪʦʨʘʤʠ ʨʦʟʫʤʽʶʪʴ ʤʥʦʞʝʥʥʷ ʚʝʢʪʦʨʘ 

ʥʘ ʯʠʩʣʦ, ʘ ʪʘʢʦʞ  ʜʦʜʘʚʘʥʥʷ ʽ ʚʽʜʥʽʤʘʥʥʷ ʚʝʢʪʦʨʽʚ. ʈʦʟʛʣʷʥʝʤʦ ʩʧʦʯʘʪʢʫ 

ʛʝʦʤʝʪʨʠʯʥʽ ʩʧʦʩʦʙʠ ʜʦʜʘʚʘʥʥʷ ʚʝʢʪʦʨʽʚ (ʨʠʩ. 2. 4). 

  

 
ʈʠʩ. 2. 4 

a  

b  

 

O 

a  

b  

c  
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     ʉʫʤʦ  ʁʜʚʦʭ ʚʝʢʪʦʨʚ̔ a   ̔ b  ̒ʚʝʢʪʦʨ bac += , ʧʦʯʘʪʦʢ ʷʢʦʛʦ ʩʧʽʚʧʘʜʘʻ ʟ 

ʧʦʯʘʪʢʦʤ ʚʝʢʪʦʨʘ a, ʘ ʢʽʥʝʮʴ ʟ ʢʽʥʮʝʤ ʚʝʢʪʦʨʘ b , ʟʘ ʫʤʦʚʦʶ, ʱʦ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʧʘʨʘʣʝʣʴʥʦʛʦ ʧʝʨʝʥʦʩʫ ʧʦʯʘʪʦʢ ʚʝʢʪʦʨʘ b  ʧʦʻʜʥʫʻʪʴʩʷ ʟ  

ʢʽʥʮʝʤ ʚʝʢʪʦʨʘ a . ʎʝ ʧʨʘʚʠʣʦ ʥʘʟʠʚʘ̒ʪɹʩʷ ʧʨʘʚʠʣʦʤ ʪʨʠʢʫʪʥʠʢʘ 

ɺʦʥʦ ʫʟʘʛʘʣʴʥʶʻʪʴʩʷ ʥʘ ʙʫʜʴ-ʷʢʝ ʢʽʥʮʝʚʝ ʯʠʩʣʦ ʚʝʢʪʦʨʽʚ. ʅʝʭʘʡ ʜʘʥ̔ n  

ʚʝʢʪʦʨʚ̔  naaa ,,, 21 2 . ɹʫʜʫʻʪʴʩʷ ʚʝʢʪʦʨ 1a , ̔ ʟ ʡʦʛʦ ʢ̔ʥʮ̫ ʙʫʜʫʻʪʴʩʷ ʚʝʢʪʦʨ 2ʘ, 

ʟ̔ ʢʥ̔ʮ̫ 2ʘ  ʚʝʢʪʦʨ 3ʘ  ̔ ʪʘʢ ʜʘʣʽ. ʆʯʝʚʠʜʥʦ, ʩʫʤʦ  ʁʮʠʭ ʚʝʢʪʦʨʚ̔ ʙʫʜʝ 

ʟʘʤʠʢʘʶʯʠʡ ʚʝʢʪʦʨ naaab +++= 221 , ʧʦʯʘʪʦʢ ʷʢʦʛʦ ʩʧʽʚʧʘʜʘʻ ʟ ʧʦʯʘʪʢʦʤ 

ʚʝʢʪʦʨʘ 1ʘ, ʘ ʢʽʥʝʮʴ ï ʟ ʢ̔ʥʮʝʤ ʚʝʢʪʦʨʘ nʘ . ʉʬʦʨʤʫʣʴʦʚʘʥʝ ʧʨʘʚʠʣʦ 

ʜʦʜʘʚʘʥʥʷ ʚʝʢʪʦʨʚ̔ ʥʘʟʠʚʘ̒ʪɹʩʷ ʧʨʘʚʠʣʦʤ ʙʘʛʘʪʦʢʫʪʥʠʢʘ. 

     ʉʣʽʜ ʪʘʢʦʞ ʟʛʘʜʘʪʠ ʧʨʦ ʧʨʘʚʠʣʦ ʧʘʨʘʣʝʣʦʛʨʘʤʘ ʜʦʜʘʚʘʥʥʷ ʚʝʢʪʦʨʽʚ, ʷʢʝ 

ʧʦʚʠʥʥʦ ʙʫʪʠ ʟʥʘʡʦʤʠʤ ʟ ʰʢʽʣʴʥʦʛʦ ʢʫʨʩʫ ʬʽʟʠʢʠ. ʇʨʠ ʜʦʜʘʚʘʥʥʽ ʜʚʦʭ 

ʚʝʢʪʦʨʽʚ a   ̔ b  ʪʨʝʙʘ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʘʨʘʣʝʣʴʥʦʛʦ ʧʝʨʝʥʦʩʫ ʨʦʟʤʽʩʪʠʪʠ ʾʭ 

ʪʘʢ, ʱʦʙ ʚʦʥʠ ʤʘʣʠ ʟʘʛʘʣʴʥʠʡ ʧʦʯʘʪʦʢ. ʇʦʪʽʤ ʥʘ ʮʠʭ ʚʝʢʪʦʨʘʭ ʙʫʜʫʻʪʴʩʷ 

ʧʘʨʘʣʝʣʦʛʨʘʤ. ʐʫʢʘʥʦʶ ʩʫʤʦʶ bac +=   ʙʫʜʝ ʚʝʢʪʦʨ, ʱʦ ʤʘʻ ʩʧʽʣʴʥʽʡ 

ʧʦʯʘʪʦʢ ʟ ʜʘʥʠʤʠ ʚʝʢʪʦʨʘʤʠ ʽ ʨʦʟʪʘʰʦʚʘʥʠʡ ʥʘ ʜʽʘʛʦʥʘʣʽ ʧʘʨʘʣʝʣʦʛʨʘʤʘ 

(ʨʠʩ. 2.5). 

 

 

 

 

 

ʈʠʩ. 2.5 

 ʄʥʦʞʝʥʥʷ ʚʝʢʪʦʨʘ ʥʘ ʯʠʩʣʦ m ʜʘʻ ʥʦʚʠʡ ʚʝʢʪʦʨ, ʷʢʠʡ ʜʦʚʰʝ (ʧʨʠ 
m > 1) ʘʙʦ ʢʦʨʦʪʰʝ (ʧʨʠ m < 1) ʟʘ ʜʘʥʠʡ ʚʝʢʪʦʨ ʫ m ʨʘʟʽʚ, ʧʨʠʯʦʤʫ ʡʦʛʦ 

ʥʘʧʨʷʤʦʢ ʟʙʝʨʽʛʘʻʪʴʩʷ, ʷʢʱʦ m ʜʦʜʘʪʥʝ ʯʠʩʣʦ ʽ ʟʤʽʥʶʻʪʴʩʷ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ, ʷʢʱʦ m ʚʽʜôʻʤʥʝ. 

 ɿʚʝʨʥʝʤʦʩʷ ʜʦ ʘʥʘʣʽʪʠʯʥʦʛʦ ʩʧʦʩʦʙʫ ʚʠʢʦʥʘʥʥʷ ʣʽʥʽʡʥʠʭ ʦʧʝʨʘʮʽʡ ʟ 

ʚʝʢʪʦʨʘʤʠ. ʅʝʭʘʡ ʟʘʜʘʥʽ ʜʚʘ ʚʝʢʪʦʨʠ { }111 ,, ZYXa=  ʽ  { }222 ,, ZYXb= . ʇʨʠ 

ʜʦʜʘʚʘʥʥʽ ʚʝʢʪʦʨʽʚ ʾʭ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʜʦʜʘʶʪʴʩʷ, ʧʨʠ ʚʽʜʥʽʤʘʥʥʽ ï 

ʚʽʜʥʽʤʘʶʪʴʩʷ, ʪʦʙʪʦ 

                                { }.,, 212121

_

ZZYYXXba °°°=°                           (2.3) 

ʄʥʦʞʝʥʥʷ ʚʝʢʪʦʨʘ ʥʘ ʯʠʩʣʦ (ʩʢʘʣʷʨ) m, ʦʟʥʘʯʘʻ ʤʥʦʞʝʥʥʷ ʥʘ ʮʝ ʯʠʩʣʦ ʚʩʽʭ 

ʢʦʦʨʜʠʥʘʪ ʚʝʢʪʦʨʘ, ʪʦʙʪʦ  

                                             { }111 ,, mZmYmXam = .                               (2.4) 

(ɼʝʪʘʣʴʥʠʡ ʜʦʢʘʟ ʩʧʽʚʚʽʜʥʦʰʝʥʴ (2.3) ʽ (2.4) ʜʠʚ. ʚ ʧ. 2.10).  
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ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʤʦʜʫʣʴ ʚʝʢʪʦʨʘ { }111 ,, mZmYmXam =  ʚ m ʨʘʟʽʚ 

ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʤʦʜʫʣʷ ʚʝʢʪʦʨʘ { }111 ,, ZYXa= . ɼʽʡʩʥʦ,       

( ) ( ) ( )=++=
2

1

2

1

2

1 mZmYmXma .2

1

2

1

2

1 amZYXm =++  

 ɼʦ ʨʝʯʽ, ʚʽʜʥʽʤʘʥʥʷ ʜʝʷʢʦʛʦ ʚʝʢʪʦʨʘ ʜʦʮʽʣʴʥʦ ʟʘʤʽʥʠʪʠ ʥʘ ʜʦʜʘʚʘʥʥʷ, 

ʘ ʩʘʤʝ ( ) .1 baba Ö-+=-  ɯ ʥʘʨʝʰʪʽ, ʚʩʝ, ʱʦ ʙʫʣʦ ʩʢʘʟʘʥʦ ʧʨʦ ʣʽʥʽʡʥʽ 

ʦʧʝʨʘʮʽʾ ʥʘʜ ʜʚʦʤʘ  ʚʝʢʪʦʨʘʤʠ  ʧʨʠʨʦʜʥʦ ʨʦʟʧʦʚʩʶʜʞʫʻʪʴʩʷ ʥʘ ʚʠʧʘʜʦʢ 

ʙʫʜʴ-ʷʢʦʾ ʢʽʥʮʝʚʦʾ ʢʽʣʴʢʦʩʪʽ ʚʝʢʪʦʨʽʚ, ʱʦ ʜʦʜʘʶʪʴʩʷ, ʚʽʜʥʽʤʘʶʪʴʩʷ, ʘʙʦ 

ʤʥʦʞʘʪʴʩʷ ʥʘ ʜʝʷʢʝ ʯʠʩʣʦ. 

 

2.4. ʈʽʚʥʽʩʪʴ ʚʝʢʪʦʨʽʚ 

 

 ɼʚʘ ʚʝʢʪʦʨʠ ʚʚʘʞʘʶʪʴʩʷ ʨʽʚʥʠʤʠ, ʷʢʱʦ ʚʦʥʠ ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʤʦʜʫʣʽ 

ʽ ʦʜʥʘʢʦʚʠʡ ʥʘʧʨʷʤʦʢ. ʊʦʤʫ ʚʩʽ ʚʝʢʪʦʨʠ, ʷʢʽ ʩʧʽʚʧʘʜʫʪʴ ʧʨʠ ʧʘʨʘʣʝʣʴʥʦʤʫ 

ʧʝʨʝʥʦʩʽ, ʽʜʝʥʪʠʬʽʢʫʶʪʴʩʷ, ʪʦʙʪʦ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʷʚʣʷʶʪʴ ʩʦʙʦʶ ʦʜʠʥ ʽ 

ʪʦʡ ʞʝ ʚʝʢʪʦʨ.  

   ɯʥʘʢʰʝ ʤʦʞʥʘ ʢʘʟʘʪʠ ʪʘʢ: ʜʚʘ ʚʝʢʪʦʨʠ ʻ ʨʽʚʥʠʤʠ, ʷʢʱʦ ʚʦʥʠ ʤʘʶʪʴ 

ʨʽʚʥʽ ʢʦʦʨʜʠʥʘʪʠ. 

2.5. ʂʦʣʽʥʝʘʨʥʽ ʚʝʢʪʦʨʠ 

 

ɼʚʘ ʚʝʢʪʦʨʠ ʥʘʟʠʚʘʶʪʴʩʷ ʢʦʣʽʥʝʘʨʥʠʤʠ, ʷʢʱʦ ʚʦʥʠ ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ 

ʦʜʥʽʡ ʧʨʷʤʽʡ, ʘʙʦ ʥʘ ʧʘʨʘʣʝʣʴʥʠʭ ʧʨʷʤʠʭ (ʨʠʩ.2. 6). 

 

 

 

 

 

 

 

                               

ʈʠʩ.2.6 

 

ʗʢʱʦ ʟʘʜʘʥʽ ʜʚʘ ʚʝʢʪʦʨʠ { }111 ,, ZYXa=  ʽ  { }222 ,, ZYXb= , ʪʦ 

ʥʝʦʙʭʽʜʥʘ ʽ ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ ʾʭ ʢʦʣʽʥʝʘʨʥʦʩʪʽ ʤʘʻ ʚʠʛʣʷʜ: 

.
2

1

2

1

2

1

Z

Z

Y

Y

X

X
==  

ʊʦʙʪʦ ʫ ʢʦʣʽʥʝʘʨʥʠʭ ʚʝʢʪʦʨʽʚ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʧʨʦʧʦʨʮʽʡʥʽ. 

ɼʦʚʝʜʝʤʦ ʮʝ ʪʚʝʨʜʞʝʥʥʷ. ɼʽʡʩʥʦ, ʥʝʭʘʡ ʚʝʢʪʦʨʠ { }111 ,, ZYXa= ʽ 

{ }222 ,, ZYXb=  ʢʦʣʽʥʝʘʨʥʽ.  ɿʘ ʜʦʧʦʤʦʛʦʶ ʧʘʨʘʣʝʣʴʥʦʛʦ ʧʝʨʝʥʦʩʫ ʾʭ 

ʤʦʞʥʘ çʧʝʨʝʪʷʛʥʫʪʠè ʥʘ ʦʜʥʫ ʧʨʷʤʫ. ʊʦʤʫ ʚʦʥʠ ʤʦʞʫʪʴ ʚʽʜʨʽʟʥʷʪʠʩʷ 

ʪʣ̔ʴʢʠ ʜʦʚʞʠʥʦʶ, ʤʘʶʯʠ ʘʙʦ ʦʜʥʘʢʦʚʠʡ, ʘʙʦ ʧʨʦʪʠʣʝʞʥʠʡ ʥʘʧʨʷʤʦʢ. 
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ʊʘʢʠʤ ʯʠʥʦʤ, ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ, ʥʘʧʨʠʢʣʘʜ, ʚʝʢʪʦʨ b  ʫ ʚʠʛʣʷʜʽ: 

{ } { },.,,, 111222 mZmYmXZYXb ==  ʜʝ m  - ʜʝʷʢʘ ʩʪʘʣʘ. ɿʚʽʜʢʠ ʚʠʧʣʠʚʘʻ 

ʧʨʦʧʦʨʮʽʡʥʽʩʪʴ ʚʽʜʧʦʚʽʜʥʠʭ ʢʦʦʨʜʠʥʘʪ ʫ ʢʦʣʽʥʝʘʨʥʠʭ ʚʝʢʪʦʨʽʚ. ɿʚʦʨʦʪʥʝ 

ʪʚʝʨʜʞʝʥʥʷ ʜʦʚʦʜʠʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ. 

 

2.6. ʂʦʤʧʣʘʥʘʨʥʽ ʚʝʢʪʦʨʠ 

 

ʂʦʤʧʣʘʥʘʨʥʽ ʚʝʢʪʦʨʽ ï ʮʝ ʚʝʢʪʦʨʠ, ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʦʜʥʽʡ ʧʣʦʱʠʥʽ ʘʙʦ 

ʥʘ ʧʘʨʘʣʝʣʴʥʠʭ ʧʣʦʱʠʥʘʭ (ʨʠʩ.2. 7).  

 

 
 

ʈʠʩ.2.7 

ʊʝʨʤʽʥ çʢʦʤʧʣʘʥʘʨʥʠʡè ʤʘʻ ʧʦʭʦʜʞʝʥʥʷ ʚʽʜ ʘʙʨʝʚʽʘʪʫʨʠ, ʱʦ 

ʩʢʣʘʜʝʥʘ ʟ ʜʚʦʭ ʩʣʽʚ, ʷʢʽ  ʘʥʛʣʽʡʩʴʢʦʶ ʤʦʚʦʶ ʟʘʧʠʩʫʶʪʴʩʷ ʫ ʚʠʛʣʷʜʽ: ñthe 

Common planeò(çʟʘʛʘʣʴʥʘ (ʦʜʥʘ ʡ ʪʘ ʞ) ʧʣʦʱʠʥʘè). ʂʦʣʠ ʚʽʜ ʧʝʨʰʦʛʦ ʟ ʮʠʭ 

ʩʣʽʚ ʚʟʷʪʠ 3 ʙʫʢʚʠ, ʘ ʚʽʜ ʜʨʫʛʦʛʦ ï 4, ʦʜʝʨʞʠʤʦ   çcomplanè, ʟʚʽʜʢʠ ʡ 

ʧʦʭʦʜʠʪʴ ʮʝʡ ʪʝʨʤʽʥ.        ʋʤʦʚʠ, ʟʘ ʷʢʠʤʠ ʜʚʘ ʚʝʢʪʦʨʠ ʢʦʤʧʣʘʥʘʨʥʽ, 

ʙʫʜʫʪʴ ʨʦʟʛʣʷʥʫʪʽ ʥʠʞʯʝ (ʘ ʩʘʤʝ -  ʧʨʠ ʚʠʚʯʝʥʥʽ ʟʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ 

ʚʝʢʪʦʨʽʚ). 

 

2.7. ʉʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʜʚʦʭ ʚʝʢʪʦʨʽʚ 
 

ʉʢʘʣʷʨʥʠʤ ʜʦʙʫʪʢʦʤ ʜʚʦʭ ʚʝʢʪʦʨʽʚ { }111 ,, ZYXa=  ʽ { }222 ,, ZYXb=  

ʥʘʟʠʚʘʻʪʴʩʷ ʯʠʩʣʦ (ʩʢʘʣʷʨ), ʱʦ ʜʦʨʽʚʥʶʻ ,cosjÖÖ= baba  ʜʝ j - ʢʫʪ ʤʽʞ 

ʚʝʢʪʦʨʘʤʠ (ʨʠʩ.2.8).   

 

 

 

 

 

 

ʈʠʩ.2.8 
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ʗʢʱʦ ʚʽʜʦʤʽ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʽʚ, ʪʦ ʤʦʞʥʘ ʟʥʘʡʪʠ ʩʢʘʣʷʨʥʠʡ 

ʜʦʙʫʪʦʢ ʟʘ ʬʦʨʤʫʣʦʶ  .212121 ZZYYXXba ++=  ɼʦʚʝʜʝʥʥʷ ʾʾ ʤʦʞʥʘ ʧʨʦʚʝʩʪʠ, 

ʚʠʢʦʨʠʩʪʘʚʰʠ ʨʦʟʢʣʘʜʘʥʥʷ ʚʝʢʪʦʨʽʚ a  ʽ bʟʘ ʙʘʟʠʩʦʤ 

ʫ ʪʨʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ (ʜʠʚ. ʧ. 2.10-2.12). 

 ɺʽʜʟʥʘʯʠʤʦ ʜʝʷʢʽ ʟʘʜʘʯʽ, ʨʦʟʚôʷʟʘʥʥʷ ʷʢʠʭ ʤʦʞʣʠʚʦ ʟʘ ʜʦʧʦʤʦʛʦʶ 

ʟʘʩʪʦʩʫʚʘʥʥʷ ʩʢʘʣʷʨʥʦʛʦ ʜʦʙʫʪʢʫ. 

1. ʄʝʭʘʥʽʯʥʘ ʨʦʙʦʪʘ ɸ ʩʠʣʠ F, ʷʢʱʦ ʚʝʢʪʦʨ ʧʝʨʝʤʽʱʝʥʥʷ - ,S  

ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ .SFA Ö=  

2. ʂʦʩʠʥʫʩ ʢʫʪʘ ʤʽʞ ʚʝʢʪʦʨʘʤʠ .cos
ba

ba

Ö

Ö
=j  

3. ʅʝʦʙʭʽʜʥʘ ʽ ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ ʜʚʦʭ ʚʝʢʪʦʨʽʚ ʤʘʻ 
ʚʠʛʣʷʜ .0=ba   

4. .0cos
2

02

aaaaaa =ÖÖ==Ö  (ʊʦʙʪʦ ʩʢʘʣʷʨʥʠʡ ʢʚʘʜʨʘʪ 
2

a  ʚʝʢʪʦʨʘ 

ʜʦʨʽʚʥʶʻ ʢʚʘʜʨʘʪʫ ʡʦʛʦ ʤʦʜʫʣʷ). 

5. ɿʥʘʭʦʜʞʝʥʥʷ ʧʨʦʝʢʮʽʾ ʚʝʢʪʦʨʘ a  ʥʘ ʚʝʢʪʦʨ b .  

 ʗʢ ʚʽʜʦʤʦ, ʧʨʦʝʢʮʽʷ ʚʝʢʪʦʨʘ ʥʘ ʚʽʩʴ ï ʮʝ ʜʦʙʫʪʦʢ ʤʦʜʫʣʷ 

ʚʝʢʪʦʨʘ ʥʘ ʢʦʩʠʥʫʩ ʢʫʪʘ j, ʱʦ ʫʪʚʦʨʶʻ ʚʝʢʪʦʨ ʽʟ ʚʽʩʩʶ. ʋ ʜʘʥʦʤʫ 

ʚʠʧʘʜʢʫ ʚʝʢʪʦʨ b  ʚʽʜʽʛʨʘʻ ʨʦʣʴ ʮʽʻʾ ʦʩʽ, ʘ ʪʦʤʫ ʦʜʝʨʞʫʻʤʦ: 

          
b

ba

ba

ba
aaaʧʨ

b

Ö
=

Ö

Ö
Ö=Ö= jcos ʘʙʦ .cos

a

ba
bbʧʨ

a

Ö
=Ö= j  

 

2.8. ɺʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢ ʚʝʢʪʦʨʽʚ 

      ɺʝʢʪʦʨʥʠʤ ʜʦʙʫʪʢʦʤ ʚʝʢʪʦʨʘ ʘ ʥʘ ʚʝʢʪʦʨ b  ʥʘʟʠʚʘʻʪʴʩʷ ʪʨʝʪʽʡ 

ʚʝʢʪʦʨ bac ³= , ʷʢʠʡ ʤʘʻ  ʥʘʩʪʫʧʥʽ ʚʣʘʩʪʠʚʦʩʪʽ: 

 1.  ɺʝʢʪʦʨ  ʩ ʻ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʤ ʜʦ ʚʝʢʪʦʨʽʚ  ʘ ʽ  b  ʡ ʫʪʚʦʨʶʻ  ʟ   

ʥʠʤʠ, ʪʘʢ ʟʚʘʥʫ, ʧʨʘʚʫ ʪʨʽʡʢʫ ʚʝʢʪʦʨʽʚ. ʆʩʪʘʥʥʻ ʦʟʥʘʯʘʻ ʱʦ, 

ʷʢʱʦ  ʩʧʦʩʪʝʨʽʛʘʯ ʟʥʘʭʦʜʠʪʴʩʷ ʥʘ ʢʽʥʮʽ ʚʝʢʪʦʨʘ ʩ, ʪʦ 

ʥʘʡʢʦʨʦʪʰʠʡ ʧʦʚʦʨʦʪ ʚʽʜ ʚʝʢʪʦʨʘ ʘ ʜʦ ʚʝʢʪʦʨʘ b  ʚʽʥ ʙʘʯʠʪʴ 

ʧʨʦʪʠ ʛʦʜʠʥʥʠʢʦʚʦʾ ʩʪʨʽʣʢʠ.  

(ʗʢʱʦ ʮʝʡ ʧʦʚʦʨʦʪ ʚʽʜʙʫʚʘʻʪʴʩʷ ʟʘ ʛʦʜʠʥʥʠʢʦʚʦʶ ʩʪʨʽʣʢʦʶ, ʪʦ 

ʪʨʽʡʢʘ ʚʝʢʪʦʨʽʚ ʥʘʟʠʚʘʻʪʴʩʷ  ʣʽʚʦʶ). 

 2. ʗʢʱʦ ʫ ʚʝʢʪʦʨʥʦʤʫ ʜʦʙʫʪʢʫ ʚʝʢʪʦʨʠ ʧʦʤʽʥʷʪʠ ʤʽʩʮʷʤʠ ,  

              ʪʦʜʽ ʤʘʻʤʦ:    .abba ³-=³      

          3. ʄʦʜʫʣʴ ʚʝʢʪʦʨʥʦʛʦ ʜʦʙʫʪʢʫ ʜʦʨʽʚʥʶʻ ʧʣʦʱʽ ʧʘʨʘʣʝʣʦʛʨʘʤʘ,               

ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ  ʘ  ʽ  b, ʪʦʙʪʦ ,sinjÖÖ=³ baba  

ʜʝ j - ʮʝ ʢʫʪ ʤʽʞ  ʮʠʤʠ ʚʝʢʪʦʨʘʤʠ  (ʨʠʩ. 2. 9). 
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ʈʠʩ.2.9 

 

ɼʦ ʨʝʯʽ, ʷʢʱʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʧʣʦʱʫ  ʪʨʠʢʫʪʥʠʢʘ, ʫ ʷʢʦʛʦ ʜʚʽ ʩʪʦʨʦʥʠ 

ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʚʝʢʪʦʨʘʭ ʘ ʽ  b, ʢʦʨʠʩʪʫʻʤʦʩʴ ʪʽʻʶ ʞ ʬʦʨʤʫʣʦʶ, 

ʧʦʤʥʦʞʠʚʰʠ ʾʾ ʥʘ .
2

1
 

          4. ʗʢʱʦ ʚʽʜʦʤʽ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʽʚ, ʘ ʩʘʤʝ: { }111 ,, ZYXa= ,      

{ }222 ,, ZYXb= ,  ʪʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ bac ³=  ʤʦʞʥʘ 

ʟʥʘʡʪʠ, ʨʦʟʢʨʠʚʰʠ ʟʘ  ʝʣʝʤʝʥʪʘʤʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ ʥʘʩʪʫʧʥʠʡ 

ʚʠʟʥʘʯʥʠʢ: 

,

222

111

ZYX

ZYX

kji

bac =³=
 

ʜʝ kji ,,  - ʪʘʢ ʟʚʘʥʽ, ʦʨʪʠ ʜʝʢʘʨʪʦʚʦʾ ʧʨʷʤʦʢʫʪʥʦʾ ʩʠʩʪʝʤʠ 

ʢʦʦʨʜʠʥʘʪ ʫ ʪʨʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ, ʘʙʦ, ʱʦ ʪʝ ʞ ʩʘʤʝ, ʮʝ  ʚʝʢʪʦʨʠ, 

ʤʦʜʫʣʽ ʷʢʠʭ ʜʦʨʽʚʥʶʶʪʴ ʦʜʠʥʠʮʽ, ʘ ʥʘʧʨʷʤʢʠ ʩʧʽʚʧʘʜʘʶʪʴ ʽʟ 

ʜʦʜʘʪʥʠʤʠ ʥʘʧʨʷʤʢʘʤʠ ʚʽʜʧʦʚʽʜʥʠʭ ʦʩʝʡ ʢʦʦʨʜʠʥʘʪ (ʪʦʙʪʦ ʦʩʝʡ 

ʘʙʩʮʠʩ, ʦʨʜʠʥʘʪ ʪʘ ʘʧʣʽʢʘʪ) (ʜʠʚ. ʪʘʢʦʞ ʧ. 2. 12). 

 ʉʘʤʝ ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ kji ,,  ʧʽʩʣʷ ʨʦʟʢʨʠʪʪʷ ʚʠʟʥʘʯʥʠʢʘ ʟʘ 

ʝʣʝʤʝʥʪʘʤʠ ʧʝʨʰʦʛʦ ʨʷʜʢʘ ʻ ʢʦʦʨʜʠʥʘʪʘʤʠ ʚʝʢʪʦʨʘ ʩ ( ʚʝʢʪʦʨʥʦʛʦ 

 ʜʦʙʫʪʢʫ). 

5. ɯʟ ʧʦʧʝʨʝʜʥʴʦʛʦ ʧʫʥʢʪʫ ʤʘʻʤʦ: ʚʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢ ʜʚʦʭ 

ʢʦʣʽʥʝʘʨʥʠʭ ʚʝʢʪʦʨʽʚ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. ʎʝʡ ʚʠʩʥʦʚʦʢ ʤʦʞʥʘ 

ʟʨʦʙʠʪʠ, ʚʠʢʦʨʠʩʪʘʚʰʠ ʨʦʟʛʣʷʥʫʪʽ ʚʠʱʝ ʨʝʟʫʣʴʪʘʪʠ. ɸ ʩʘʤʝ: ʫ 

ʢʦʣʽʥʝʘʨʥʠʭ ʚʝʢʪʦʨʽʚ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʧʨʦʧʦʨʮʽʡʥʽ, ʘ 

ʚʠʟʥʘʯʥʠʢ, ʱʦ ʤʘʻ ʧʨʦʧʦʨʮʽʡʥʽ ʨʷʜʢʠ, ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

 

ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʧʨʠʢʣʘʜʽʚ. 

 

 ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʣʦʱʫ ʪʨʠʢʫʪʥʠʢʘ, ʟʘʜʘʥʦʛʦ ʡʦʛʦ ʚʝʨʰʠʥʘʤʠ 

).4,5,3(),4,0,2(),1,4,3( -- CBA  
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ʈʦʟʚôʷʟʘʥʥʷ. 

ʐʫʢʘʥʘ ʧʣʦʱʘ ʜʦʨʽʚʥʶʻ ʧʦʣʦʚʠʥʽ ʧʣʦʱʽ ʧʘʨʘʣʝʣʦʛʨʘʤʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ 

ʚʝʢʪʦʨʘʭ AB  ʽ  .ACɿʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʮʠʭ ʚʝʢʪʦʨʽʚ.  

{ }{ } { }.5,1,6,5,4,1)1(4,40,32 -==--=----== bACaAB  

ɺʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢ ʮʠʭ ʚʝʢʪʦʨʽʚ 

 
;252525

516

541 kji

kji

ba ---=

-

--=³
 { }.25,25,25 ---=³ACAB   

ʊʦʤʫ .)..(1875
2

1
)25()25()25(

2

1

2

1 222 ʦʜʢʚACABS =-+-+-Ö=³Ö=  

 

    ʈʦʟʛʣʷʥʝʤʦ ʨʦʟʚ'ʷʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad. ɼʣʷ 

ʚʚʝʜʝʥʥʷ ʢʦʦʨʜʠʥʘʪ ʚʝʢʪʦʨʽʚ ʥʝʦʙʭʽʜʥʦ ʚʩʪʘʥʦʚʠʪʠ ʢʫʨʩʦʨ (ʯʝʨʚʦʥʠʡ 

ʭʨʝʩʪʠʢ) ʚ ʨʦʙʦʯʽʡ ʯʘʩʪʠʥʽ ʚʽʢʥʘ ʩʝʨʝʜʦʚʠʱʘ ʽ ʚʠʢʣʠʢʘʪʠ ʧʘʥʝʣʴ çMatrixè, ʥʘ 

ʷʢʠʡ ʚʠʙʠʨʘʻʪʴʩʷ ʽʥʩʪʨʫʤʝʥʪ "ʉʪʚʦʨʠʪʠ ʤʘʪʨʠʮʶ ʘʙʦ ʚʝʢʪʦʨè, ʧʨʠ ʮʴʦʤʫ 

ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ʟʘʜʘʶʪʴʩʷ ʤʘʪʨʠʮʝʶ - ʨʷʜʢʦʤ, ʘ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ - 

ʤʘʪʨʠʮʝʶ ʩʪʦʚʧʯʠʢʦʤ. ʂʥʦʧʢʘ ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʚʝʢʪʦʨʥʦʛʦ ʜʦʙʫʪʢʫ 

ʚʝʢʪʦʨʽʚ, ʷʢʝ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʜʣʷ ʨʦʟʚ'ʷʟʘʥʥʷ ʧʨʠʢʣʘʜʫ, ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ ʮʽʡ 

ʞʝ ʧʘʥʝʣʽ - ʮʝ ʽʥʩʪʨʫʤʝʥʪ (çɺʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢè). ʇʦʩʣʽʜʦʚʥʽʩʪʴ ʜʽʡ ʜʠʚʽʪʴʩʷ 

ʥʘ ʨʠʩ. 2.10. 

ʇʨʠʢʣʘʜ 2. ʅʝʭʘʡ  kji ,,  - ʦʨʪʠ ʜʝʢʘʨʪʦʚʦʾ ʩʠʩʪʝʤʠ ʢʦʦʨʜʠʥʘʪ. ɿʥʘʡʪʠ 

.,, kijiii ³³³   

ʈʦʟʚôʷʟʘʥʥʷ. 

ʆʯʝʚʠʜʥʦ,ʱʦ { } { } { }.1,0,0,0,1,0,0,0,1 === kji ʂʦʨʠʩʪʫʶʯʠʩʴ 

ʚʣʘʩʪʠʚʽʩʪʶ 4, ʤʘʻʤʦ: ,0

001

001 ==³

kji

ii  ʪʦʤʫ ʱʦ ʫ ʚʠʟʥʘʯʥʠʢʫ ʜʨʫʛʠʡ ʽ 

ʪʨʝʪʽʡ ʨʷʜʢʠ ʦʜʥʘʢʦʚʽ. .
10

01

00

01

01

00

010

001 kkji

kji

ji =Ö+Ö-Ö==³   

ɸʥʘʣʦʛʽʯʥʦ ʦʜʝʨʞʫʻʤʦ .jki -=³   

ʈʦʟʚô̫ ʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ.2.11.   
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2.9. ɿʤʽʰʘʥʠʡ ʜʦʙʫʪʦʢ ʚʝʢʪʦʨʽʚ 

 

 ɿʤʽʰʘʥʠʤ (ʘʙʦ ʚʝʢʪʦʨʥʦ-ʩʢʘʣʷʨʥʠʤ) ʜʦʙʫʪʢʦʤ ʪʨʴʦʭ ʚʝʢʪʦʨʽʚ  

cba ,,  (ʫʟʷʪʠʤ ʫ ʟʘʟʥʘʯʝʥʦʤʫ ʧʦʨʷʜʢʫ) ʥʘʟʠʚʘʻʪʴʩʷ ʩʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ 

ʚʝʢʪʦʨʘ a  ʥʘ ʚʝʢʪʦʨʥʠʡ ʜʦʙʫʪʦʢ .cb³  ʇʦʟʥʘʯʝʥʥʷ ʟʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ: 

cba . ɿʘʫʚʘʞʠʤʦ, ʱʦ ʧʨʠ ʢʨʫʛʦʚʽʡ ʧʝʨʝʩʪʘʥʦʚʮʽ ʩʧʽʚʤʥʦʞʥʠʢʽʚ ʟʤʽʰʘʥʠʡ 

ʜʦʙʫʪʦʢ ʥʝ ʟʤʽʥʶʻʪʴʩʷ, ʧʨʠ ʧʝʨʝʩʪʘʥʦʚʮʽ ʜʚʦʭ ʩʧʽʚʤʥʦʞʥʠʢʽʚ ï ʟʤʽʥʶʻ 

ʟʥʘʢ ʥʘ ʧʨʦʪʠʣʝʞʥʠʡ: 

).()()( bcaabccabbacacbcba -=-=-===  

ʋ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ ʪʨʝʙʘ ʟʥʘʡʪʠ ʯʠʩʣʦ, ʷʢʦʤʫ ʜʦʨʽʚʥʶʻ ʟʤʽʰʘʥʠʡ 

ʜʦʙʫʪʦʢ, ʘʙʦ ʟʥʘʢ ʮʴʦʛʦ ʯʠʩʣʘ. ʅʘʡʧʨʦʩʪʽʰʝ ʟʨʦʙʠʪʠ ʮʝ, ʷʢʱʦ ʚʽʜʦʤʽ 

ʢʦʦʨʜʠʥʘʪʠ ʚʩʽʭ ʪʨʴʦʭ ʚʝʢʪʦʨʽʚ. ʅʝʭʘʡ { }111 ,, ZYXa= , { }222 ,, ZYXb= , 

{ }333 ,, ZYXc= . ʊʦʜʽ  

.

333

222

111

ZYX

ZYX

ZYX

cba =  

     ɿʤʽʰʘʥʠʡ ʜʦʙʫʪʦʢ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʙʘʛʘʪʴʦʭ ʟʘʜʘʯ 

ʘʥʘʣʽʪʠʯʥʦʾ ʛʝʦʤʝʪʨʽʾ. ɺʽʜʤʽʪʠʤʦ ʥʘʡʙʽʣʴʰ ʚʘʞʣʠʚʽ. 

1. ʋʤʦʚʘ ʢʦʤʧʣʘʥʘʨʥʦʩʪʠ. ʗʢʱʦ ʪʨʠ ʚʝʢʪʦʨʠ ʢʦʤʧʣʘʥʘʨʥʽ, ʪʦ ʾʭ ʟʤʽʰʘʥʠʡ 
ʜʦʙʫʪʦʢ ʜʦʨʽʚʥʶʻ ʥʫʣʶ.  

2. ʆʨʽʻʥʪʘʮʽʷ ʪʨʽʡʢʠ ʚʝʢʪʦʨʽʚ ʫ ʪʨʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ. ʗʢʱʦ ʩʠʩʪʝʤʘ ʽʟ 

ʪʨʴʦʭ ʚʝʢʪʦʨʽʚ ʧʨʘʚʘ, ʪʦ cba  >0, ̫ ʢʱʦ ʪʨʽʡʢʘ ʚʝʢʪʦʨʽʚ ʣʽʚʘ, ʪʦ cba  < 0. 

3. ʆʙ'ʻʤ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ: ʤʦʜʫʣʴ ʟʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ ʪʨʴʦʭ  

ʥʝʢʦʤʧʣʘʥʘʨʥʠʭ ʚʝʢʪʦʨʽʚ ʜʦʨʽʚʥʶʻ ʦʙôʻʤʫ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ,  

ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʮʠʭ ʚʝʢʪʦʨʘʭ (ʨʠʩ.2.12).  

4. ʆʙ'ʻʤ ʪʝʪʨʘʝʜʨʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʪʨʴʦʭ ʚʝʢʪʦʨʘʭ, ʜʦʨʽʚʥʶʻ ʤʦʜʫʣʶ 
ʟʤʽʰʘʥʦʛʦ ʜʦʙʫʪʢʫ ʮʠʭ ʚʝʢʪʦʨʽʚ, ʧʦʜʽʣʝʥʦʤʫ ʥʘ 6. 
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     ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʦʙ'ʻʤ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ ʚʝʢʪʦʨʘʭ  

{1, 2, 3}, { -1, 3, 4}, {2, 5, 2}.  

     ʈʦʟʚôʷʟʘʥʥʷ. 

     ʄʘʻʤʦ        ).27(

252

431

321

-°=-°=V  

ɺʽʜʧʦʚʽʜʴ ʧʦʚʠʥʥʘ ʙʫʪʠ ʜʦʜʘʪʥʦʶ, ʪʦʤʫ .).(27 ʦʜʢʫʙV= .  

ʈʦʟʚôʷʟʫʚʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʚ  Mathcad ʚʠʢʦʥʫʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʪʠʭ 

ʞʝ ʽʥʩʪʨʫʤʝʥʪʽʚ ʽ ʟʘʩʦʙʽʚ, ʱʦ ʽ ʧʦʧʝʨʝʜʥʽ ʟʘʜʘʯʽ. ʈʝʟʫʣʴʪʘʪʠ ʥʘʚʝʜʝʥʽ ʥʘ 

ʨʠʩ. 2.13.  

 

 
ʈʠʩ.2.13  

 

     ʇʨʠʢʣʘʜ 4. ɿʥʘʡʪʠ ʦʙ'ʻʤ ʪʨʠʢʫʪʥʦʾ ʧʽʨʘʤʽʜʠ ABCD ʟ ʚʝʨʰʠʥʘʤʠ ʫ 

ʪʦʯʢʘʭ  A(2, -1, 1), B(5, 5, 4), C(3, 2 -1), D(4, 1, 3). 

     ʈʦʟʚôʷʟʘʥʥʷ.  

     ʐʫʢʘʥʠʡ ʦʙ'ʻʤ ʜʦʨʽʚʥʶʻ 
6

1
 ʚʽʜ ʦʙôʻʤʫ ʧʘʨʘʣʝʣʝʧʽʧʝʜʘ, ʧʦʙʫʜʦʚʘʥʦʛʦ ʥʘ 

ʚʝʢʪʦʨʘʭ, ʱʦ ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʨʝʙʨʘʭ ʧʽʨʘʤʽʜʠ ʽ ʤʘʶʪʴ ʩʧʽʣʴʥʠʡ ʧʦʯʘʪʦʢ. 

ʅʝʭʘʡ ʦʩʪʘʥʥʽʡ ʟʥʘʭʦʜʠʪʴʩʷ, ʥʘʧʨʠʢʣʘʜ, ʫ ʪʦʯʮʽ ɸ. ʆʪʞʝ, 
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{ } { } { }2,2,2,2,3,1,3,6,3 =-== ADACAB . ʊʦʤʫ    .3

222

231

363

6

1
=-°=V  

ɿʚʽʜʩʠ .)..(3 ʦʜʢʫʙV=  

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʮʝʡ ʧʨʠʢʣʘʜ ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʥʘ ʨʠʩ. 2.14: 

 

 
ʈʠʩ. 2.14  

2.10. ʃʽʥʽʡʥʘ ʟʘʣʝʞʥʽʩʪʴ ʚʝʢʪʦʨʽʚ 

     ʋ ʜʘʥʦʤʫ ʽ ʥʘʩʪʫʧʥʠʭ ʨʦʟʜʽʣʘʭ ʜʝʷʢʽ ʨʦʟʛʣʷʥʫʪʽ ʚʠʱʝ ʧʠʪʘʥʥʷ ʥʘʙʫʜʫʪʴ 

ʥʦʚʦʛʦ ʟʤʽʩʪʫ ʽ ʙʫʜʫʪʴ ʧʦʛʣʠʙʣʝʥʽ, ʟʘʚʜʷʢʠ, ʟʦʢʨʝʤʘ, ʥʦʚʠʤ  ʧʦʥʷʪʪʷʤ: 

ʣʽʥʽʡʥʽʡ ʟʘʣʝʞʥʦʩʪʽ ʚʝʢʪʦʨʽʚ ʽ  ʙʘʟʠʩʫ ʥʘ ʧʣʦʱʠʥʽ ʪʘ ʫ ʧʨʦʩʪʦʨʽ. ɿ ʽʥʰʦʛʦ 

ʙʦʢʫ, ʮʽ ʧʦʥʷʪʪʷ ʤʘʶʪʴ ʩʘʤʦʩʪʽʡʥʠʡ ʽʥʪʝʨʝʩ ʽ ʚʽʜʽʛʨʘʶʪʴ ʚʘʞʣʠʚʫ ʨʦʣʴ ʫ 

ʚʝʢʪʦʨʥʽʡ ʘʣʛʝʙʨʽ. 

     ɿʘʩʪʦʩʦʚʫʶʯʠ ʣʽʥʽʡʥʽ ʦʧʝʨʘʮʽʾ ʥʘʜ ʚʝʢʪʦʨʘʤʠ naaa ,..., 21 , ʤʦʞʥʘ ʩʢʣʘʩʪʠ 
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ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʚʠʛʣʷʜʫ  nnaaaa llll ++++ ...332211 , ʘʙʦ, ʷʢ ʢʘʞʫʪʴ, ʣʽʥʽʡʥʽ 

ʢʦʤʙʽʥʘʮʽʾ ʚʝʢʪʦʨʽʚ, ʜʝ nllll ,...,,, 321 - ʯʠʩʣʘ, ʷʢʽ ʥʘʟʠʚʘʶʪʴʩʷ 

ʢʦʝʬʽʮʽʻʥʪʘʤʠ ʮʠʭ ʢʦʤʙʽʥʘʮʽʡ.  

ɺʠʟʥʘʯʝʥʥʷ 5.  ɺʝʢʪʦʨʠ naaa ,...,, 21 ʥʘʟʠʚʘʶʪʴʩʷ ʣʽʥʽʡʥʦ 

ʟʘʣʝʞʥʠʤʠ, ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʽʩʥʫʶʪʴ ʜʽʡʩʥʽ ʯʠʩʣʘ 

nllll ,...,,, 321 , ʱʦ ʥʝ ʚʩʽ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ ʦʜʥʦʯʘʩʥʦ, ʜʣʷ 

ʷʢʠʭ ʤʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ: .0...332211 =++++ nnaaaa llll  

ɺʝʢʪʦʨʠ naaa ,...,, 21  ʥʘʟʠʚʘʶʪʴʩʷ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʤʠ, ʷʢʱʦ ʾʭ ʣʽʥʽʡʥʘ 

ʢʦʤʙʽʥʘʮʽʷ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʥʘ ʥʫʣʴ  ʪʽʣʴʢʠ ʧʨʠ ʨʽʚʥʦʩʪʽ ʥʫʣʶ ʚʩʽʭ 

ʢʦʝʬʽʮʽʻʥʪʽʚ ʣʽʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ. 

 ɿʘʫʚʘʞʠʤʦ, ʯʪʦ ʩʫʢʫʧʥʽʩʪʴ ʚʝʢʪʦʨʚ̔ naaa ,...,, 21  ʥʘʟʠʚʘʶʪ ɹʩʠʩʪʝʤʦ ʁ

ʚʝʢʪʦʨʚ̔. 

 ʋʤʦʚʠ ʣʽʥʽʡʥʦʾ ʟʘʣʝʞʥʦʩʪʽ ʚʝʢʪʦʨʽʚ ʤʽʩʪʷʪʴ ʥʘʩʪʫʧʥʽ ʪʝʦʨʝʤʠ.  

 ʊɽʆʈɽʄɸ 1. ʉʠʩʪʝʤʘ ʚʝʢʪʦʨʽʚ naaa ,...,, 21  ʻ ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʘ 

ʪʦʜʽ ʡ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ, ʧʨʠʥʘʡʤʥʽ, ʦʜʠʥ ʟ ʮʠʭ ʚʝʢʪʦʨʽʚ 

ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʣʽʥʽʡʥʦʾ ʢʦʤʙʽʥʘʮʽʾ  ʽʥʰʠʭ 

ʚʝʢʪʦʨʽʚ.  

 ʊɽʆʈɽʄɸ 2.  ɼʚʘ ʚʝʢʪʦʨʠ ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʽ ʪʦʜʽ ʽ ʪʽʣʴʢʠ 

ʪʦʜʽ, ʢʦʣʠ ʚʦʥʠ ʢʦʣʽʥʝʘʨʥʽ. 

 ʊɽʆʈɽʄɸ  3. ʊʨʠ ʚʝʢʪʦʨʠ ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʽ ʪʦʜʽ ʽ ʪʽʣʴʢʠ 

ʪʦʜʽ, ʢʦʣʠ ʚʦʥʠ ʢʦʤʧʣʘʥʘʨʥʽ. 

 

2.11. ɺʝʢʪʦʨʥʠʡ ʙʘʟʠʩ. ʂʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ 

ɺʠʟʥʘʯʝʥʥʷ 6. ʋʧʦʨʷʜʢʦʚʘʥʘ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʠʭ  

ʚʝʢʪʦʨ̔ʚ ʚʝʢʪʦʨʥʦʛʦ ʧʨʦʩʪʦʨʫ ʥʘʟʠʚʘʻʪʴʩʷ ʡʦʛʦ ʙʘʟʠʩʦʤ, 

ʷʢʱʦ ʙʫʜʴ-ʷʢʠʡ ʚʝʢʪʦʨ ʮʴʦʛʦ ʧʨʦʩʪʦʨʫ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ 

ʫ ʚʠʛʣʷʜʽ ʣʽʥʽʡʥʦʾ ʢʦʤʙʥ̔ʘʮ̔ʾ ʚʝʢʪʦʨʚ̔ ʮʽʻʾ ʩʠʩʪʝʤʠ. 

 ʂʽʣʴʢʽʩʪʴ ʚʝʢʪʦʨʚ̔, ̫ʢʽ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ, ʥʘʟʳʚʘʪ̒ɹʩʷ ʨʦʟʤʽʨʥʽʩʪʶ 

ʧʨʦʩʪʦʨʫ. 

ɺʽʜʟʥʘʯʠʤʦ,  ʱʦ ʤʘʶʪʴ ʤʽʩʮʝ ʥʘʩʪʫʧʥʽ  ʬʫʥʜʘʤʝʥʪʘʣʴʥʽ ʟʘʪʚʝʨʜʞʝʥʥʷ. 

ɿʘʪʚʝʨʜʞʝʥʥʷ 1. ɹʫʜʴ-ʷʢʘ ʫʧʦʨʷʜʢʦʚʘʥʘ ʪʨ̔ʡʢʘ ʥʝʢʦʤʧʣʘʥʘʨʥʠʭ ʚʝʢʪʦʨʚ̔ 

321 ,, eee  ʫʪʚʦʨʶʻ ʙʘʟʠʩ ʫ ʪʨʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ. 

ɿʘʪʚʝʨʜʞʝʥʥʷ 2.  ɹʫʜʴ-ʷʢʘ ʫʧʦʨʷʜʢʦʚʘʥʘ ʧʘʨʘ ʥʝʢʦʣʥ̔ʝʘʨʥʠʭ ʚʝʢʪʦʨʚ̔ 

21, ee , ɦ ʦ ʥʘʣʝʞʘʪʴ ʜʘʥʽʡ ʧʣʦʱʠʥʽ, ʫʪʚʦʨʶʻ ʙʘʟʠʩ ʥʘ ʮʽʡ ʧʣʦʱʠʥʽ. 

ɹʝʟʧʦʩʝʨʝʜʥʴʦ ʛʝʦʤʝʪʨʠʯʥʘ ʥ̔ʪʝʨʧʨʝʪʘʮʽ̫  ʚʝʢʪʦʨʥʦʛʦ ʙʘʟʠʩʫ ʫ ʪʨʠʤʽʨʥʦʤʫ 

ʧʨʦʩʪʦʨʽ ʧʨʝʜʩʪʘʚʣʝʥʘ ʥʘ ʨʠʩ. 2.15. 

 ʊʫʪ 321 ,, eee  - ʚʝʢʪʦʨʠ, ʱʦ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʫ ʧʨʦʩʪʦʨʽ. ɺʝʢʪʦʨ a  - 

ʜʦʚʽʣʴʥʠʡ ʚʝʢʪʦʨ ʧʨʦʩʪʦʨʫ. ʇʨʠ ʮʴʦʤʫ ʦʯʝʚʠʜʥʦ, ʱʦ  332211 eeea lll ++= . 
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ʅʝʭʘʡ 321 ,, eee  - ʜʦʚʽʣʴʥʠʡ ʙʘʟʠʩ ʫ ʧʨʦʩʪʦʨʽ. 

ʊʦʜʽ ʜʣʷ ʙʫʜʴ-ʷʢʦʛʦ ʚʝʢʪʦʨʘ a  ʽʩʥʫʶʪʴ ʜʽʡʩʥʽ ʯʠʩʣʘ zyx ,,  , ʪʘʢʽ, ɦ ʦ 

ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ:                     321 ezeyexa ++=                                   (2. 5) 

ʈʽʚʥʽʩʪʴ (2.5) ʧʨʠʡʥʷʪʦ ʥʘʟʠʚʘʪʠ ʨʦʟʢʣʘʜʘʥʥʷʤ ʚʝʢʪʦʨʘ a  ʧʦ ʙʘʟʠʩʫ 

321 ,, eee , ʘ ʫʧʦʨʷʜʢʦʚʘʥʫ ʩʠʩʪʝʤʫ ʯʠʩʝʣ zyx ,, - ʢʦʦʨʜʠʥʘʪʘʤʠ ʚʝʢʪʦʨʘ a  ʚ 

ʮʴʦʤʫ ʙʘʟʠʩ.̔ 

   
ʊɽʆʈɽʄɸ  4. ʂʦʞʝʥ ʚʝʢʪʦʨ ʪʨʠʤʽʨʥʦʛʦ ʧʨʦʩʪʦʨʫ 

ʦʜʥʦʟʥʘʯʥʦ ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʟʘ ʙʘʟʠʩʦʤ 321 ,, eee . 

ʅʘʩʣʽʜʦʢ ʪʝʦʨʝʤʠ 4.  ʈʽʚʥʽ ʚʝʢʪʦʨʠ ʤʘʶʪʴ ʨʽʚʥʽ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʫ 

ʜʘʥʦʤʫ ʙʘʟʠʩʽ, ʽ, ʥʘʚʧʘʢʠ, ʷʢʱʦ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ ʜʚʦʭ ʚʝʢʪʦʨʽʚ ʚ 

ʜʝʷʢʦʤʫ ʙʘʟʠʩʽ ʨʽʚʥʽ, ʪʦ ʨʽʚʥʽ ʽ ʩʘʤʽ ʚʝʢʪʦʨʠ. 

 ɸʨʠʬʤʝʪʠʯʥ ̔ ʦʧʝʨʘʮʾʾ ʥʘʜ ʚʝʢʪʦʨʘʤʠ, ʱʦ ʟʘʜʘʥ ̔ ʩʚʦʾʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ, ʤʦʞʥʘ ʚʠʢʦʥʫʚʘʪʠ  ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʪʝʦʨʝʤʠ 5. 

ʊɽʆʈɽʄɸ 5. ʇʨʠ ʜʦʜʘʚʘʥʥʽ ʚʝʢʪʦʨʚ̔ ʾ ʭ ʚʽʜʧʦʚʽʜʥʽ 

ʢʦʦʨʜʠʥʘʪʠ ʫ ʜʝʷʢʦʤʫ ʙʘʟʠʩ ̔ 321 ,, eee  ʜʦʜʘʶʪʴʩʷ, ʘ ʧʨʠ 

ʤʥʦʞʝʥʥʽ ʚʝʢʪʦʨʘ ʥʘ ʜʦʚʽʣʴʥʝ ʯʠʩʣʦ a, ʚʩʽ ʡʦʛʦ ʢʦʦʨʜʠʥʘʪʠ 

ʤʥʦʞʘʪʴʩʷ ʥʘ ʮʝ ʯʠʩʣʦ. 

ʊʘʢʠʤ ʯʠʥʦʤ, ̫ ʢʱʦ ʚʝʢʪʦʨʠ a  ʠ b  ʧʨʝʜʩʪʘʚʣʝʥ ̔ʚ ʜʝʷʢʦʤʫ ʙʘʟʠʩ ̔ 321 ,, eee  

312111 ezeyexa ++= , 322212 ezeyexb ++= , 

ʪʦ ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʪʝʦʨʝʤʠ 5  

( ) ( ) ( )321221121 ezzeyyexxba °+°+°=° , 

( ) ( ) ( )312111 ezeyexa aaaa ++= . 

2.12. ɸʬ̔ʥʥʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ 

 ɸʬ̔ʥʥʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ ʫ ʧʨʦʩʪʦʨʽ ʚʠʟʥʘʯʘʻʪʴʩʷ ʟʘʚʜʘʥʥʷʤ ʙʘʟʠʩʫ 

321 ,, eee  ʟ ʟʘʛʘʣʴʥʠʤ ʧʦʯʘʪʢʦʤ ʫ ʬʽʢʩʦʚʘʥʽʡ ʪʦʯʮʽ O , ʷʢʘ ʥʘʟʠʚʘ̒ʪɹʩʷ 

ʧʦʯʘʪʢʦʤ ʢʦʦʨʜʠʥʘʪ. ʇʨʷʤ̔, ʱʦ ʧʨʦʭʦʜʷʪ ɹ ʯʝʨʝʟ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʫ 

ʥʘʧʨʷʤʢʫ ʙʘʟʠʩʥʠʭ ʚʝʢʪʦʨʚ̔, ʥʘʟʠʚʘʶʪʩɹʷ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ     (ʨʠʩ. 2.16).  

 

a

2e

1e

3e
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ʈʠʩ. 2.16 

ɺʝʢʪʦʨ OM , ʷʢʠʡ ʟ'ʻʜʥʫʻ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ ʟ ʜʦʚʽʣʴʥʦʶ ʪʦʯʢʦʶ M , 

ʥʘʟʠʚʘ̒ʪɹʩʷ ʨʘʜʫ̔ʩʦʤ-ʚʝʢʪʦʨʦʤ ʪʦʯʢʠ M .  

ɺʠʟʥʘʯʝʥʥʷ 7. ɸʬ̔ʥʥʠʤʠ ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ M  

ʥʘʟʠʚʘʶʪɹ ʢʦʦʨʜʠʥʘʪʠ ʡʦʛʦ ʨʘʜ̔ʫʩʘ-ʚʝʢʪʦʨʘ OM  ʫ 

 ʜʘʥʦʤʫ ʙʘʟʠʩ.̔ ʇʨʠ ʮʴʦʤʫ ʟʘʧʠʩʫʁ ʪɹ }{ .,, zyxOM=  

2.13. ɼʝʢʘʨʪʦʚʘ ʧʨʷʤʦʢʫʪʥʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ 

 ɹʘʟʠʩ ʥʘʟʠʚʘʶʪ ɹʦʨʪʦʥʦʨʤʦʚʘʥʠʤ, ̫ʢʱʦ ʡʦʛʦ ʚʝʢʪʦʨʠ ʦʜʠʥʠʯʥʽ ʪʘ 

ʧʦʧʘʨʥʦ ʦʨʪʦʛʦʥʘʣʴʥ.̔ ʉʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ, ʙʘʟʠʩ ʷʢʦʾ ʻ ʦʨʪʦʥʦʨʤʦʚʘʥʠʡ, 

ʥʘʟʠʚʘ̒ʪɹʩʷ ʜʝʢʘʨʪʦʚʦ ʁ ʧʨʷʤʦʢʫʪʥʦʶ ʩʠʩʪʝʤʦ ʁ ʢʦʦʨʜʠʥʘʪ. ɹʘʟʠʩʥ ̔

ʚʝʢʪʦʨʠ ʮʽʻʾ  ʩʠʩʪʝʤʠ ʢʦʦʨʜʠʥʘʪ ʫ ʧʨʦʩʪʦʨʽ, ʷʢ ʚʞʝ ʚʢʘʟʫʚʘʣʦʩʴ ʚʠʱʝ,  

ʧʦʟʥʘʯʘʶʪʴʩʷ ʚʽʜʧʦʚʽʜʥʦ  ʯʝʨʝʟ kji ,, (ʨʠʩ. 2.17). 

 

ʈʠʩ.2.17 

 

 ʈʦʟʢʣʘʜʘʥʥʷ  ʜʦʚʽʣʴʥʦʛʦ ʚʝʢʪʦʨʘ a  ʫ ʧʨʦʩʪʦʨʽ ʟʘ  ʚʢʘʟʘʥʠʤ ʙʘʟʠʩʦʤ 

ʤʘʻ ʚʠʛʣʷʜ   kzjyixa ++=  ʘʙʦ { }.,, zyxa=  

ʋ  ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ, ʷʢ ʫʞʝ ʟʛʘʜʫʚʘʣʦʩʷ ʚʠʱʝ, ʧʨʷʤʦʢʫʪʥʠʤʠ 

ʢʦʦʨʜʠʥʘʪʘʤʠ ʚʝʢʪʦʨʘ a  ʥʘʟʠʚʘʶʪʩɹʷ ʧʨʦʝʢʮʽʾ ʚʝʢʪʦʨʘ a  ʥʘ ʦʩ ̔

ʢʦʦʨʜʠʥʘʪ. 
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     ʇʨʠʢʣʘʜ 5. ɿ'ʷʩʫʚʘʪʠ, ʯʠ ʙʫʜʫʪ ɹʚʝʢʪʦʨʠ { }5;1;31 -=x  { }15;3;92 -=x  

ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʠʤʠ.  

     ʈʦʟʚôʷʟʘʥʥʷ. 

     ɼʚʘ ʚʝʢʪʦʨʠ ʙʫʜʫʪ ɹʣʽʥʽʡʥʦ ʟʘʣʝʞʥʠʤʠ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʽʩʥʫʶʪ ɹ

1l   ̔ 2l, ʱʦ ʥʝ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ, ʜʣʷ ʷʢʠʭ ʩʧʨʘʚʝʜʣʠʚʘ ʨʽʚʥʽʩʪʴ 

.02211 =+ xx ll  

ɿʘʧʠʰʝʤʦ ʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ ʫ ʢʦʦʨʜʠʥʘʪʥʡ̔ ʬʦʨʤ ̔ 

{ } { } { }0;0;0015;3;95;1;3 21 =--+- ll . 

ɺʠʢʦʥʘʚʰʠ  ʦʧʝʨʘʮʽʾ ʤʥʦʞʝʥʥʷ ʚʝʢʪʦʨʘ ʥʘ ʯʠʩʣʦ  ̔ʜʦʜʘʚʘʥʥʷ ʚʝʢʪʦʨʚ̔, 

ʦʜʝʨʞʠʤʦ:    { } { }.0,0,00155;3;93 212121 =--+- llllll  

ʇʨʠʨʽʚʥʷʚʰʠ ʚʽʜʧʦʚʽʜʥʽ ʢʦʦʨʜʠʥʘʪʠ, ʤʘʻʤʦ ʩʠʩʪʝʤʫ: 

î
í

î
ì

ë

=-

=-

=+-

.0155

,03

,093

21

21

21

ll

ll

ll

 

ʃʝʛʢʦ ʙʘʯʠʪʠ, ʱʦ ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ 21 3l=l , ʘʙʦ .03 2212 =+ xx ll  

ɿʚʽʜʩʠ  .3 12 xx -=  ʊʘʢʠʤ ʯʠʥʦʤ, ʚʝʢʪʦʨʠ 1x  ̔ 2x ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʽ. 

ɺʠʟʥʘʯʝʥʥʷ ʣʽʥʽʡʥʦʾ ʟʘʣʝʞʥʦʩʪʽ ʚʝʢʪʦʨʽʚ ʟʚʦʜʠʪʴʩʷ ʜʦ ʨʦʟʚô̫ ʟʫʚʘʥʥʷ 

ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʨʽʚʥʷʥʴ. ʊʦʤʫ ʜʦʩʣʽʜʞʝʥʥʷ ʦʩʥʦʚʥʦʾ ʤʘʪʨʠʮʽ 

ʩʠʩʪʝʤʠ  (ʤʘʪʨʠʮʽ ɸ) ʜʦʟʚʦʣʷʻ ʚʠʟʥʘʯʠʪʠ - ʯʠ ʙʫʜʫʪʴ ʚʝʢʪʦʨʠ 1x ʽ 

2x ʟʘʣʝʞʥʠʤʠ. 

      ʈʦʟʚô̫ ʟʘʥʥʷ  ʧʨʠʢʣʘʜʫ 5 ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʝ ʥʘ ʨʠʩ. 2.18. 

ʆʩʢʽʣʴʢʠ ʨʘʥʛ ʦʩʥʦʚʥʦʾ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ ʜʦʨʽʚʥʶʻ 1, ʨʽʚʥʷʥʥʷ ʩʠʩʪʝʤʠ ʻ 

ʣʽʥʽʡʥʦ ʟʘʣʝʞʥʠʤʠ. ɿʚʽʜʩʠ ʚʠʧʣʠʚʘʻ  ʣʽʥʽʡʥʘ ʟʘʣʝʞʥʽʩʪʴ ʚʝʢʪʦʨʽʚ 1x ( ʍ1) ʽ 

2x (ʍ2).  

 
ʈʠʩ.2.18  
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ʇʨʠʢʣʘʜ 6. ʏʠ ʤʦʞʫʪʴ ʚʝʢʪʦʨʠ { }4;3;21 -=x , { }5;1;32 -=x  ʠ 

{ }3;4;13 -=x  ʫʪʚʦʨʶʚʘʪʠ ʙʘʟʠʩ?  

      ʈʦʟʚôʷʟʘʥʥʷ. 
     ɺʝʢʪʦʨʠ 21, xx   ̔ 3x  ʙʫʜʫʪ ɹʫʪʚʦʨʶʚʘʪʠ ʙʘʟʠʩ, ʷʢʱʦ ʚʦʥʠ ʻ ʣʽʥʽʡʥʦ 

ʥʝʟʘʣʝʞʥʽ. ʇʨʠ ʮʴʦʤʫ ʨʽʚʥʽʩʪʴ 0332211 =a+a+a xxx  ʧʦʚʠʥʥʘ 

ʚʠʢʦʥʫʚʘʪʠʩʴ ʪʽʣʴʢʠ ʧʨʠ 0321 =a=a=a . 

ʇʨʝʜʩʪʘʚʣʷʶʯʠ ʣʽʥʽʡʥʫ ʢʦʤʙʥ̔ʘʮʁ̔ ʜʘʥʠʭ ʚʝʢʪʦʨʽʚ ʫ ʢʦʦʨʜʠʥʘʪʥʽʡ ʬʦʨʤʽ, 

ʤʘʻʤʦ   { } { } { } { }0;0;003;4;15;1;31;3;2 321 =-+-+- aaa . 

ɺʠʢʦʥʘʚʰʠ ʧʝʨʝʪʚʦʨʝʥʥʷ, ʦʜʝʨʞʫʻʤʦ 

{ }{ }.0;0;035;43;32 321321321 =++---++ aaaaaaaaa  

ʉʢʣʘʜʝʤʦ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʦʜʥʦʨʽʜʥʠʭ ʨʽʚʥʷʥʴ: 

î
í

î
ì

ë

=++

=---

=++

.035

,043

,032

321

321

321

aaa

aaa

aaa

 

ɰʾ ʚʠʟʥʘʯʥʠʢ, ʩʢʣʘʜʝʥʠʡ ʽʟ ʢʦʝʬ̔ʮ̔ ʥ̒ʪ̔ʚ ʧʨʠ ʥʝʚʽʜʦʤʠʭ, ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ: 

.0

351

413

132

¸---=D  

ʊʘʢʠʤ ʯʠʥʦʤ, ʩʠʩʪʝʤʘ ʤʘʻ ʪʽʣʴʢʠ ʪʨʠʚʽʘʣʴʥʠʡ ʨʦʟʚôʷʟʦʢ: .0321 === aaa  

ʈʦʟʚô̫ ʟʘʥʥʷ  ʧʨʠʢʣʘʜʫ 6 ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʝ ʥʘ ʨʠʩ. 2.19: 

 

 
ʈʠʩ. 2.19 
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      ʆʩʢʽʣʴʢʠ  ʚʠʟʥʘʯʥʠʢ ʦʩʥʦʚʥʦʾ ʤʘʪʨʠʮʽ ʩʠʩʪʝʤʠ ɸ ʥʝ ʜʦʨʽʚʥʶʻ 0, ʪʦ 

ʦʜʥʦʨʽʜʥʘ ʩʠʩʪʝʤʘ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʤʘʻ ʪʽʣʴʢʠ ʪʨʠʚʽʘʣʴʥʠʡ ʨʦʟʚô̫ ʟʦʢ.        

ʊʘʢʠʤ ʯʠʥʦʤ, ʚʝʢʪʦʨʠ 32,1 ,ʭʭʭ  ʻ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʽ ʽ ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʫ 

ʧʨʦʩʪʦʨʽ. ʆʪʞʝ, ʜʘʥʘ ʩʠʩʪʝʤʘ ʚʝʢʪʦʨʚ̔ ʣʽʥʽʡʥʦ ʥʝʟʘʣʝʞʥʘ, ʘ ʪʦʤʫ ʫʪʚʦʨʶʻ 

ʙʘʟʠʩ ʫ ʪʨʠʤʽʨʥʦʤʫ ʧʨʦʩʪʦʨʽ. 

ʇʨʠʢʣʘʜ 7. ɺʝʢʪʦʨʳ { } { } { }1;1;1,0;1;1,0;0;1 === cba  ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ 

ʫ ʧʨʦʩʪʦʨʽ.  ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ kid -=2  ʫ ʙʘʟʠʩ ̔ cba ,, . 

     ʈʦʟʚôʷʟʘʥʥʷ. 

     ʗʢʱʦ ʚʝʢʪʦʨʠ cba ,,  ʫʪʚʦʨʶʶʪʴ ʙʘʟʠʩ ʫ ʧʨʦʩʪʦʨʽ, ʪʦ ʜʦʚʽʣʴʥʠʡ ʚʝʢʪʦʨ 

d  ʤʦʞʥʘ ʨʦʟʢʣʘʩʪʠ ʫ ʙʘʟʠʩ ̔ cba ,,  ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: cbad gba ++= . 

ɸʙʦ, ʧʽʜʩʪʘʚʠʚʰʠ ʢʦʦʨʜʠʥʘʪʠ ʽ ʧʨʠʨʽʚʥʷʚʰʠ, 

{ } { } { } { }.1;1;10;1;10;0;11;0;2 gba ++=  

ʈʦʟʢʨʠʻʤʦ ʜʫʞʢʠ ʩʧʨʘʚʘ, ʪʦʜʽ { } }.;;{1;0;2 ggbgba +++= ʅʘʨʝʰʪʽ ʤʘʻʤʦ 

ʩʠʩʪʝʤʫ:
î
í

î
ì

ë

-=

=+

=++

.1

,0

,2

g

gb

gba

 ɰʾ ʨʦʟʚôʷʟʘʥʥʷ ʥʝ ʩʢʣʘʜʘʻ ʪʨʫʜʥʦʱʽʚ: 

1;1;2 -=g=b=a . 

ʆʪʞʝ, ʚʝʢʪʦʨ d  ʫ ʥʦʚʦʤʫ ʙʘʟʠʩ ̔ʤʘʻ ʢʦʦʨʜʠʥʘʪʠ: { }1;1;2 -d , a ʡʦʛʦ ʨʦʟʢʣʘʜ 

ʫ ʙʘʟʠʩ ̔ cba ,,  ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ:   cbad -+=2 . 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʮʝʡ ʧʨʠʢʣʘʜ ʨʦʟʚô̫ ʟʫʻʪʴʩʷ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 

 

 
ʈʠʩ. 2.20  
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ʅʝʦʙʭʽʜʥʦ ʚʽʜʟʥʘʯʠʪʠ, ʱʦ ʨʦʟʚô̫ ʟʫʚʘʥʥʷ ʩʠʩʪʝʤʠ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ 

ʚʠʢʦʥʫʚʘʣʦʩʴ ʤʘʪʨʠʯʥʠʤ ʤʝʪʦʜʦʤ. 

2.14. ɺʠʨʘʟ ʚʝʢʪʦʨʘ ʯʝʨʝʟ ʨʘʜʽʫʩʠ-ʚʝʢʪʦʨʠ ʡʦʛʦ ʧʦʯʘʪʢʫ ʪʘ ʢʽʥʮʷ 

 ʈʦʟʛʣʷʥʝʤʦ ʜʦʚʽʣʴʥʠʡ ʚʝʢʪʦʨ AB, ʟʘʜʘʥʠʡ ʫ ʜʝʢʘʨʪʦʚʡ̔ ʧʨʷʤʦʢʫʪʥʽʡ 

ʩʠʩʪʝʤ ̔ʢʦʦʨʜʠʥʘʪ. ʅʝʭʘʡ ʚʽʜʦʤʽ ʢʦʦʨʜʠʥʘʪʠ ʡʦʛʦ ʧʦʯʘʪʢʫ ʪʘ ʢʽʥʮʷ: 

( )111 ,, zyxA   ̔ ( )222 ,, zyxB  (ʨʠʩ. 2. 21).  

 

 

 

 

 

 

 

 

 

 

 

                                                       ʈʠʩ.  2.21 

 

12 rrAB -= , ʘʙʦ ʫ ʢʦʦʨʜʠʥʘʪʥʡ̔ ʬʦʨʤ ̔ { }121212 ;; zzyyxxAB ---= . ʊʘʢʠʤ 

ʯʠʥʦʤ, ʤʘʻʤʦ ʱʝ ʦʜʠʥ ʧʽʜʭʽʜ ʜʦ ʚʠʟʥʘʯʝʥʥʷ ʢʦʦʨʜʠʥʘʪ ʚʝʢʪʦʨʘ. 

ʇʨʠʢʣʘʜ 8.  ɼʘʥʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʪʨʠʢʫʪʥʠʢʘ 

),2;1;0(: AABC ),2;3;1(B .)2;1;1( --C  ɿʘʩʦʙʘʤʠ ʚʝʢʪʦʨʥʦʾ ʘʣʛʝʙʨʠ ʟʥʘʡʪʠ 

ʜʦʚʞʠʥʫ ʩʪʦʨʦʥʠ AB  ʪʘ ʢʫʪ ʤʽʞ ʩʪʦʨʦʥʘʤʠ AB   ̔ AC .  

 ɼʦʚʞʠʥʘ ʩʪʦʨʦʥʠ AB  ʜʦʨʽʚʥʶʻ ʤʦʜʫʣʶ ʚʝʢʪʦʨʘ  ,AB  ʪʦʤʫ ʟʥʘʡʜʝʤʦ 

ʢʦʦʨʜʠʥʘʪʠ ʚʝʢʪʦʨʘ AB :   

    { }{ }0;2;1)22();13();01( =---=AB , ʘʙʦ jiAB 2+= . ʂʦʨʠʩʪʫʶʯʠʩʴ 

ʚʠʟʥʘʯʝʥʥʷʤ ʤʦʜʫʣʷ ʚʝʢʪʦʨʘ, ʦʜʝʨʞʠʤʦ: 521 2 =+=AB  ʦʜ. ʜʦʚʞ. 

 ʂʫʪ ʤʽʞ ʩʪʦʨʦʥʘʤʠ AB   ̔ AC  ʜʦʨʽʚʥʶʻ ʢʫʪʫ ʤʽʞ AB  ʠ AC . 

ʆʩʢʽʣʴʢʠ  { },0;2;1=AB  { }{ },4;2;1)22();11();01( --=----=Aʉ  

ʪʦ    
( ) ( )

.
105

3

215

042211
cos -=

Ö

Ö-+Ö-+Ö
=a  

ʆʩʪʘʪʦʯʥʦ .
105

3
arccos ö

÷

õ
æ
ç

å
-=a  

ʈʦʟʚô̫ ʟʫʚʘʥʥʷ ʮʽʻʾ ʟʘʜʘʯʽ ʫ  ʩʝʨʝʜʦʚʠʱʽ Mathcad ʚʠʛʣʷʜʘʻ ʥʘʩʪʫʧʥʠʤ 

ʯʠʥʦʤ (ʨʠʩ.2.22): 

 

r 1

r 2

AB
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ʈʠʩ.2.22 

 

2.15. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

 (ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ 

 ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, ʪʘʢ ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

 

1. ɿʘʜʘʥʽ  ʚʝʢʪʦʨʠ, ʟʦʙʨʘʞʝʥʽ ʥʘ ʤʘʣʶʥʢʫ.  ʇʦʙʫʜʫʚʘʪʠ (ʧʨʝʜʩʪʘʚʠʚʰʠ ʫ    

ʛʨʘʬʽʯʥʽʡ ʬʦʨʤʽ) ʾʭ ʣʽʥʽʡʥʫ ʢʦʤʙʽʥʘʮʽʶ   dcbaf
CCCCC

4324 +-+=  

   

 

 
a
C b

C

c
C d

C
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2. ɿʘʜʘʥʽ ʪʦʯʢʠ A(7, -1, 6), B(5, 3, 2). ɿʥʘʡʪʠ ʜʦʚʞʠʥʫ ʪʘ ʥʘʧʨʷʤʦʢ ʚʝʢʪʦʨʘ 

AB
_

. 

3. ɿʘʜʘʥʽ ʚʝʢʪʦʨʠ a
_
 = (2, -4, 4),  b

_
 = (-3, -2, 1). ʆʙʯʠʩʣʠʪʠ ʢʫʪ ʤʽʞ ʥʠʤʠ ʪʘ 

ʜʦʚʞʠʥʫ ʚʝʢʪʦʨʘ a
_
 + 2b

_
. 

4. ɿʘʜʘʥʽ ʚʝʢʪʦʨʠ a
_
 = (-2, 3, 6)  ̔   b

_
 = (5, 3, 2). ʆʙʯʠʩʣʠʪʠ |a

_
 - 2b

_
|  ʪʘ ʟʥʘʡʪʠ  

ʧʨb
_ a

_
. 

5. ɿʘʜʘʥʽ ʚʝʢʪʦʨʠ a
_
 = (-3, 2, -1),  b

_
 = (4, 4, 7) ʽ c

_
 = (2, 0, 5). ʆʙʯʠʩʣʠʪʠ  

(a
_
 + c

_
)
2
  ̔    ʧʨb

_ (a
_
 + c

_
). 

6.  ɿ'ʷʩʫʚʘʪʠ, ʯʠ ʻ ʢʦʤʧʣʘʥʘʨʥʠʤʠ ʚʝʢʪʦʨʠ   a
_
 = (-1, 4, 5),  b

_
 = (3, 0, -2) ʽ 

)3,4,2(=ʩ . 

7. ʈʦʟʢʣʘʩʪʠ ʚʝʢʪʦʨ a
_
 = (6, 22, 23) ʟʘ ʙʘʟʠʩʦʤ e

_

1 = (1, 0, 10), e
_

2 = (1, 4, 5), 

 e
_

3 = (1, 0, 1). 

8.  ɿʥʘʡʪʠ ʦʙ'ʻʤ ʧʽʨʘʤʽʜʠ  ɸɺʉD: ɸ(3,-5,1), ɺ(5-1,7),  ʉ(-1, 2,3),  

     D(-3,3,-4). 

9. ɿʥʘʡʪʠ ʧʣʦʱʫ ʪʨʠʢʫʪʥʠʢʘ ABC, ̫ ʢʱʦ    ɸ(-2,3,4), B(7, 7, -10),ʉ(5,-7,3). 

10. ɼʘʥʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʧʽʨʘʤʽʜʠ ɸ(5, -2, -1); ɺ(4, 0, 0);ʉ(2, 5,1);  

     D(1, 2, 5). ɿʥʘʡʪʠ ʧʣʦʱʠʥʫ ʛʨʘʥʽ ɸɺʉ ʽ ʜʦʚʞʠʥʫ ʚʠʩʦʪʠ, ʦʧʫʱʝʥʦʾ ʟ   

ʚʝʨʰʠʥʠ D ʥʘ ʮʶ ʛʨʘʥʴ. 
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3. ɸʅɸʃɯʊʀʏʅɸ ɻɽʆʄɽʊʈɯʗ ʅɸ ʇʃʆʑʀʅɯ ʊɸ ʋ ʇʈʆʉʊʆʈɯ 

 

3.1.ɺʩʪʫʧ 

 

     ɸʥʘʣʽʪʠʯʥʘ ʛʝʦʤʝʪʨʽʷ ʚʠʥʠʢʣʘ ʟ ʧʦʪʨʝʙʠ ʫ ʪʘʢʠʭ ʟʘʩʦʙʘʭ ʜʣʷ 

ʨʦʟʚôʷʟʘʥʥʷ ʛʝʦʤʝʪʨʠʯʥʠʭ ʟʘʜʘʯ, ʷʢʽ ʙʫʣʦ ʙ ʤʦʞʣʠʚʦ ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʧʨʠ 

ʚʠʚʯʝʥʥʽ ʚʘʞʣʠʚʠʭ ʜʣʷ ʧʨʘʢʪʠʢʠ ʢʨʠʚʠʭ ʣʽʥʽʡ ʨʽʟʥʦʤʘʥʽʪʥʦʾ ʬʦʨʤʠ. 

     ʎʷ ʤʝʪʘ ʙʫʣʘ ʜʦʩʷʛʥʫʪʘ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʢʦʦʨʜʠʥʘʪʥʦʛʦ ʤʝʪʦʜʫ. ʇʨʠ 

ʮʴʦʤʫ ʧʨʦʚʽʜʥʘ ʨʦʣʴ ʥʘʣʝʞʠʪʴ ʦʙʯʠʩʣʝʥʥʷʤ, ʘ ʧʦʙʫʜʦʚʠ ʤʘʶʪʴ ʜʦʧʦʤʽʞʥʝ 

ʟʥʘʯʝʥʥʷ.  

3.2. ʇʦʥʷʪʪʷ ʧʨʦ ʨʽʚʥʷʥʥʷ ʣʽʥʽʾ 

 

     ʂʦʞʥʘ ʛʝʦʤʝʪʨʠʯʥʘ ʬʦʨʤʘ ʻ ʛʝʦʤʝʪʨʠʯʥʝ ʤʽʩʮʝ ʪʦʯʦʢ. ɹʫʜʴ-ʷʢʘ ʣʽʥʽʷ ʥʝ 

ʻ ʚʠʢʣʶʯʝʥʥʷʤ. ɺʽʟʴʤʝʤʦ ʙʫʜʴ-ʷʢʫ ʣʽʥʽʶ L ʥʘ ʧʣʦʱʠʥʽ ʽ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ  

M(x,y) (ʨʠʩ. 3.1). 

 

 

 

 

 

 

 

 

 

ʈʠʩ.3.1 

 

 

      ʇʨʠ ʧʝʨʝʤʽʱʝʥʥʽ ʪʦʯʢʠ ʫʟʜʦʚʞ ʣʽʥʽʾ ʾʾ ʢʦʦʨʜʠʥʘʪʠ ʙʫʜʫʪʴ ʟʤʽʥʶʚʘʪʠʩʷ, 

ʧʨʠʯʦʤʫ, ʥʝ ʜʦʚʽʣʴʥʦ, ʘ ʟʘ ʧʝʚʥʠʤ ʟʘʢʦʥʦʤ, ʱʦ ʚʠʟʥʘʯʘʻ ʟʘʛʘʣʴʥʽ  

ʚʣʘʩʪʠʚʦʩʪʽ ʪʦʯʦʢ ʮʽʻʾ ʣʽʥʽʾ. ʋ ʘʥʘʣʽʪʠʯʥʽʡ ʬʦʨʤʽ ʮʝʡ ʟʘʢʦʥ ʚʠʛʣʷʜʘʻ ʪʘʢ: 

                                                       .0),( =yxF                                             (3.1) 

       ɼʘʥʝ ʨʽʚʥʷʥʥʷ ʙʫʜʝ ʨʽʚʥʷʥʥʷʤ  ʣʽʥʽʾ L, ʷʢʱʦ  ʡʦʤʫ ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ 

ʢʦʦʨʜʠʥʘʪʠ ʙʫʜʴ-ʷʢʦʾ ʪʦʯʢʠ, ʱʦ ʥʘʣʝʞʠʪʴ ʜʦ ʮʽʻʾ ʣʽʥʽʾ, ʽ ʥʝ ʟʘʜʦʚʦʣʴʥʷʪʠ 

ʢʦʦʨʜʠʥʘʪʠ ʞʦʜʥʦʾ ʪʦʯʢʠ, ʷʢʘ ʥʝ ʥʘʣʝʞʠʪʴ ʜʦ ʮʽʻʾ ʣʽʥʽʾ. 

 

3.2.1. ʇʝʨʝʪʠʥ ʜʚʦʭ ʣʽʥʽʡ  

 

       ʉʝʨʝʜ ʨʽʟʥʦʤʘʥʽʪʥʠʭ ʟʘʜʘʯ ʚʘʞʣʠʚʝ ʤʽʩʮʝ  ʟʘʡʤʘʻ ʟʘʜʘʯʘ ʧʨʦ ʧʝʨʝʪʠʥ 

ʜʚʦʭ ʣʽʥʽʡ. ʅʝʭʘʡ ʜʘʥʦ ʨʽʚʥʷʥʥʷ ʜʚʦʭ ʣʽʥʽʡ  :1L 0),( =yxF ʽ :2L .0),( =yxʌ  

ʗʢʱʦ ʮʽ ʣʽʥʽʾ ʤʘʶʪʴ ʪʦʯʢʠ ʧʝʨʝʪʠʥʫ, ʪʦ, ʦʯʝʚʠʜʥʦ,  ʮʽ  ʪʦʯʢʠ ʥʘʣʝʞʘʪʴ ʾʤ 

ʦʙʦʤ, ʘ ʟʥʘʯʠʪʴ ʢʦʦʨʜʠʥʘʪʠ ʪʦʯʦʢ ʧʝʨʝʪʠʥʫ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʨʽʚʥʷʥʥʷʤ  ʽ 

ʧʝʨʰʦʾ, ʽ ʜʨʫʛʦʾ ʣʽʥʽʡ  (ʨʠʩ.  3. 2). ɸʥʘʣʽʪʠʯʥʦ ʮʷ ʟʘʜʘʯʘ ʟʚʦʜʠʪʴʩʷ ʜʦ  
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ʈʠʩ.3.2 

 

ʩʫʤʽʩʥʦʛʦ ʨʽʰʝʥʥʷ ʨʽʚʥʷʥʴ ʮʠʭ ʣʽʥʽʡ, ʪʦʙʪʦ ʩʠʩʪʝʤʠ ʨʽʚʥʷʥʴ  

                                               
í
ì
ë

=

=

.0),(

,0),(

yxʌ

yxF
                                               (3.2) 

     ʂʦʞʥʝ ʜʽʡʩʥʝ ʨʽʰʝʥʥʷ ʮʽʻʾ ʩʠʩʪʝʤʠ  ʚʠʟʥʘʯʘʻ ʦʜʥʫ ʪʦʯʢʫ ʧʝʨʝʪʠʥʫ. 

ʗʢʱʦ ʞ ʨʽʰʝʥʴ ʥʝʤʘʻ, ʪʦ ʜʘʥʽ ʢʨʠʚʽ ʥʝ ʧʝʨʝʪʠʥʘʶʪʴʩʷ. 

 

3.2.2. ʇʘʨʘʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ ʣʽʥʽʾ  

 

     ʅʝʭʘʡ ʜʘʥʦ ʜʚʘ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ, ʱʦ ʟʚ'ʷʟʫʶʪʴ  x, y  ʟ ʜʝʷʢʦʶ ʥʦʚʦʶ 

ʟʤʽʥʥʦʶ  t 

                                                  
í
ì
ë

=

=

).(

),(

ty

tx

y

j
                                                (3.3)     

      ʎʽ ʨʽʚʥʷʥʥʷ ʩʢʣʘʜʘʶʪʴʩʷ ʪʘʢʠʤ ʯʠʥʦʤ,  ʱʦ  ʟʥʘʯʝʥʥʷ x,y, ʷʢʽ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʦʜʥʦʤʫ ʡ ʪʝʞ t, ʻ ʢʦʦʨʜʠʥʘʪʘʤʠ ʪʦʯʢʠ, ʱʦ ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ 

ʜʝʷʢʽʡ ʣʽʥʽʾ.  ɿʽ ʟʤʽʥʦʶ t ʟʤʽʥʶʶʪʴʩʷ  ʽ x,y, ʦʪʞʝ, ʚʽʜʧʦʚʽʜʥʘ ʾʤ ʪʦʯʢʘ 

ʧʝʨʝʤʽʱʫʻʪʴʩʷ ʧʦ ʣʽʥʽʾ. ɼʘʥʽ ʨʽʚʥʷʥʥʷ  (3.3) ʥʘʟʠʚʘʶʪʴʩʷ ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ 

ʨʽʚʥʷʥʥʷʤʠ ʣʽʥʽʾ, t ï ʟʤʽʥʥʠʡ  ʧʘʨʘʤʝʪʨ, ʷʢʠʡ ʜʣʷ ʢʦʞʥʦʾ ʬʫʥʢʮʽʾ 

ʟʤʽʥʶʻʪʴʩʷ ʥʘ ʧʝʚʥʦʤʫ ʽʥʪʝʨʚʘʣʽ. 

 ɺʠʢʣʶʯʘʶʯʠ ʟ ʮʽʻʾ ʧʘʨʠ ʨʽʚʥʷʥʴ ʧʘʨʘʤʝʪʨ t , ʧʨʠʭʦʜʠʤʦ ʜʦ ʨʽʚʥʷʥʥʷ  

0),( =yxF . ɸʣʝ ʩʣʽʜ ʟʘʫʚʘʞʠʪʠ, ʱʦ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʮʷ ʦʧʝʨʘʮʽʷ ʥʝ 

ʟʘʚʞʜʠ ʤʦʞʣʠʚʘ. 

 ʇʨʠʢʣʘʜ 1. ʈʽʚʥʷʥʥʷ
í
ì
ë

=

=

try

trx

sin

,cos
 ʻ  ʧʘʨʘʤʝʪʨʠʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ʢʦʣʘ. 

ɼʽʡʩʥʦ, 

.)sin(cossincos 2222222222 rttrtrtryx =+=+=+  

     ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʠ ʟʤʽʥʽ ʧʘʨʘʤʝʪʨʘ t (t - ʢʫʪ, ʷʢʠʡ ʫʪʚʦʨʶʻ ʨʘʜʽʫʩ-ʚʝʢʪʦʨ 

ʪʦʯʢʠ ʄ ʟ ʚʽʩʩʶ ʆʍ) ʪʦʯʢʘ M(x,y) ʨʫʭʘʻʪʴʩʷ  ʧʦ ʢʦʣʫ ʽ çʧʨʦʙʽʛʘʻè ʚʩʝ ʢʦʣʦ, 

ʧʨʠʯʦʤʫ, ʙʝʟʣʽʯ ʨʘʟʽʚ ʧʨʠ ʥʝʦʙʤʝʞʝʥʦʤʫ ʟʨʦʩʪʘʥʥʽ ʧʘʨʘʤʝʪʨʘ t. 
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3.2.3. ʈʽʚʥʷʥʥʷ ʣʽʥʽʾ ʫ ʧʦʣʷʨʥʽʡ ʩʠʩʪʝʤ ̔ʢʦʦʨʜʠʥʘʪ 

 

     ʇʦʣʷʨʥʘ ʩʠʩʪʝʤʘ ʢʦʦʨʜʠʥʘʪ ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʝʷʢʦʾ ʪʦʯʢʠ, ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ 

ʧʦʣʶʩʦʤ, ʽ ʧʨʦʤʝʥʷ, ʷʢʠʡ ʟ ʥʴʦʛʦ ʚʠʭʦʜʠʪʴ ʽ ʷʢʠʡ ʥʘʟʠʚʘʻʪʴʩʷ  ʧʦʣʷʨʥʦʶ 

ʚʽʩʩʶ. ɼʦʚʽʣʴʥʘ ʪʦʯʢʘ ʄ ʦʜʥʦʟʥʘʯʥʦ ʚʠʟʥʘʯʘʻʪʴʩʷ ʜʚʦʤʘ  ʢʦʦʨʜʠʥʘʪʘʤʠ: 
-r  ʚʽʜʩʪʘʥʥʶ  ʧʦʣʶʩʘ ʜʦ ʪʦʯʢʠ  ʽ -j ʢʫʪʦʤ, ʥʘ ʷʢʠʡ  ʥʝʦʙʭʽʜʥʦ 

ʧʦʚʝʨʥʫʪʠ  ʧʨʦʤʽʥʴ ʆɽ (ʧʨʦʪʠ ʛʦʜʠʥʥʠʢʦʚʦʾ ʩʪʨʽʣʢʠ) ʜʦ ʩʫʤʽʱʝʥʥʷ  ʟ ʆʄ 

(ʨʠʩ. 3.3), ʜʝ  -r ʧʦʣʷʨʥʠʡ ʨʘʜʽʫʩ  (+¤<¢r0 ); -j ʧʦʣʷʨʥʠʡ  ʢʫʪ  

( pj 20 <¢ ). ɺ ʨʷʜʽ ʚʠʧʘʜʢʽʚ ,2pj>  ʘ ʪʘʢʦʞ ʤʦʞʝ ʧʨʠʡʤʘʪʠ ʚʽʜôʻʤʥʽ 

ʟʥʘʯʝʥʥʷ. 

 

 

 

 

 

 

 

ʈʠʩ.3.3 

 

     ʋ ʧʦʣʷʨʥʽʡ ʩʠʩʪʝʤ ̔ʢʦʦʨʜʠʥʘʪ ʨ̔ ʚʥʷʥʥʷ ʣʽʥʽʾ ʚʠʛʣʷʜʘʻ ʪʘʢ: . 

ɿʚ'ʷʟʦʢ  ʤʽʞ ʧʦʣʷʨʥʦʶ ʽ ʧʨʷʤʦʢʫʪʥʦʶ ʩʠʩʪʝʤʘʤʠ ʢʦʦʨʜʠʥʘʪ ʣʝʛʢʦ 

ʚʩʪʘʥʦʚʠʪʠ, çʥʘʢʣʘʚʰʠè  ʮʽ ʩʠʩʪʝʤʠ ʦʜʠʥ ʥʘ ʦʜʥʦʛʦ ʽ ʧʦʻʜʥʘʚʰʠ  ʧʦʣʶʩ ʟ 

ʧʦʯʘʪʢʦʤ  ʢʦʦʨʜʠʥʘʪ, ʘ ʧʦʣʷʨʥʫ ʚʽʩʴ ʟ ʚʽʩʩʶ ʆʍ (ʨʠʩ. 3. 4 ). 

       

              

 

 

 

 

 

 

 

ʈʠʩ. 3. 4 

 

ʄʘʻʤʦ                                            
í
ì
ë

=

=
,

sin

cos

jr

jr

y

x
                                          (3.4) 

   

ʘʙʦ ʥʘʚʧʘʢʠ                                    
î
í

î
ì

ë

=

+=

x

y
tg

yx

j

r 22

.                                       (3.5)  
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3.3. ʈʽʟʥʽ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ. ʆʩʥʦʚʥʽ ʟʘʜʘʯʽ ʥʘ ʧʨʷʤʫ  

 

3.3.1.ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʟ ʢʫʪʦʚʠʤ ʢʦʝʬʽʮʽʻʥʪʦʤ 
 

 ɹʫʜʴ-ʷʢʫ ʧʨʷʤʫ, ʥʝ ʧʘʨʘʣʝʣʴʥʫ ʦʩʽ ʦʨʜʠʥʘʪ, ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ 

ʨʽʚʥʷʥʥʷʤ ʚʠʛʣʷʜʫ       ,bkxy +=                                                            (3.6) 

ʜʝ k ʻ ʪʘʥʛʝʥʩ ʢʫʪʘ, ʷʢʽʡ ʧʨʷʤʘ ʫʪʚʦʨʶʻ ʽʟ ʜʦʜʘʪʥʠʤ ʥʘʧʨʷʤʢʦʤ ʦʩʽ ʘʙʩʮʠʩ, 

ʘ b  - ʮʝ ʚʝʣʠʯʠʥʘ ʚʽʜʨʽʟʢʘ, ʷʢʠʡ ʧʨʷʤʘ ʚʽʜʩʽʢʘʻ ʥʘ ʦʩʽ ʦʨʜʠʥʘʪ, ʧʦʯʠʥʘʶʯʠ 

ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ (ʨʠʩ. 3. 5) .  

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 5 

 

ɺʝʣʠʯʠʥʫ k  ʽʥʘʢʰʝ ʥʘʟʠʚʘʶʪʴ ʢʫʪʦʚʠʤ ʢʦʝʬʽʮʽʻʥʪʦʤ ʧʨʷʤʦʾ, ʚʝʣʠʯʠʥʫ b  -      

ʧʦʯʘʪʢʦʚʦʶ ʢʦʦʨʜʠʥʘʪʦʶ. 

     ʇʨʠʢʣʘʜ 1. ʅʘʧʠʩʘʪʠ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ,  ʷʢʘ ʫʪʚʦʨʶʻ ʟ ʚʽʩʩʶ ʘʙʩʮʠʩ ʢʫʪ, 

ʱʦ ʜʦʨʽʚʥʶʻ (- 45ę) ʽ ʚʽʜʩʽʢʘʻ ʥʘ ʦʩʽ ʦʨʜʠʥʘʪ ʚʽʜʨʽʟʦʢ, ʱʦ ʜʦʨʽʚʥʶʻ (- 3). 

     ʈʦʟʚôʷʟʘʥʥʷ. 

      ʂʫʪʦʚʠʡ ʢʦʝʬʽʮʽʻʥʪ .3,1)45( -=-=-= btga A
ʊʘʢʠʤ ʯʠʥʦʤ, ʰʫʢʘʥʝ 

ʨʽʚʥʷʥʥʷ ʻ  .3--= xy  

3.3.2. ʇʨʷʤʘ, ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʦʩʽ 

 

     ʇʨʷʤʘ, ʧʘʨʘʣʝʣʴʥʘ ʦʩʽ ʘʙʩʮʠʩ, ʤʘʻ ʨʽʚʥʷʥʥʷ ,by=  ʜʝ ʚʝʣʠʯʠʥʘ b  ʟʘ 

ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ ʜʦʨʽʚʥʶʻ ʚʽʜʩʪʘʥʽ ʾʾ ʚʽʜ ʦʩʽ ʘʙʩʮʠʩ. ʗʢʱʦ b >0, ʪʦ 

ʪʘʢʘ ʧʨʷʤʘ ʨʦʟʪʘʰʦʚʘʥʘ ʥʘʜ ʚʽʩʩʶ ʘʙʩʮʠʩ, ʷʢʱʦ b <0, ʪʦ  çʧʽʜè ʥʝʶ. ʉʘʤʘ 

ʚʽʩʴ ʘʙʩʮʠʩ ʤʘʻ ʨʽʚʥʷʥʥʷ .0=y ɸʥʘʣʦʛʽʯʥʦ, ʧʨʷʤʘ, ʧʘʨʘʣʝʣʴʥʘ ʦʩʽ ʦʨʜʠʥʘʪ, 

ʤʘʻ ʨʽʚʥʷʥʥʷ ., constccx ==  ɸ ʨʽʚʥʷʥʥʷ ʩʘʤʦʾ ʦʩʽ ʦʨʜʠʥʘʪ  .0=x  

 

3.3.3. ɿʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 

 

ʈʽʚʥʷʥʥʷ                       0=++ CByAx ,                                          (3.8) 
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ʜʝ CBA ,,  ʤʦʞʫʪʴ ʧʨʠʡʤʘʪʠ ʙʫʜʴ-ʷʢ̔ ʟʥʘʯʝʥʥʷ (ʟʘ ʚʠʢʣʶʯʝʥʥʷʤ 

ʚʠʧʘʜʢʫ ʦʜʥʦʯʘʩʥʦʛʦ ʦʙʝʨʥʝʥʥʷ ʚ ʥʫʣʴ A  ʽ B ), ʥʘʟʠʚʘʶʪʴ ʟʘʛʘʣʴʥʠʤ 

ʨʽʚʥʷʥʥʷʤ ʧʨʷʤʦʾ. ɹʫʜʴ-ʷʢʫ ʧʨʷʤʫ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʪʘʢʦʤʫ ʚʠʛʣʷʜʽ. 

ʃʝʛʢʦ ʙʘʯʠʪʠ, ʱʦ ʧʨʠ A=0  ʦʜʝʨʞʠʤʦ ʧʨʷʤʫ, ʧʘʨʘʣʝʣʴʥʫ ʦʩʽ  ʘʙʩʮʠʩ, ʧʨʠ 

B =0  - ʧʨʷʤʫ, ʧʘʨʘʣʝʣʴʥʫ ʦʩʽ ʦʨʜʠʥʘʪ. ʈʦʟʚôʷʟʘʚʰʠ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ 

ʧʨʷʤʦʾ ʚʽʜʥʦʩʥʦ y  (ʟʘ ʫʤʦʚʦ ,ʁ ʱʦ 0̧B ), ʦʜʝʨʞʠʤʦ ʨʽʚʥʷʥʥʷ ʟ ʢʫʪʦʚʠʤ 

ʢʦʝʬʽʮʽʻʥʪʦʤ.  

ʅʠʞʯʝ ʙʫʜʫʪʴ ʨʦʟʛʣʷʥʫʪ ̔ʽʥʰʽ ʩʧʦʩʦʙʠ ʟʘʚʜʘʥʥʷ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʽ ʤʠ 

ʧʦʙʘʯʠʤʦ, ʱʦ ʙʫʜʴ-ʷʢʝ ʟ ʥʠʭ ʪʘʢʦʞ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʟʘʛʘʣʴʥʦʤʫ 

ʚʠʛʣʷʜʽ. ɺʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʧʨʠ ʥʝʦʙʭʽʜʥʦʩʪʽ, ʟʘ ʨʽʜʢʠʤʠ ʚʠʢʣʶʯʝʥʥʷʤʠ, 

ʤʦʞʥʘ ʤʽʥʷʪʠ ʬʦʨʤʫ, ʫ ʷʢʡ̔ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʦʜʝʨʞʫʶʯʠ ʩʘʤʝ ʪʫ, 

ʷʢʘ ʧʦʪʨʽʙʥʘ ʫ ʢʦʥʢʨʝʪʥʦʤʫ ʚʠʧʘʜʢʫ. 

 

3.3.4. ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʫ ʚʽʜʨʽʟʢʘʭ 

 

     ʇʨʷʤʘ  ʚʠʛʣʷʜʫ         ,1=+
b

y

a

x
                                                           (3.9)    

ʜʝ a  ʽ  b  - ʚʝʣʠʯʠʥʠ ʚʽʜʨʽʟʢʽʚ, ʱʦ ʚʦʥʘ ʚʽʜʩʽʢʘʻ ʥʘ ʦʩʷʭ ʘʙʩʮʠʩ ʽ ʦʨʜʠʥʘʪ 

ʚʽʜʧʦʚʽʜʥʦ, ʥʘʟʠʚʘʻʪʴʩʷ ʧʨʷʤʦʶ ʫ ʚʽʜʨʽʟʢʘʭ ʥʘ ʦʩʷʭ ʢʦʦʨʜʠʥʘʪ        

(ʨʠʩ.3.6). 

 

 

 

 

 

 

 

 

ʈʠʩ.3.6 

ʇʝʨʝʪʚʦʨʠʤʦ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ  0=++ CByAx  ʜʦ ʮʴʦʛʦ ʚʠʛʣʷʜʫ. 

ɿʘ ʫʤʦʚʦʶ, ʱʦ ʯʠʩʣʘ ʉɺɸ ,,  ʥʝ ʦʙʝʨʪʘʶʪʴʩʷ ʚ ʥʫʣʴ, ʤʘʻʤʦ: 

 .CByAx -=+  

ʇʦʜʽʣʠʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʩʪʘʥʥʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʥʘ ʉ- . 

                 

ʄʘʻʤʦ:  .1=
-
+

- C

By

C

Ax
 ʆʩʪʘʪʦʯʥʦ:  .1=

-

+

-
B

C

y

A

C

x
 ʊʦʙʪʦ  .,

B

C
b

A

C
a -=-=  

      ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 01223 =+- yx  ʫ ʚʽʜʨʽʟʢʘʭ.  

 

      ʈʦʟʚôʷʟʘʥʥʷ. 

      ɿʛʽʜʥʦ ʟ ʨʦʟʛʣʷʥʫʪʠʤ ʚʠʱʝ, ,6,4 =-= ba  ʪʦʤʫ ʰʫʢʘʥʝ ʨʽʚʥʷʥʥʷ ʤʘʻ 
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 ʚʠʛʣʷʜ:     .1
64
=+

-

yx
 

3.3.5. ʅʦʨʤʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ. ɺʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ ʜʦ ʧʨʷʤʦʾ 

 

     ʅʦʨʤʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʤʘʻ ʚʠʛʣʷʜ 

                                                .0sincos =-+ pyx jj                    (3.10)   

p - ʮʝ ʜʦʚʞʠʥʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʘ, ʚʽʜʧʫʱʝʥʦʛʦ ʟ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʥʘ 

ʧʨʷʤʫ, j - ʢʫʪ ʤʽʞ ʮʠʤ ʧʝʨʧʝʥʜʠʢʫʣʷʨʦʤ ʽ ʚʽʩʩʶ ʘʙʩʮʠʩ (ʨʠʩ. 3. 7 ). 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 7 

 

ɺʽʜʩʪʘʥʴ d  ʚʽʜ ʪʦʯʢʠ ),( 111 yxM  ʜʦ ʧʨʷʤʦʾ  ʤʦʞʥʘ ʟʥʘʡʪʠ, ʚʠʢʦʨʠʩʪʘʚʰʠ 

ʬʦʨʤʫʣʫ:     .sincos 11 pyxd -+= jj                                                    (3.11) 

 ɼʣʷ ʧʨʠʚʝʜʝʥʥʷ ʟʘʛʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 0=++ CByAx  ʜʦ 

ʥʦʨʤʘʣʴʥʦʛʦ ʚʠʛʣʷʜʫ ʪʨʝʙʘ ʧʦʤʥʦʞʠʪʠ ʡʦʛʦ ʥʘ, ʪʘʢ ʟʚʘʥʠʡ, ʥʦʨʤʫʶʯʠʡ 

ʤʥʦʞʥʠʢ:                              ,
1

22 BA +

°
=m                                           (3.12) 

 ʧʨʠʯʦʤʫ, ʟʥʘʢ m ʩʣʽʜ ʦʙʠʨʘʪʠ ʧʨʦʪʠʣʝʞʥʠʤ ʜʦ ʟʥʘʢʘ .C  

     ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ )1,1( +-  ʜʦ  ʧʨʷʤʦʾ  .0543 =+- yx  

     ʈʦʟʚôʷʟʘʥʥʷ. 

.
5

2

43

5)1(4)1(3

22
=

+

++Ö--Ö
=d

 

 

 ɿʘʫʚʘʞʝʥʥʷ. ʃʝʛʢʦ ʙʘʯʠʪʠ, ʱʦ ʚʩʽ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʤʽʩʪʷʪʴ x  ʪʘ  y  

ʣʽʥʽʡʥʦ, ʪʦʙʪʦ ʫ ʧʝʨʰʦʤʫ ʩʪʝʧʝʥʽ. ʊʦʤʫ ʽʥʢʦʣʠ ʧʨʷʤʫ ʥʘʟʠʚʘʶʪʴ ʣʽʥʽʻʶ 

ʧʝʨʰʦʛʦ ʧʦʨʷʜʢʫ.  

 

3.3.6. ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʘʥʫ ʪʦʯʢʫ ʫ 

ʟʘʜʘʥʦʤʫ ʥʘʧʨʷʤʢʫ 
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ʅʝʭʘʡ ʚʽʜʦʤʦ, ʱʦ ʧʨʷʤʘ  bkxy +=  ʧʨʦʭʦʜʝ ʯʝʨʝʟ ʪʦʯʢʫ ),( 111 yxM  

(ʨʠʩ.3.8).  

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 8  

 

    ʇʽʜʩʪʘʚʣʷʶʯʠ ʢʦʦʨʜʠʥʘʪʠ ʮʽʻʾ ʪʦʯʢʠ ʫ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʦʜʝʨʞʫʻʤʦ 

ʪʦʪʦʞʥʽʩʪʴ .11 bkxy +¹  ɺʽʜʥʽʤʘʶʯʠ ʚʽʜ ʣʽʚʦʾ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʣʽʚʫ 

ʯʘʩʪʠʥʫ ʪʦʪʦʞʥʦʩʪʽ, ʘ ʚʽʜ ʧʨʘʚʦʾ ʯʘʩʪʠʥʠ ï ʧʨʘʚʫ, ʦʜʝʨʞʠʤʦ ʨʽʚʥʷʥʥʷ 

ʧʨʤ̫ʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʟʘʜʘʥʫ ʪʦʯʢʫ ʫ ʟʘʜʘʥʦʤʫ ʥʘʧʨʷʤʢʫ:   

                                                      ).( 11 xxkyy -=-                                 (3.13) 

 

3.3.7. ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʜʘʥʽ ʪʦʯʢʠ 

 

 ɺʠʢʦʨʠʩʪʘʻʤʦ ʱʦʡʥʦ ʦʜʝʨʞʘʥʝ ʨʽʚʥʷʥʥʷ. ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʚʽʜʦʤʽ 

ʢʦʦʨʜʠʥʘʪʠ ʱʝ ʦʜʥʽʻʾ ʪʦʯʢʠ ),( 222 yxM , ʷʢʘ ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ ʧʨʷʤʽʡ 

)( 11 xxkyy -=-  (ʨʠʩ. 3. 9). 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 9 

 

ʄʘʻʤʦ ʪʦʪʦʞʥʽʩʪʴ ).( 1212 xxkyy -¹-  ɺʚʘʞʘʶʯʠ, ʱʦ ʧʨʷʤʘ ʥʝ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʦʩʽ ʆʍ  ),( 12 xx ¸  ʦʜʝʨʞʠʤʦ ʟ ʦʩʪʘʥʥʴʦʛʦ 

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ            .
12

12

xx

yy
k

-

-
=                                                           (3.14) 

ʎʷ  ʬʦʨʤʫʣʘ ʤʘʻ ʩʘʤʦʩʪʽʡʥʝ ʧʨʘʢʪʠʯʥʝ ʟʥʘʯʝʥʥʷ ʧʨʠ ʦʙʯʠʩʣʝʥʥʽ ʢʫʪʦʚʦʛʦ 

ʢʦʝʬʽʮʽʻʥʪʘ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʜʘʥʽ ʪʦʯʢʠ. 
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ʇʽʜʩʪʘʚʣʷʶʯʠ ʟʥʘʡʜʝʥʝ ʟʥʘʯʝʥʥʷ k ʫ ʨʽʚʥʷʥʥʷ ),( 11 xxkyy -=-  

ʦʜʝʨʞʠʤʦ    ).( 1

12

12
1 xx

xx

yy
yy -Ö

-

-
=-  

ʇʦʜʽʣʠʚʰʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʩʪʘʥʥʴʦʛʦ ʨʽʚʥʷʥʥʷ ʥʘ 12 yy -  (ʚʚʘʞʘʻʤʦ, ʱʦ 

ʧʨʷʤʘ ʥʝ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʦʩʽ ʆʋ ( 12 yy ¸ ), ʦʜʝʨʞʫʻʤʦ  ʰʫʢʘʥʝ 

ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʚʽ ʜʘʥʽ ʪʦʯʢʠ    

                                                         .
12

1

12

1

xx

xx

yy

yy

-

-
=

-

-
                               (3.15) 

ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ  ʧʨʷʤʘ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʦʩʽ ʆʍ (ʆʋ) , ʪʦ 

21 xx = ( ).21 yy =  ɺ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʨʽʚʥʷʥʥʷ ʮʽʻʾ  ʧʨʷʤʦʾ ʧʨʠʡʤʘʻ ʚʠʛʣʷʜ: 

).( 11 yyxx ==  

 

3.3.8. ʂʫʪ ʤʽʞ ʧʨʷʤʠʤʠ. ʋʤʦʚʠ ʧʘʨʘʣʝʣʴʥʦʩʪʽ ʽ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ ʧʨʷʤʠʭ 

 

ʅʝʭʘʡ ʟʘʜʘʥʦ ʜʚʽ ʧʨʷʤʽ  11 bxky +=   ʽ   22 bxky +=  ( ʨʠʩ. 3. 10 ). 
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ʊʦʜʽ  ʬʦʨʤʫʣʘ         
21

12

1 kk

kk
tg

+

-
=j                                                   (3.16) 

ʜʘʻ ʢʫʪ, ʥʘ ʷʢʠʡ ʪʨʝʙʘ ʧʦʚʝʨʥʫʪʠ ʧʝʨʰʫ ʧʨʷʤʫ, ʱʦʙ ʚʦʥʘ ʩʪʘʣʘ ʧʘʨʘʣʝʣʴʥʘ 

ʜʨʫʛʽʡ. ɯʟ ʮʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʦʜʝʨʞʫʻʤʦ ʫʤʦʚʫ ʧʘʨʘʣʝʣʴʥʦʩʪʽ ʧʨʷʤʠʭ:  

,21 kk =  ʷʢʘ,  ʦʯʝʚʠʜʥʦ, ʚʠʧʣʠʚʘʻ ʟ ʛʝʦʤʝʪʨʠʯʥʠʭ  ʤʽʨʢʫʚʘʥʴ, ʽ ʫʤʦʚʫ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ:                        

 Ý=-
2

12

p
aa ,

2
12 a

p
a += Ý-=-=+=

1

112

1
)

2
(

a
aa

p
a

tg
ctgtgtg  

                             
1

2

1

k
k -=      (ʘʙʦ 01,1 2121 =+-= kkkk ). 

     ʇʨʠʢʣʘʜ 1. ɿʘʧʠʩʘʪʠ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ )4,3(ʄ  

              ʘ) ʧʘʨʘʣʝʣʴʥʦ ʜʦ ʧʨʷʤʦʾ ;072 =-+yx  
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               ʙ) ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʜʦ ʧʨʷʤʦʾ  .072 =-+yx  

     ʈʦʟʚôʷʟʘʥʥʷ.  

ʉʢʦʨʠʩʪʘʻʤʦʩʴ ʨʽʚʥʷʥʥʷʤ ).( 11 xxkyy -=-  ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʝ 

ʯʝʨʝʟ ʜʘʥʫ ʪʦʯʢʫ, ʤʘʻ ʚʠʛʣʷʜ: ).3(4 -Ö=- xky ʊʘʢʠʤ ʯʠʥʦʤ, ʦʙʠʜʚʘ 

ʰʫʢʘʥʠʭ ʨʽʚʥʷʥʥʷ ʦʜʝʨʞʠʤʦ, ʧʽʜʩʪʘʚʣʷʶʯʠ ʟʘʤʽʩʪʴ k  ʧʦʪʨʽʙʥʝ ʟʥʘʯʝʥʥʷ. 

ʇʝʨʝʪʚʦʨʠʤʦ ʜʘʥʝ ʨʽʚʥʷʥʥʷ ʽ ʟʥʘʡʜʝʤʦ ʢʫʪʦʚʠʡ ʢʦʝʬʽʮʽʻʥʪ:  

Ý=-+ 072 yx .272 -=Ý+-= kxy  

ɼʣʷ ʧʘʨʘʣʝʣʴʥʦʾ ʧʨʷʤʦʾ ʮʝ ,2-=k  ʘ ʜʣʷ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʾ ʮʝ k= .
2

1
 

ʆʪʞʝ, ʚʽʜʧʦʚʽʜʽ ʪʘʢ:̔ ʘ) 102)3(24 +-=Ý-Ö-=- xyxy ,  

                                   ʙ) .
2

5

2

1
)3(

2

1
4 +=Ý-Ö=- xyxy  

 

3.4. ʂʨʠʚ̔ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

 

ʂʨʠʚʠʤʠ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʥʘʟʠʚʘʶʪʴʩʷ ʣʽʥʽʾ , ʷʢʽ  ʫ ʧʨʷʤʦʢʫʪʥʽʡ 

ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ʦʧʠʩʫʶʪʴʩʷ ʘʣʛʝʙʨʘʾʯʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ʜʨʫʛʦʛʦ 

ʩʪʝʧʝʥʷ ʚʽʜʥʦʩʥʦ ʟʤʽʥʥʠʭ x, y: 

                022 =+++++ FEyDxCyBxyɸx ,                                          (3.17) 

 ʜʝ ʭʦʯ ʙʠ ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ ɸ,ɺ,ʉ  ̒  ʚʽʜʤʽʥʥʠʡ ʚʽʜ ʥʫʣʷ. 

ʋ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʪʦʛʦ, ʷʢʽ ʟʥʘʯʝʥʥʷ ʧʨʠʡʤʘʶʪʴ ʢʦʝʬʽʮʽʻʥʪʠ 

ʨʽʚʥʷʥʥʷ (3.17),  ʨʦʟʨʽʟʥʷʶʪʴ ʥʘʩʪʫʧʥʽ ʦʩʥʦʚʥʽ ʢʨʠʚʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ:  

ʢʦʣʦ, ʝʣʽʧʩ, ʛʽʧʝʨʙʦʣʫ ʪʘ ʧʘʨʘʙʦʣʫ.   

ɺʠʟʥʘʯʝʥʥʷ 1. ʂʦʣʦʤ ʥʘʟʠʚʘʻʪʴʩʷ  ʛʝʦʤʝʪʨʠʯʥʝ ʤʽʩʮʝ 

ʪʦʯʦʢ , ʦʜʥʘʢʦʚʦ ʚʽʜʜʘʣʝʥʠʭ  ʚʽʜ ʜʘʥʦʾ ʪʦʯʢʠ (ʮʝʥʪʨʘ ʢʦʣʘ). 

ɼʣʷ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʄ(ʭ, ʫ) ʢʦʣʘ, ʮʝʥʪʨ ʷʢʦʛʦ ʟʥʘʭʦʜʠʪʴʩʷ ʫ ʪʦʯʮʽ  ʉ(00, yx ), 

ʚʽʜʧʦʚʽʜʥʦ ʜʦ ʚʠʟʥʘʯʝʥʥʷ ʤʘʻʤʦ:  ʄʉ = R ,   ʜʝ  R- ʨʘʜʽʫʩ ʢʦʣʘ 

(ʨʠʩ.3.11). ɸʙʦ  Ryyxx =-+- 2

0

2

0 )()( .    ʇʽʜʥʦʩʷʯʠ ʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ ʜʦ 

ʢʚʘʜʨʘʪʘ, ʦʪʨʠʤʘʻʤʦ  ʨʽʚʥʦʩʠʣʴʥʝ ʨʽʚʥʷʥʥʷ          
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                               .)()( 22

0

2

0 Ryyxx =-+-                                (3.18) 

 (3.18)ï ʨʽʚʥʷʥʥʷ ʢʦʣʘ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ  ʉ( 00, yx ) ʨʘʜʽʫʩʘ R .  

ʗʢʱʦ  000 ==yx    (ʨʠʩ.3.12) , ʦʜʝʨʞʫʻʤʦ ʨʽʚʥʷʥʥʷ ʢʦʣʘ ʟ  ʮʝʥʪʨʦʤ ʫ  

ʧʦʯʘʪʢʫ   ʢʦʦʨʜʠʥʘʪ                .222 Ryx =+                                        (3.19)        

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3.12 

 

 

ʈʦʟʢʨʠʚʘʶʯʠ ʜʫʞʢʠ ʫ ʨʽʚʥʷʥʥʽ (3.18) ʪʘ ʧʝʨʝʛʨʫʧʫʚʘʚʰʠ ʦʜʝʨʞʘʥʠʡ ʚʠʨʘʟ, 

ʤʘʻʤʦ:    0)(22 22

0

2

000

22 =-++--+ Ryxyyxxyx . 

ʇʦʨʽʚʥʷʚʰʠ  ʦʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʽʟ ʨʽʚʥʷʥʥʷʤ (3.17), ʦʜʝʨʞʫʻʤʦ, ʱʦ ʧʨʠ  

ɸ=ʉ=1, ɺ=0,D= -2x0 ,E=-2y0 , F= 22

0

2

0 Ryx -+  ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ (3.17) 

ʦʧʠʩʫʻ ʢʦʣʦ. ʊʦʙʪʦ ʨʽʚʥʷʥʥʷ ʚʠʛʣʷʜʫ     

                                   022 =++++ FEyDxAyAx                            (3.20) 

 ʜʦʮʽʣʴʥʦ ʚʚʘʞʘʪʠ ʟʘʛʘʣʴʥʠʤ ʨʽʚʥʷʥʥʷʤ ʢʦʣʘ (ʜʽʡʩʥʦʛʦ ʘʙʦ ʫʷʚʥʦʛʦ). 

ɿʘʫʚʘʞʝʥʥʷ. ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʨʽʚʥʷʥʥʷ (3.20) ʦʧʠʩʫʻ ʜʽʡʩʥʫ ʢʨʠʚʫ 

(ʢʦʣʦ),  ʷʢʱʦ   0
4 2

22

²-
+

A

F

A

ED
. 

ɺʠʩʥʦʚʦʢ:  ʈʽʚʥʷʥʥʷ (3.17) ʦʧʠʩʫʻ ʢʦʣʦ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ 

ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʢʚʘʜʨʘʪʘʭ x ʪʘ y ʜʦʨʽʚʥʶʶʪʴ ʦʜʠʥ ʦʜʥʦʤʫ (ɸ = ʉ) ʪʘ 

ʚʽʜʩʫʪʥʽʡ ʯʣʝʥ, ʱʦ ʤʽʩʪʠʪʴ ʜʦʙʫʪʦʢ  xy. 

       ʇʨʠʢʣʘʜ 1. ʇʨʠʚʝʩʪʠ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʢʦʣʘ ʜʦ ʢʘʥʦʥʽʯʥʦʛʦ ʚʠʛʣʷʜʫ: 

0108622 22 =+-++ yxyx . 

 ʈʦʟʚôʷʟʘʥʥʷ . 

  ʇʦʜʽʣʠʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ ʥʘ ʢʦʝʬʽʮʽʻʥʪ ʧʝʨʝʜ  x ʪʘ y,  

ʪʦʙʪʦ ʥʘ 2:          054322 =+-++ yxyx                                                         

ʆʙô̒ ʜʥʘʻʤʦ ʯʣʝʥʠ, ʱʦ ʤʽʩʪʷʪʴ ʦʜʥʦʡʤʝʥʥʽ ʟʤʽʥʥʽ ʪʘ ʜʦʧʦʚʥʠʤʦ ʾʭ ʜʦ 

ʧʦʚʥʦʛʦ ʢʚʘʜʨʘʪʘ: 
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.
4

9
)

2

3
(

2

3

2

3

2

3
23 2

22

22 -+=ö
÷

õ
æ
ç

å
-ö
÷

õ
æ
ç

å
+Ö+=+ xxxxx  

.4)2(
2

4

2

4

2

4
28 2

22

22 --=ö
÷

õ
æ
ç

å
-ö

÷

õ
æ
ç

å
+Ö-=- yyyyy  

ʇʦʚʝʨʪʘʶʯʠʩʴ ʜʦ ʧʦʯʘʪʢʦʚʦʛʦ ʨʽʚʥʷʥʥʷ, ʤʘʻʤʦ: 

+-+
4

9
)

2

3
( 2x 4)2( 2 --y +5=0,  ʘʙʦ  ++ 2)

2

3
(x 2)2( -y - 0

4

5
=  

ʆʩʪʘʪʦʯʥʦ ʦʜʝʨʞʫʻʤʦ:   +ö
÷

õ
æ
ç

å
+

2

2

3
x 2)2( -y = .

2

5
2

ö
ö

÷

õ

æ
æ

ç

å
 

ʆʪʞʝ, ʤʘʻʤʦ ʢʦʣʦ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ ʉ()2,
2

3
- ʪʘ ʨʘʜʽʫʩʦʤ  R=.

2

5
 

ɺʠʟʥʘʯʝʥʥʷ 2. ɽʣʽʧʩ ï ʮʝ ʛʝʦʤʝʪʨʠʯʥʝ ʤʽʩʮʝ ʪʦʯʦʢ ʧʣʦʱʠʥʠ, 

ʩʫʤʘ ʚʽʜʩʪʘʥʝʡ  ʷʢʠʭ ʜʦ ʜʚʦʭ ʜʘʥʠʭ ʪʦʯʦʢ , ʱʦ ʥʘʟʠʚʘʶʪʴʩʷ 

ʬʦʢʫʩʘʤʠ , ʻ ʚʝʣʠʯʠʥʘ ʩʪʘʣʘ, ʜʦʨʽʚʥʶʻ 2a ʪʘ ʙʽʣʴʰʘ 

ʚʽʜʩʪʘʥʽ ʤʽʞ ʬʦʢʫʩʘʤʠ. 

 

ɼʣʷ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʄ (ʭ, ʫ) ʝʣʽʧʩʘ , ʟʛʽʜʥʦ ʟ ʚʠʟʥʘʯʝʥʥʷʤ, ʤʘʻʤʦ : 

aMFMF 221 =+ , 

ʜʝ   -- )0,(),0,( 21 cFcF   ʬʦʢʫʩʠ (ʣʽʚʠʡ ʪʘ ʧʨʘʚʠʡ ʚʽʜʧʦʚʽʜʥʦ), 

-== 2211 , rMFrMF  ʬʦʢʘʣʴʥʽ ʨʘʜʽʫʩʠ, -= cFF 221  ʚʽʜʩʪʘʥʴ ʤʽʞ 

ʬʦʢʫʩʘʤʠ , 2a - ʩʪʘʣʘ ʚʝʣʠʯʠʥʘ, ʱʦ ʭʘʨʘʢʪʝʨʠʟʫʻ ʝʣʽʧʩ. ɿʛʽʜʥʦ ʟ 

ʚʠʟʥʘʯʝʥʥʷʤ, a2 > 2c. 

            ʊʦʙʪʦ ʤʘʻʤʦ:           .221 arr =+                                                  (3.21) 

ɺʚʝʜʝʤʦ ʧʨʷʤʦʢʫʪʥʫ ʜʝʢʘʨʪʦʚʫ ʩʠʩʪʝʤʫ  ʢʦʦʨʜʠʥʘʪ, ʷʢ ʧʦʢʘʟʘʥʦ ʥʘ 

ʨʠʩ.3.13. 
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ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ  
22

2

22

1 )(,)( ycxrycxr +-=++= , ʪʦʤʫ ʽʟ (3.21) 

ʤʘʻʤʦ        .2)()( 2222 aycxycx =+-+++  

ʇʽʩʣʷ ʧʝʨʝʪʚʦʨʝʥʴ, ʧʦʚôʷʟʘʥʠʭ ʟ ʚʠʣʫʯʝʥʥʷʤ ʽʨʘʮʽʦʥʘʣʴʥʦʩʪʽ (ʧʨʠ ʮʴʦʤʫ 

ʜʚʽʯʠ ʪʨʝʙʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʽʜʥʝʩʝʥʥʷ ʜʦ ʢʚʘʜʨʘʪʘ), ʦʜʝʨʞʠʤʦ: 

 

                              ,1
2

2

2

2

=+
b

y

a

x
       ʜʝ  

222 cab -=                                (3.22) 
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(3.22) - ʢʘʥʦʥʽʯʥʝ ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʫ. a ï ʚʝʣʠʢʘ ʧʽʚʚʽʩʴ ʝʣʽʧʩʘ, b - ʤʘʣʘ  

ʧʽʚʚʽʩʴ ʝʣʽʧʩʘ. -2121 ,,, BBAA ʚʝʨʰʠʥʠ ʝʣʽʧʩʘ. 

ɺʠʟʥʘʯʝʥʥʷ 3. ɽʢʩʮʝʥʪʨʠʩʠʪʝʪʦʤ ʝʣʽʧʩʘ ʥʘʟʠʚʘʻʪʴʩʷ    

ʚʽʜʥʦʰʝʥʥʷ   ʚʽʜʩʪʘʥʽ ʤʽʞ ʬʦʢʫʩʘʤʠ ʜʦ  ʚʝʣʠʢʦʾ ʦʩʽ: 

    
a

c

a

c
==

2

2
e .                                                                   (3.23) 

ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʝʣʽʧʩʘ ʜʦʨʽʚʥʶʻ  

2

1 ö
÷

õ
æ
ç

å
-=

a

b
e , 

ʟʚʽʜʢʠ  ʚʠʜʥʦ , ʱʦ ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʝʣʽʧʩʘ ʭʘʨʘʢʪʝʨʠʟʫʻ  ʩʪʝʧʽʥʴ 

ñʨʦʟʪʷʛʥʫʪʦʩʪʽò ʝʣʽʧʩʘ  ʧʨʦʜʦʚʞ ʚʽʩʽ OX (ʯʠʤ ʙʽʣʴʰʝ ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ, ʪʠʤ 

ʙʽʣʴʰʝ  ʝʣʽʧʩ ʨʦʟʪʷʛʥʫʪʠʡ (ʦʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ ʝʣʽʧʩʘ ʟʘʚʞʜʠ e <1)). 

ʇʝʨʝʪʚʦʨʶʶʯʠ (3.22), ʦʜʝʨʞʠʤʦ:  

0222222 =-+ bayaxb  

ɺʠʩʥʦʚʦʢ: ʈʽʚʥʷʥʥʷ (3.17) ʦʧʠʩʫʻ ʝʣʽʧʩ ʟ ʮʝʥʪʨʦʤ ʥʘ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʢʦʝʬʽʮʽʻʥʪʠ  ɸ ʪʘ ʉ ʥʝ ʜʦʨʽʚʥʶʶʪʴ 

ʦʜʠʥ ʦʜʥʦʤʫ (ɸ ʉ̧),  ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʟʥʘʢʠ (ɸʉ>0), ʢʦʝʬʽʮʽʻʥʪʠ  

D=E=0, ʘ ʪʘʢʦʞ  B=0: 

                 022 =++ FCyAx                                            (3.24) 
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ɿʘʫʚʘʞʝʥʥʷ 1. ʗʢʱʦ ɸ>0, ʉ>0, ʘ F <0, ʘʙʦ ɸ<0, ʉ<0, ʘ F >0, ʪʦ ʤʘʻʤʦ 

ʜʽʡʩʥʠʡ ʵʣʽʧʩ; ʤʘʻʤʦ ʫʷʚʥʠʡ ʝʣʽʧʩ, ʷʢʱʦ ɸ, ʉ, F  ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʟʥʘʢʠ.  

ʗʢʱʦ F=0, ʪʦ ʨʽʚʥʷʥʥʷ (3.24) ʦʧʠʩʫʻ ʪʦʯʢʫ ʆ (0,0) ï ʚʠʨʦʜʞʝʥʠʡ  ʝʣʽʧʩ. 

ɿʘʫʚʘʞʝʥʥʷ 2. ʗʢʱʦ  0 < b< a, ʪʦ ʬʦʢʫʩʠ ʝʣʽʧʩʘ ʤʽʩʪʷʪʴʩʷ ʥʘ ʦʩʽ ʘʙʩʮʠʩ . 

ʇʨʠ ʚʠʢʦʥʘʥʥʽ ʧʨʦʪʠʣʝʞʥʦʾ ʥʝʨʽʚʥʦʩʪʽ ʬʦʢʫʩʠ ʤʽʩʪʷʪʴʩʷ ʥʘ ʦʩʽ ʦʨʜʠʥʘʪ. 

ɿʘʫʚʘʞʝʥʥʷ 3. ʗʢʱʦ ʫ ʨʽʚʥʷʥʥʽ  (3.17) ʚʽʜʤʽʥʥʽ ʚʽʜ ʥʫʣʷ, ʧʦ ʤʝʥʰʽʡ ʤʽʨʽ, 

ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ  D  ʘʙʦ  E, ʤʘʻʤʦ ʝʣʽʧʩ, ʷʢʠʡ ʦʜʝʨʞʫʻʪʴʩʷ ʧʨʠ 

ʧʘʨʘʣʝʣʴʥʦʤʫ ʧʝʨʝʥʦʩʽ ʝʣʽʧʩʘ (3.22) ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦ ʡʦʛʦ ʮʝʥʪʨ ʧʦʧʘʜʘʻ ʫ 

ʪʦʯʢʫ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ  (x0 , y0), ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʘ ʧʨʠ ʮʴʦʤʫ ʧʨʠʡʤʘʻ ʚʠʛʣʷʜ: 

                                        1
)()(

2

2

0

2

2

0 =
-

+
-

b

yy

a

xx
                                   (3.25) 
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ɿʘʫʚʘʞʝʥʥʷ 4. ʗʢʱʦ ʫ ʨʽʚʥʷʥʥʽ (3.24)  ɸ=ʉ , ʪʦ ʚʦʥʦ ʦʧʠʩʫʻ ʢʦʣʦ. 

      

     ʇʨʠʢʣʘʜ 1.  ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʘ, ʷʢʱʦ ʡʦʛʦ ʚʝʣʠʢʘ ʚʽʩʴ ʜʦʨʽʚʥʶʻ 

10, ʘ ʚʽʜʩʪʘʥʴ ʤʽʞ ʬʦʢʫʩʘʤʠ ʜʦʨʽʚʥʶʻ 8. ʇʨʠʡʥʷʪʠ, ʱʦ ʬʦʢʫʩʠ 

ʨʦʟʪʘʰʦʚʘʥʽ ʥʘ ʦʩʽ  ʆX, ʘ ʚʽʩʴ ʆʋ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʩʝʨʝʜʠʥʫ ʚʽʜʨʽʟʢʘ ʤʽʞ 

ʬʦʢʫʩʘʤʠ. 

      ʈʦʟʚôʷʟʘʥʥʷ . 

ʈʽʚʥʷʥʥʷ ʝʣʽʧʩʘ ʫ ʚʢʘʟʘʥʽʡ  ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ʟʘʜʘʻʪʴʩʷ ʫ ʚʠʛʣʷʜʽ (3.22). 

ʇʨʠ ʮʴʦʤʫ .4,5 == ca  ɯʟ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ 
222 cab -= ʦʜʝʨʞʫʻʤʦ:  

;9162545 222 =-=-=b   ʪʘʢʠʤ ʯʠʥʦʤ, .3=b  

ʆʪʞʝ, ʰʫʢʘʥʝ ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʘ ʻ:           .1
35 2

2

2

2

=+
yx

 

      ʇʨʠʢʣʘʜ 2.  ɼʦʚʝʩʪʠ, ʱʦ ʣʽʥʽʷ  03649 22 =-+ yx  ʟʘʜʘʻ ʝʣʽʧʩ. ɿʥʘʡʪʠ 

ʡʦʛʦ ʧʽʚʦʩʽ ʪʘ  ʢʦʦʨʜʠʥʘʪʠ ʬʦʢʫʩʽʚ. 

      ʈʦʟʚôʷʟʘʥʥʷ.  

ʇʝʨʝʥʦʩʷʯʠ ʚʽʣʴʥʠʡ ʯʣʝʥ ʫ ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʪʘ  ʧʦʜʽʣʷʶʯʠ  ʥʘ ʥʴʦʛʦ ʦʙʠʜʚʽ 

ʯʘʩʪʠʥʠ ʨʽʚʥʷʥʥʷ, ʦʜʝʨʞʠʤʦ: ,1
94

22

=+
yx

  ʘʙʦ .1
32 2

2

2

2

=+
yx

 ʊʘʢʠʤ ʯʠʥʦʤ, 
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ʜʘʥʘ ʣʽʥʽʷ ʜʽʡʩʥʦ ʻ ʝʣʽʧʩ. ʇʨʠ ʮʴʦʤʫ ʚʝʣʠʢʘ ʧʽʚʚʽʩʴ ʜʦʨʽʚʥʶʻ  3, ʘ ʤʘʣʘ - 2. 

ʌʦʢʫʩʠ ʟʥʘʭʦʜʷʪʴʩʷ ʥʘ ʦʩʽ  ʆʋ. ɯʟ ʨʽʚʥʦʩʪʽ   
222 cab -=  ʦʜʝʨʞʫʻʤʦ 

                 
222 bac -=  ʽ  54923 222 =-=-=c .  

ʊʦʙʪʦ ʢʦʦʨʜʠʥʘʪʠ ʬʦʢʫʩʽʚ ʻ :)5,0(),5,0( 21 FF - . 

     ʇʨʠʢʣʘʜ 3.ɼʦʚʝʩʪʠ, ʱʦ ʥʘʩʪʫʧʥʝ ʨʽʚʥʷʥʥʷ ʚʠʟʥʘʯʘʻ ʝʣʽʧʩ:  

                            09183095 22 =++-+ yxyx . 

ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʡʦʛʦ ʮʝʥʪʨʘ, ʧʽʚʦʩʽ ʪʘ ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ. 

     ʈʦʟʚôʷʟʘʥʥʷ. 

ɺʠʢʦʥʘʻʤʦ ʧʝʨʝʪʚʦʨʝʥʥʷ, ʚʠʜʽʣʷʶʯʠ ʧʦʚʥʽ ʢʚʘʜʨʘʪʠ: 

[ ] ;45)3(59)3(5)6(5305 2222 --=--=-=- xxxxxx  

[ ] :9)1(91)1(9)2(9189 2222 -+=-+=+=+ yyyyyy  

ʇʽʜʩʪʘʚʣʷʶʯʠ ʮʝ ʫ ʜʘʥʝ ʨʽʚʥʷʥʥʷ, ʦʜʝʨʞʠʤʦ:  

099)1(945)3(5 22 =+-++-- yx ʘʙʦ .45)1(9)3(5 22 =++- yx  

ʇʦʜʽʣʠʚʰʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʥʘ 45 , ʤʘʻʤʦ 1
5

)1(

9

)3( 22

=
+

+
- yx

. ʆʪʞʝ, 

ʦʜʝʨʞʘʥʦ ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʘ ʟʽ ʟʤʽʱʝʥʠʤ ʮʝʥʪʨʦʤ. ʆʩʪʘʥʥʽʡ ʤʘʻ ʢʦʦʨʜʠʥʘʪʠ 

ɸ(3,-1), ʧʦʚʦʩʽ   5,3 == ba , ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʜʦʨʽʚʥʶʻ :  

                                    .
3

2

3

5922

=
-

=
-

==
a

ba

a

ʩ
e  

ɺʠʟʥʘʯʝʥʥʷ 3. ɻʽʧʝʨʙʦʣʘ - ʮʝ ʛʝʦʤʝʪʨʠʯʥʝ ʤʽʩʮʝ ʪʦʯʦʢ 

ʧʣʦʱʠʥʠ, ʤʦʜʫʣʴ ʨʽʟʥʠʮʽ ʚʽʜʩʪʘʥʝʡ ʷʢʠʭ ʜʦ ʜʚʦʭ ʜʘʥʠʭ ʪʦʯʦʢ, 

ʱʦ ʥʘʟʠʚʘʶʪʴʩʷ ʬʦʢʫʩʘʤʠ , ʻ ʚʝʣʠʯʠʥʘ ʩʪʘʣʘ, ʤʝʥʰʘ 

ʚʽʜʩʪʘʥʽ ʤʽʞ ʬʦʢʫʩʘʤʠ. 

 

ɼʣʷ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʄ (ʭ, ʫ) ʛʽʧʝʨʙʦʣʠ, ʟʛʽʜʥʦ ʽʟ ʚʠʟʥʘʯʝʥʥʷʤ, ʤʘʻʤʦ : 

aMFMF 221 =- , 

ʜʝ   -- )0,(),0,( 21 cFcF   ʬʦʢʫʩʠ (ʣʽʚʠʡ  ʪʘ ʧʨʘʚʠʡ ʚʽʜʧʦʚʽʜʥʦ), 

-== 2211 , rMFrMF  ʬʦʢʘʣʴʥʽ ʨʘʜʽʫʩʠ, -= cFF 221  ʚʽʜʩʪʘʥʴ ʤʽʞ 

ʬʦʢʫʩʘʤʠ , 2ʘ- ʩʪʘʣʘ ʚʝʣʠʯʠʥʘ, ʱʦ ʭʘʨʘʢʪʝʨʠʟʫʻ ʛʠʧʝʨʙʦʣʫ. ɿʛʽʜʥʦ ʽʟ 

ʚʠʟʥʘʯʝʥʥʷʤ, a2 < 2c. ʊʘʢʠʤ ʯʠʥʦʤ:  arr 221 =-    ʘʙʦ   

arr 221 °=-                                                                                            

(3.26) 
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ʈʠʩ. 3. 16 

ɺʚʦʜʷʯʠ ʧʨʷʤʦʢʫʪʥʫ ʜʝʢʘʨʪʦʚʫ ʩʠʩʪʝʤʫ  ʢʦʦʨʜʠʥʘʪ ʘʥʘʣʦʛʽʯʥʦ ʪʦʤʫ , ʷʢ ʮʝ  

ʙʫʣʦ ʧʨʠ ʚʠʚʯʝʥʥʽ ʝʣʽʧʩʘ (ʨʠʩ.3.16), ʦʜʝʨʞʠʤʦ: 

22

2

22

1 )(,)( ycxrycxr +-=++= , 

ʘ ʽʟ (3.26)  ʤʘʻʤʦ .2)()( 2222 aycxycx °=+--++  

ʇʦʟʙʘʚʣʷʶʯʠʩʴ ʫ ʦʩʪʘʥʥʴʦʤʫ ʩʧʽʚʚʽʜʥʦʰʝʥʥʽ ʚʽʜ ʽʨʘʮʽʦʥʘʣʴʥʦʩʪʠ , ʧʽʩʣʷ 

ʧʝʨʝʪʚʦʨʝʥʴ ʦʜʝʨʞʠʤʦ:  

                                     ,1
2

2

2

2

=-
b

y

a

x
    ʜʝ  

222 acb -= .                         (3.27) 

(3.27) ï ʮʝ ʢʘʥʦʥʽʯʥʝ ʨʽʚʥʷʥʥʷ ʛʠʧʝʨʙʦʣʠ .ʘ ïʜʽʡʩʥʘ ʧʽʚʚʽʩʴ ʛʽʧʝʨʙʦʣʠ,  

b ï ʫʷʚʥʘ ʧʽʚʚʽʩʴ ʛʽʧʝʨʙʦʣʠ. -21, AA ʚʝʨʰʠʥʠ ʛʽʧʝʨʙʦʣʠ. 

-= aAA 221 ʜʽʡʩʥʘ ʚʽʩʴ ʛʽʧʝʨʙʦʣʠ, -= bBB 221 ʫʷʚʥʘ ʚʽʩʴ . 
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ʇʨʷʤʽ x
a

b
y °=  ʻ  ʘʩʠʤʪʦʪʠ ʛʽʧʝʨʙʦʣʠ (ʥʘ ʷʢ ʟʘʚʛʦʜʥʦ ʚʝʣʠʢʦʤʫ ʚʠʜʘʣʝʥʥʽ 

ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʛʽʣʢʠ ʛʽʧʝʨʙʦʣʠ ʩʪʘʶʪʴ ʷʢ ʟʘʚʛʦʜʥʦ ʙʣʠʟʴʢʠʤʠ ʜʦ 

ʘʩʠʤʧʪʦʪ).  

ɽʢʩʮʝʥʪʨʠʩʠʪʝʪ ʛʽʧʝʨʙʦʣʠ ʚʠʟʥʘʯʘʻʪʴʩʷ ʘʥʘʣʦʛʠʯʥʦ ʝʢʩʮʝʥʪʨʠʩʠʪʝʪʫ 

ʝʣʽʧʩʘ: 

a

c

a

c
==

2

2
e . ɼʣʷ ʛʽʧʝʨʙʦʣʠ ʟʘʚʞʜʠ 1>e  (ʪʦʤʫ ʱʦ 2ʘ < 2c), 

ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʛʠʧʝʨʙʦʣʠ  ʭʘʨʘʢʪʝʨʠʟʫʻ ʩʪʫʧʽʥʴ ʾʾ ñʚʠʪʷʛʥʫʪʦʩʪʽò ʚʟʜʦʚʞ 

ʚʽʩʽ  OX. 

ʇʝʨʝʪʚʦʨʶʶʯʠ (3.27), ʤʘʻʤʦ:  

0222222 =-- bayaxb . 

ɺʠʩʥʦʚʦʢ:  ʈʽʚʥʷʥʥʷ (3.17) ʦʧʠʩʫʻ  ʛʽʧʝʨʙʦʣʫ ʽʟ ʮʝʥʪʨʦʤ ʫ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʢʦʝʬʽʮʽʻʥʪʠ  ɸ ʪʘ ʉ ʤʘʶʪʴ ʨʽʟʥʽ 

ʟʥʘʢʠ (ɸʉ<0) , ʘ ʢʦʝʬʽʮʽʻʥʪʠ D, E, B ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ: 

                                       022 =++ FCyAx                                             (3.28) 
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ɿʘʫʚʘʞʝʥʥʷ 1. ʗʢʱʦ ɸ ʪʘ F ʤʘʶʪʴ ʦʜʥʘʢʦʚʽ ʟʥʘʢʠ (ɸF>0) ,ʪʦ ʜʽʡʩʥʘ ʚʽʩʴ 

ʛʠʧʝʨʙʦʣʠ ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ ʆʋ; ʷʢʱʦ ʉ ʪʘ F ʦʜʥʦʛʦ ʟʥʘʢʘ (CF>0),ʪʦ ʜʽʡʩʥʘ 

ʚʽʩʴ ʛʠʧʝʨʙʦʣʠ ʨʦʟʪʘʰʦʚʘʥʘ  ʥʘ ʆX . ʗʢʱʦ F=0, ʪʦ ʨʽʚʥʷʥʥʷ (3.28) ʦʧʠʩʫʻ 

ʪʦʯʢʫ ʧʝʨʝʪʠʥʫ ʧʘʨʠ ʧʨʷʤʠʭ, ʱʦ ʧʨʦʭʦʜʷʪʴ ʯʝʨʝʟ ʧʦʯʘʪʦʢ ʢʦʦʨʜʠʥʘʪ. 

ɿʘʫʚʘʞʝʥʥʷ 2. ʗʢʱʦ ʫ ʨʽʚʥʷʥʥʽ (3.17) ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ xoʯʘ ʙ ʦʜʠʥ  ʟ 

ʢʦʝʬʽʮʽʻʥʪʽʚ D, E, ʪʦ ʦʜʝʨʞʠʤʦ ʛʽʧʝʨʙʦʣʫ ʟʽ ʟʤʽʱʝʥʠʤ ʮʝʥʪʨʦʤ:      
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                              (3.29) 

ɿʘʫʚʘʞʝʥʥʷ 3. ʗʢʱʦ ʪʨʝʙʘ  ʟʨʦʙʠʪʠ  ʨʠʩʫʥʦʢ  ʛʽʧʝʨʙʦʣʠ, ʟʘʜʘʥʽʡ ʨʽʚʥʷʥʥʷʤ 

(3.27) , ʪʦ ʩʧʦʯʘʪʢʫ ʙʫʜʫʻʤʦ ʧʨʷʤʦʢʫʪʥʠʢ ʟ ʮʝʥʪʨʦʤ ʥʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

ʽ ʟʽ ʩʪʦʨʦʥʘʤʠ 2ʘ ̔ 2ʚ, ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʷʤ  ʆʍ ʪʘ ʆʋ ʚʽʜʧʦʚʽʜʥʦ. ɼʽʘʛʦʥʘʣʽ 

ʧʨʷʤʦʢʫʪʥʠʢʘ ʻ ʘʩʠʤʪʦʪʘʤʠ ʛʽʧʝʨʙʦʣʠ. ʇʨʦʜʦʚʞʫʶʯʠ ʾʭ ʟʘ ʤʝʞʠ 

ʧʨʷʤʦʢʫʪʥʠʢʘ ʽ ʤʘʣʶʶʯʠ  ʛʽʣʢʠ ʛʽʧʝʨʙʦʣʠ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ  ʚʦʥʠ 

ʪʦʨʢʘʣʠʩʴ ʧʨʷʤʦʫʢʫʪʥʠʢʘ ʫ ʪʦʯʢʘʭ 21,ɸɸ  (ʚʝʨʰʠʥʠ ʛʽʧʝʨʙʦʣʠ ), ʘ ʩʚʦʾʤʠ  

çʢʽʥʮʷʤʠè ʥʘʙʣʠʞʘʣʠʩʴ ʜʦ ʘʩʠʤʪʦʪ. 

     ʇʨʠʢʣʘʜ 1. ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ  ʛʠʧʝʨʙʦʣʠ, ʷʢʱʦ ʾʾ ʜʽʡʩʥʘ ʚʽʩʴ 

ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ ʦʩʽ ʆʍ, ʘʩʠʤʪʦʪʠ ʤʘʶʪʴ ʨʽʚʥʷʥʥʷ 045 =- yx  ʠ 

045 =+ yx , ʘ ʚʽʜʩʪʘʥʴ ʤʽʞ ʚʝʨʰʠʥʘʤʠ ʜʦʨʽʚʥʶʻ 16. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ 

ʬʦʢʫʩʽʚ ʪʘ ʟʨʦʙʠʪʠ ʩʭʝʤʘʪʠʯʥʠʡ ʨʠʩʫʥʦʢ. 

      ʈʦʟʚôʷʟʘʥʥʷ.  

         ɯʟ ʨʽʚʥʷʥʴ ʘʩʠʤʪʦʪ ʚʠʜʥʦ , ʱʦ ʚʦʥʠ ʧʝʨʝʪʠʥʘʶʪʴʩʷ ʥʘ ʧʦʯʘʪʢʫ 

ʢʦʦʨʜʠʥʘʪ. ʊʦʯʢʘ ʧʝʨʝʪʠʥʫ ʘʩʠʤʪʦʪ ʻ ʮʝʥʪʨʦʤ ʛʽʧʝʨʙʦʣʠ. ʊʘʢʠʤ ʯʠʥʦʤ, 

ʮʝʥʪʨ ʛʽʧʝʨʙʦʣʠ ʟʥʘʭʦʜʠʪʴʩʷ ʥʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʜʽʡʩʥʘ ʚʽʩʴ 

ʨʦʟʪʘʰʦʚʘʥʘ ʥʘ ʦʩʽ ʆʍ (ʟʘ ʫʤʦʚʦʶ), ʪʦʜʽ ʫʷʚʥʘ ʚʽʩʴ - ʥʘ ʦʩʽ ʆʋ ʽ ʰʫʢʘʥʘ 

ʛʽʧʝʨʙʦʣʘ ʦʧʠʩʫʻʪʴʩʷ  ʢʘʥʦʥʠʯʥʠʤ ʨʽʚʥʷʥʥʷʤ (3.27). ɿʘ ʫʤʦʚʦʶ, ʜʽʡʩʥʘ ʚʽʩʴ 

(ʚʽʜʩʪʘʥʴ ʤʽʞ ʚʝʨʰʠʥʘʤʠ) ʜʦʨʽʚʥʶʻ 16, ʪʦʜʽ ʧʽʚʚʽʩʴ  ʘ=8.ʇʝʨʝʪʚʦʨʶʶʯʠ 

ʨʽʚʥʷʥʥʷ ʘʩʠʤʪʦʪ, ʦʜʝʨʞʫʻʤʦ:    .
4

5
xy °=  ɿʚʽʜʩʠ 

4

5
=

a

b
 ,   ʘʙʦ 

.108
4

5

4

5
=== ab  
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ʈʽʚʥʷʥʥʷ ʰʫʢʘʥʦʾ  ʛʽʧʝʨʙʦʣʠ ʙʫʜʝ ʤʘʪʠ ʚʠʛʣʷʜ: .1
108 2

2

2

2

=-
yx

 

 

ɿ ʨʽʚʥʦʩʪʽ  
222 acb -=  ʦʜʝʨʞʠʤʦ  16464100222 =+=+= abc  ʽ 

81.12164º=c . ʂʦʦʨʜʠʥʘʪʠ ʬʦʢʫʩʽʚ :).0,81.12(),0,81.12( 21 +- FF  

ɿʨʦʙʠʤʦ ʩʭʝʤʘʪʠʯʥʠʡ ʨʠʩʫʥʦʢ: 

 
                                                           ʈʠʩ. 3. 19    

  

       ʇʨʠʢʣʘʜ 2.  ɺʩʪʘʥʦʚʠʪʠ, ʱʦ ʜʘʥʝ ʨʽʚʥʷʥʥʷ ʚʠʟʥʘʯʘʻ ʛʽʧʝʨʙʦʣʫ, ʟʥʘʡʪʠ 

ʢʦʦʨʜʠʥʘʪʠ ʮʝʥʪʨʘ, ʧʽʚʦʩʽ, ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʪʘ ʨʽʚʥʷʥʥʷ ʘʩʠʤʪʦʪ : 

0
4

109
92095 22 =-+-- yxyx . 

       ʈʦʟʚôʷʟʘʥʥʷ. 

ɺʠʢʦʥʘʻʤʦ ʧʝʨʝʪʚʦʨʝʥʥʷ, ʚʠʜʽʣʷʶʯʠ ʧʦʚʥʽ ʢʚʘʜʨʘʪʠ: 

[ ] ;20)2(54)2(5)4(5205 2222 --=--=-=- xxxxxx  

:
4

9
)

2

1
(9

4

1
)

2

1
(9)(999 2222 +--=ù

ú

ø
é
ê

è
---=--=+- yyyyyy  

ʇʽʜʩʪʘʚʣʷʶʯʠ ʮʝ ʫ ʜʘʥʝ ʨʽʚʥʷʥʥʷ, ʦʜʝʨʞʫʻʤʦ: 

0
4

109

4

9
)

2

1
(920)2(5 22 =-+---- yx ʘʙʦ .45)

2

1
(9)2(5 22 =--- yx  

ʇʦʜʽʣʠʚʰʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʥʘ 45, ʦʜʝʨʞʠʤʦ 1
5

)
2

1
(

9

)2(
2

2

=

-

-
-

y
x

. ʄʘʻʤʦ  

ʨʽʚʥʷʥʥʷ ʛʽʧʝʨʙʦʣʠ ʟʽ ʟʤʽʱʝʥʠʤ ʮʝʥʪʨʦʤ. ʆʩʪʘʥʥʽʡ ʤʘʻ ʢʦʦʨʜʠʥʘʪʠ )
2

1
,2(ɸ , 

ʧʽʚʦʩʽ ʛʽʧʝʨʙʦʣʠ ʻ 5,3 == ʚa , ʝʢʩʮʝʥʪʨʠʩʠʪʝʪ ʜʦʨʽʚʥʶʻ:  

                          .266.1
3

742.3

3

5922

=º
+

=
+

==
a

ba

a

ñ
e  

 ʈʽʚʥʷʥʥʷ ʘʩʠʤʧʪʦʪ:     .
4

5
.

4

5
xxy °=°=  
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ɺʠʟʥʘʯʝʥʥʷ 4. ʇʘʨʘʙʦʣʘ ï ʮʝ ʛʝʦʤʝʪʨʠʯʥʝ ʤʽʩʮʝ ʪʦʯʦʢ 

ʧʣʦʱʠʥʠ, ʨʽʚʥʦʚʽʜʜʘʣʝʥʠʭ ʚʽʜ ʜʘʥʦʾ ʪʦʯʢʠ , ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ 

ʬʦʢʫʩʦʤ, ʪʘ ʚʽʜ ʜʘʥʦʾ ʧʨʷʤʦʾ, ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ ʜʠʨʝʢʪʨʠʩʦʶ. 

 

ɺʚʦʜʷʯʠ ʧʨʷʤʦʢʫʪʥʫ ʜʝʢʘʨʪʦʚʫ ʩʠʩʪʝʤʫ  ʢʦʦʨʜʠʥʘʪ, ʷʢ ʮʝ ʧʦʢʘʟʘʥʦ ʥʘ 

ʨʠʩ.3.20, ʜʣʷ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʄ (ʭ, ʫ)  ʧʘʨʘʙʦʣʠ, ʟʛʽʜʥʦ ʟ ʚʠʟʥʘʯʝʥʥʷʤ, 

ʦʜʝʨʞʫʻʤʦ: 

 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3.20 

 

MNFM = , ʜʝ  -)0,
2

(
p

F ʬʦʢʫʩ , =FM -++= 22)
2

( y
p

xr   

ʬʦʢʘʣʴʥʠʡ ʨʘʜʽʫʩ. ʊʘʢʠʤ ʯʠʥʦʤ,  ʤʘʻʤʦ:   

                                                   r
p

x =+
2

 ,                                      (3.30)     

      ʘʙʦ  =+
2

p
x   

22)
2

( y
p

x ++            

ʇʽʜʥʦʩʷʯʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʩʪʘʥʥʴʦʛʦ  ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʜʦ ʢʚʘʜʨʘʪʘ,  ʧʽʩʣʷ 

ʧʝʨʝʪʚʦʨʝʥʴ ʦʜʝʨʞʫʻʤʦ: 

                                                           pxy 22 =                                         (3.30) 

ʏʠʩʣʦ 0>p ʥʘʟʳʚʘʶʪʴ ʧʘʨʘʤʝʪʨʦʤ ʧʘʨʘʙʦʣʠ. 

ʈʽʚʥʷʥʥʷ (3.30) ʥʘʟʳʚʘʻʪʴʩʷ ʢʘʥʦʥʽʯʥʠʤ ʨʽʚʥʷʥʥʷʤ ʧʘʨʘʙʦʣʠ. 

ɯʟ ʨʽʚʥʷʥʥʷ (3.30) ʟʨʦʟʫʤʽʣʦ, ʱʦ ʧʘʨʘʙʦʣʘ ʩʠʤʝʪʨʠʯʥʘ ʱʦʜʦ ʦʩʽ ʆʍ. 

ʂʨʽʤ ʪʦʛʦ,0.²x  ʽ ʪʦʯʢʘ (0,0) ʻ ʥʘʡʣʽʚʽʰʘ ʪʦʯʢʘ ʧʘʨʘʙʦʣʠ (ʧʨʠ ʦʙʨʘʥʦʤʫ 

ʨʦʟʪʘʰʫʚʘʥʥʽ ʦʩʝʡ ʢʦʦʨʜʠʥʘʪ). ʊʦʯʢʫ (0,0)  ʥʘʟʠʚʘʶʪʴ ʚʝʨʰʠʥʦʶ 

ʧʘʨʘʙʦʣʠ. 

ɿʘʫʚʘʞʝʥʥʷ 1.   ʈʽʚʥʷʥʥʷ            pyx 22 =                                               (3.31) 

ʦʧʠʩʫʻ ʧʘʨʘʙʦʣʫ  ʟ ʚʝʨʰʠʥʦʶ ʫ ʪʦʯʮʽ (0,0) ʪʘ ʚʽʩʩʶ ʩʠʤʝʪʨʽʾ  ʆʋ; ʛʽʣʢʠ 
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ʧʘʨʘʙʦʣʠ ʥʘʧʨʘʚʣʝʥʽ ʚʛʦʨʫ (0>p ) (ʨʠʩ.3.21). ʇʝʨʝʪʚʦʨʶʶʯʠ (3.30) , 

ʦʜʝʨʞʠʤʦ ʚʽʜʧʦʚʽʜʥʦ: ,022 =- pxy  022 =- pyx  

 

 

 

 

 

 

ʈʠʩ. 3. 21 

 

ɺʠʩʥʦʚʦʢ: ʈʽʚʥʷʥʥʷ (3.30), (3.31) ʟʘʜʘʻ ʧʘʨʘʙʦʣʫ ʟ ʚʝʨʰʠʥʦʶ ʥʘ 

ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʪʦʜʽ ʽ ʪʽʣʴʢʠ ʪʦʜʽ, ʢʦʣʠ ʦʜʠʥ ʟ ʢʦʝʬʽʮʽʻʥʪʽʚ ɸ ʘʙʦ ʉ  

ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʧʨʠʩʫʪʥʽʡ ʯʣʝʥ, ʱʦ ʤʽʩʪʠʪʴ x ʘʙʦ y  ʫ ʧʝʨʰʦʤʫ  ʩʪʫʧʝʥʽ 

, ʨʽʟʥʦʡʤʝʥʥʠʡ ʽʟ ʧʨʠʩʫʪʥʽʤʠ ʯʣʝʥʘʤʠ ʫ ʜʨʫʛʦʤʫ ʩʪʝʧʝʥʽ x ʘʙʦ  y ( E=0 

ʘʙʦ D=0 ʚʽʜʧʦʚʽʜʥʦ), ʧʨʠʯʦʤʫ ʢʦʝʬʽʮʽʻʥʪʠ ʤʘʶʪʴ ʧʨʦʪʠʣʝʞʥʽ ʟʥʘʢʠ ( 

ɸɽ<0 ʘʙʦ CD<0 ), ʘ ʪʘʢʦʞ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ  B ʪʘ ʚʽʣʴʥʠʡ ʯʣʝʥ F: 

                                                 02 =+DxCy ,                                       (3.32)                

ʘʙʦ                                           02 =+EyAx                                         (3.33) 

                         

 
                           

                             ʈʠʩ. 3. 22 ʘ                                       ʈʠʩ. 3. 22 ʙ    

ɿʘʫʚʘʞʝʥʥʷ 2.  ʈʽʚʥʷʥʥʷ      pxy 22 -=     ʪʘ   pyx 22 -=  ʦʧʠʩʫʶʪʴ 

ʧʘʨʘʙʦʣʠ, ʟʦʙʨʘʞʝʥʽ  ʥʘ ʨʠʩ.3.22. 
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ɿʘʫʚʘʞʝʥʥʷ 3. ʗʢʱʦ ʟʥʷʪʠ ʧʨʠʧʫʱʝʥʥʷ, ʰʦ ʥʝʥʫʣʴʦʚʽ D,E ʥʝ ʤʦʞʫʪʴ 

ʚʭʦʜʠʪʠ ʫ ʨʽʚʥʷʥʥʷ (3.32), (3.33) ʦʜʥʦʯʘʩʥʦ, ʘ ʪʘʢʦʞ ʟʥʷʪʠ ʦʙʤʝʞʝʥʥʷ 

ʱʦʜʦ  F , ʪʦʙʪʦ ʧʨʠʧʫʩʪʠʪʠ, ʱʦ F ʥʝ ʦʙʦʚôʷʟʢʦʚʦ ʧʨʠʡʤʘʻ ʥʫʣʴʦʚʝ 

ʟʥʘʯʝʥʥʷ, ʪʦ ʦʜʝʨʞʠʤʦ ʦʜʥʫ ʟ ʧʘʨʘʙʦʣ ʟʽ  ʟʤʽʱʝʥʠʤʠ  ʚʝʨʰʠʥʘʤʠ:  

                                                )(2)( 0

2

0 xxpyy -=- ,                             (3.34)                   

    ʘʙʦ                         )(2)( 0

2

0 yypxx -=-                                              (3.35)  

                                                 )(2)( 0

2

0 xxpyy --=-                              (3.36)    

    ʘʙʦ                         )(2)( 0

2

0 yypxx --=- .                                           (3.37) 

         

       ʇʨʠʢʣʘʜ 1.  ʅʝʭʘʡ ʟʘʜʘʥʦ ʨʽʚʥʷʥʥʷ 05623 2 =+-+ xyx . ʇʨʠʚʝʩʪʠ 

ʡʦʛʦ ʜʦ ʢʘʥʦʥʽʯʥʦʛʦ ʚʠʛʣʷʜʫ. 

      ʈʦʟʚôʷʟʘʥʥʷ .  

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʨʦʟʛʣʷʥʫʪʦʛʦ ʚʠʱʝ, ʮʝ ʻ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʠ ʽʟ ʟʤʽʱʝʥʠʤ 

ʮʝʥʪʨʦʤ. ʇʝʨʝʪʚʦʨʶʶʯʠ ʮʝ ʨʽʚʥʷʥʥʷ, ʦʜʝʨʞʠʤʦ: 

( )[ ] .0)1(2)1(3523)1(35211352)2(3 2222 =++-=++--=++--=++- yxyxyxyxx

ɸʙʦ  -+-=- )1(
3

2
)1( 2 yx ʧʘʨʘʙʦʣʘ ʟ ʚʝʨʰʠʥʦʶ ʫ ʪʦʯʮʽ (1,-1) ʪʘ ʛʽʣʢʘʤʠ, 

ʱʦ ʥʘʧʨʘʚʣʝʥʽ ʜʦʥʠʟʫ.  

          ʇʨʠʢʣʘʜ 2. ɺʩʪʘʥʦʚʠʪʠ, ʷʢʘ ʣʽʥʽʷ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ     .4 yx -+=  

ɿʦʙʨʘʟʠʪʠ ʾʾ ʥʘ ʨʠʩʫʥʢʫ. 

           ʈʦʟʚôʷʟʘʥʥʷ.  

         ʇʽʜʥʦʩʠʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ  ʨʽʚʥʷʥʥʷ ʜʦ ʢʚʘʜʨʘʪʘ : )(162 yx -=  , ʘʙʦ 

yx 162 -= . ʄʘʻʤʦ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʠ ʽʟ ʚʝʨʰʠʥʦʶ ʥʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

ʪʘ ʛʽʣʢʘʤʠ , ʥʘʧʨʘʚʣʝʥʠʤʠ ʜʦʥʠʟʫ (y<0). ʆʜʥʘʢ, ʟʚʝʨʪʘʶʯʠʩʴ ʜʦ ʜʘʥʦʛʦ 

ʨʽʚʥʷʥʥʷ, ʚʽʜʤʽʪʠʤʦ, ʱʦ 0>x , ʪʦʙʪʦ ʤʘʻʤʦ ʪʽʣʴʢʠ ʧʨʘʚʫ ʛʽʣʢʫ ʧʘʨʘʙʦʣʠ. 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 23 

 

     ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥʠ ʪʘ ʧʘʨʘʤʝʪʨ ʨ ʧʘʨʘʙʦʣʠ  

                        0784 2 =+-- xyx . 
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      ʈʦʟʚôʷʟʘʥʥʷ.  

ɼʘʥʝ ʨʽʚʥʷʥʥʷ ʥʘʩʧʨʘʚʜʽ  ʦʧʠʩʫʻ ʧʘʨʘʙʦʣʫ,    ʪʦʤʫ ʱʦ ʚʽʜʩʫʪʥʽʡ ʜʨʫʛʠʡ 

ʩʪʝʧʽʥʴ ʟʤʽʥʥʦʾ ʫ. ʇʝʨʝʪʚʦʨʶʶʯʠ ʨʽʚʥʷʥʥʷ, ʦʜʝʨʞʫʻʤʦ 

( )[ ]
,0)3()1(4

74)1(471147)2(4

2

222

=---=

=+---=+---=+--

yx

yxyxyxx
 

ʘʙʦ  ).3(
4

1
)1( 2 -=- yx  ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ: ʚʝʨʰʠʥʘ ʧʘʨʘʙʦʣʠ 

ʟʥʘʭʦʜʠʪʴʩʷ ʫ ʪʦʯʮʽ ɸ(1,3),  ʧʘʨʘʤʝʪʨ ʨ=
8

1
 (ʜʠʚ. ʬʦʨʤʫʣʫ (3.35)). 

     ʇʨʠʢʣʘʜ 4. ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ ʧʘʨʘʙʦʣʠ, ʷʢʱʦ ʜʘʥʦ ʬʦʢʫʩ F(-7,0) ʪʘ 

ʨʽʚʥʷʥʥʷ  ʜʠʨʝʢʪʨʠʩʠ .07=-x  

     ʈʦʟʚôʷʟʘʥʥʷ. 

          ʇʨʠʡʤʘʶʯʠ ʜʦ ʫʚʘʛʠ, ʱʦ ʘʙʩʮʠʩʘ ʬʦʢʫʩʘ ʚʽʜôʻʤʥʘ, ʘ ʜʠʨʝʢʪʨʠʩʘ ï ʮʝ 

ʧʨʷʤʘ, ʱʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʦʩʽ ʆʋ ʪʘ ʚʽʜʩʽʢʘʻ  ʥʘ ʦʩʽ ʆʍ ʚʽʜʨʽʟʦʢ, ʱʦ 

ʜʦʨʽʚʥʶʻ 7, ʨʽʚʥʷʥʥʷ ʰʫʢʘʥʦʾ ʧʘʨʘʙʦʣʠ ʤʘʻ ʚʠʛʣʷʜ  pyx 22 -=  , ʘ 

ʢʦʦʨʜʠʥʘʪʠ ʬʦʢʫʩʘ F(- )0,
2

p
. ʆʩʢʽʣʴʢʠ ,7

2
-=-

p
 ʦʜʝʨʞʠʤʦ  ʨ=14 , ʘ ʰʫʢʘʥʝ 

ʨʽʚʥʷʥʥʷ  ʧʘʨʘʙʦʣʠ ʙʫʜʝ ʤʘʪʠ ʚʠʛʣʷʜ: .282 yx -=  

 

3.5. ɸʥʘʣʽʪʠʯʥʘ ʛʝʦʤʝʪʨʽʷ ʫ ʧʨʦʩʪʦʨʽ. ʈʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ 

 

     ʉʢʣʘʜʝʤʦ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ ʟʘ ʫʤʦʚʘʤʠ, ʱʦ ʚʽʜʦʤʽ ʪʦʯʢʘ ( )0000 ,, zyxM ,  

ʱʦ ʥʘʣʝʞʠʪʴ ʮʽʡ ʧʣʦʱʠʥʽ ʪʘ, ʪʘʢ ʟʚʘʥʠʡ, ʥʦʨʤʘʣʴʥʠʡ ʚʝʢʪʦʨ { }CBAn ,,= , 

ʱʦ ʜʦ ʥʝʾ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʡ. ʆʙʝʨʝʤʦ ʥʘ ʧʣʦʱʠʥʽ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ 

),,( zyxN , ʾʾ ʢʦʦʨʜʠʥʘʪʠ ʥʝ ʬʽʢʩʦʚʘʥʽ, ʥʝʭʘʡ ʚʦʥʘ, ʷʢ ʢʘʞʫʪʴ, ʧʨʦʙʽʛʘʻ ʚʩʶ 

ʧʣʦʱʠʥʫ. ɺʩʽ ʚʝʢʪʦʨʠ { }0000 ,, zzyyxxNM ---=  ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʽ ʜʦ 

ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ (ʨʠʩ.3.24). 

 

 

 

 

 

 

 

 

  

 

ʈʠʩ. 3. 24 

 

ʊʦʙʪʦ ʩʢʘʣʷʨʥʠʡ ʜʦʙʫʪʦʢ ʮʠʭ ʚʝʢʪʦʨʽʚ ʜʦʨʽʚʥʶʻ ʥʫʣʶ:  
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( ) ( ) ( ) .00000 =-+-+-=Ö zzCyyBxxANMn  

ɿʚʽʜʩʠ ʤʘʻʤʦ ʰʫʢʘʥʝ ʨʽʚʥʷʥʥʷ  

                                       ( ) ( ) ( ) .0000 =-+-+- zzCyyBxxA                   (3.38)                                               

ʁʦʛʦ ʧʨʠʡʥʷʪʦ ʥʘʟʠʚʘʪʠ çʈʽʚʥʷʥʥʷʤ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʜʘʥʫ 

ʪʦʯʢʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʜʦ ʜʘʥʦʛʦ ʚʝʢʪʦʨʘè. ʈʦʟʢʨʠʚʰʠ ʜʫʞʢʠ ʪʘ 

ʧʦʟʥʘʯʠʚʰʠ ( ),000 CzByAxD ++-= ʦʜʝʨʞʠʤʦ, ʪʘʢ ʟʚʘʥʝ, ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ 

ʧʣʦʱʠʥʠ   

                                                .0=+++ DCzByAx                              (3.39)   

          

ʗʢʱʦ ʧʨʠʧʫʩʪʠʪʠ, ʱʦ ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʧʦʪʦʯʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ, ʘ ʪʘʢʦʞ 

ʯʠʩʣʦ D  ʚʽʜʤʽʥʥʽ ʚʽʜ ʥʫʣʷ, ʪʦ ʤʦʞʥʘ ʧʝʨʝʪʚʦʨʠʪʠ ʟʘʛʘʣʴʥʝ ʨʽʚʥʷʥʥʷ ʽ 

ʦʜʝʨʞʘʪʠ, ʪʘʢ ʟʚʘʥʝ,  ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ ʫ ʚʽʜʨʽʟʢʘʭ ʥʘ ʦʩʷʭ ʢʦʦʨʜʠʥʘʪ. ɼʣʷ 

ʮʴʦʛʦ ʩʧʦʯʘʪʢʫ ʧʝʨʝʥʝʩʝʤʦ D  ʫ ʧʨʘʚʫ ʯʘʩʪʠʥʫ, ʘ ʧʦʪʽʤ ʧʦʜʽʣʠʤʦ ʦʙʠʜʚʽ 

ʯʘʩʪʠʥʠ ʦʜʝʨʞʘʥʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʥʘ (- D). ʄʘʻʤʦ   

          ,1=
-
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-
+
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z
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ɺʚʝʜʝʤʦ  ʧʦʟʥʘʯʝʥʥʷ ./,/,/ CDcBDbADa -=-=-=  ɿʚʽʜʩʠ ʦʩʪʘʪʦʯʥʦ   

                                                         .1=++
c

z

b

y

a

x
                                   (3.40)   

ʏʠʩʣʘ ʩba ,, ʜʦʨʽʚʥʶʶʪʴ ʚʽʜʨʽʟʢʘʤ, ʱʦ ʧʣʦʱʠʥʘ ʚʽʜʩʽʢʘʻ ʥʘ ʦʩʷʭ ʘʙʩʮʠʩ, 

ʦʨʜʠʥʘʪ ʪʘ ʘʧʣʽʢʘʪ ʚʽʜʧʦʚʽʜʥʦ, ʷʢʱʦ  ʚʽʜʢʣʘʜʘʪʠ ʾʭ ʚʽʜ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ 

(ʨʠʩ.3.25).  

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 25 

 

ʎʷ ʦʙʩʪʘʚʠʥʘ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʧʦʙʫʜʦʚʽ ʧʣʦʱʠʥʠ ʫ ʪʨʠʢʫʪʥʽʡ  

ʜʝʢʘʨʪʦʚʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ. ʗʢʱʦ ʪʨʝʙʘ ʦʙʯʠʩʣʠʪʠ ʚʽʜʩʪʘʥʴ ʚʽʜ ʜʝʷʢʦʾ 

ʪʦʯʢʠ  ʜʦ   ʧʣʦʱʠʥʠ,  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ, ʪʘʢ ʟʚʘʥʝ, ʥʦʨʤʘʣʴʥʝ ʨʽʚʥʷʥʥʷ 

ʧʣʦʱʠʥʠ    

                        ,0coscoscos =-++ pzyx gba                                 (3.41)            

ʜʝ gba cos,cos,cos - ʮʝ ʢʦʩʠʥʫʩʠ ʢʫʪʽʚ, ʱʦ ʫʪʚʦʨʶʻ ʧʝʨʧʝʥʜʠʢʫʣʷʨ 

(ʥʦʨʤʘʣʴ), ʦʧʫʱʝʥʠʡ ʟ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ ʜʦ ʧʣʦʱʠʥʠ, ʟ ʦʩʷʤʠ ʘʙʩʮʠʩ, 

ʦʨʜʠʥʘʪ ʪʘ ʘʧʣʽʢʘʪ ʚʽʜʧʦʚʽʜʥʦ, ʘ p - ʜʦʚʞʠʥʘ ʮʴʦʛʦ ʧʝʨʧʝʥʜʠʢʫʣʷʨʘ. ɼʣʷ 
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ʦʜʝʨʞʘʥʥʷ ʥʦʨʤʘʣʴʥʦʛʦ ʨʽʚʥʷʥʥʷ ʽʟ ʟʘʛʘʣʴʥʦʛʦ, ʪʨʝʙʘ ʦʩʪʘʥʥʽʡ ʧʦʤʥʦʞʠʪʠ 

ʥʘ ʥʦʨʤʫʶʯʠʡ ʤʥʦʞʥʠʢ .
1

222 CBA ++

°
=m  ɿʥʘʢ ʥʦʨʤʫʶʯʦʛʦ ʤʥʦʞʥʠʢʘ 

ʟʘʚʞʜʠ ʦʙʠʨʘʻʪʴʩʷ ʧʨʦʪʠʣʝʞʥʠʤ ʜʦ ʟʥʘʢʘ .D  ʊʘʢʠʤ ʯʠʥʦʤ, ʥʦʨʤʘʣʴʥʝ 

ʨʽʚʥʷʥʥʷ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ: 

.0
222
=

++°

+++

CBA

DCzByAx
 

ʄʦʞʥʘ ʟʘʣʠʰʠʪʠ ʦʩʪʘʥʥʻ ʨʽʚʥʷʥʥʷ ʙʝʟ ʧʝʨʝʪʚʦʨʝʥʴ, ʘ ʤʦʞʥʘ ʡ ʧʦʜʽʣʠʪʠ  

ʧʦʯʣʝʥʥʦ ʯʠʩʝʣʴʥʠʢ ʥʘ ʟʥʘʤʝʥʥʠʢ.  

 ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʽʜʩʪʘʥʽ d  ʚʽʜ ʪʦʯʢʠ ),,( 000 zyxM ʜʦ ʧʣʦʱʠʥʠ  ʪʨʝʙʘ 

ʟʘʩʪʦʩʫʚʘʪʠ ʥʘʩʪʫʧʥʽ ʬʦʨʤʫʣʠ: 

                         |,coscoscos| 000 pzyxd -++= gba                            (3.42) 

                          ʘʙʦ           .
222

000

CBA

DCzByAx
d

++

+++
=                                    (3.43) 

 ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʙʘʛʘʪʴʦʭ ʟʘʜʘʯ ʪʨʝʙʘ ʟʥʘʪʠ ʫʤʦʚʠ ʧʘʨʘʣʝʣʴʥʦʩʪʽ ʪʘ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ ʧʣʦʱʠʥ. ɺʠʨʽʰʠʪʠ ʮʽ ʧʠʪʘʥʥʷ ʜʦʩʠʪʴ ʧʨʦʩʪʦ, ʷʢʱʦ 

ʧʨʠʡʥʷʪʠ ʜʦ ʫʚʘʛʠ, ʱʦ ʫ ʧʘʨʘʣʝʣʴʥʠʭ ʧʣʦʱʠʥ ʾʭ ʥʦʨʤʘʣʴʥʽ ʚʝʢʪʦʨʠ 

ʧʘʨʘʣʝʣʴʥʽ, ʘ ʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʭ ʧʣʦʱʠʥ ʮʽ ʚʝʢʪʦʨʠ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʽ. 

ʆʪʞʝ, ʨʦʟʛʣʷʥʝʤʦ ʜʚʽ ʧʣʦʱʠʥʠ  0=+++ DCzByAx  ʪʘ 

.01111 =+++ DzCyBxA ɰʭ ʥʦʨʤʘʣʴʥʽ ʚʝʢʪʦʨʠ ʜʦʨʽʚʥʶʶʪʴ ʚʽʜʧʦʚʽʜʥʦ  

{ }CBAn ,,= , { }1111 ,, CBAn = . ʋʤʦʚʠ ʧʘʨʘʣʝʣʴʥʦʩʪʽ ʮʠʭ ʚʝʢʪʦʨʽʚ ʤʘʶʪʴ 

ʚʠʛʣʷʜ                                   .
111 C

C

B

B

A

A
==                                                (3.44) 

 ʋʤʦʚʠ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ ʚʽʜʧʦʚʽʜʥʦ .0111 =++ CCBBAA                (3.45) 

 ʗʢʱʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʢʫʪ ʤʽʞ ʧʣʦʱʠʥʘʤʠ, ʢʦʨʠʩʪʫʻʤʦʩʴ ʟʥʘʡʦʤʦʶ 

ʬʦʨʤʫʣʦʶ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʢʫʪʘ ʤʽʞ ʜʚʦʤʘ ʚʝʢʪʦʨʘʤʠ, ʷʢʽ ʫ ʜʘʥʦʤʫ 

ʚʠʧʘʜʢʫ ʩʧʽʚʧʘʜʘʶʪʴ ʟ ʥʦʨʤʘʣʴʥʠʤʠ ʚʝʢʪʦʨʘʤʠ ʧʣʦʱʠʥ. ʊʘʢʠʤ ʯʠʥʦʤ, 

ʢʦʩʠʥʫʩ ʢʫʪʘ j ʤʽʞ ʧʣʦʱʠʥʘʤʠ ʜʦʨʽʚʥʶʻ  

                              .cos
2

1

2

1

2

1

222

111

CBACBA

CCBBAA

++++

++
=j                          (3.46) 

             ʇʨʠʢʣʘʜ 1. ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʨʠ 

ʜʘʥʽ ʪʦʯʢʠ  ).1,3,3(),2,1,2(),3,2,1( PNM   

             ʈʦʟʚô̫ ʟʘʥʥʷ. 

            ɼʘʥʽ ʪʦʯʢʠ ʥʝ ʣʝʞʘʪʴ ʥʘ ʦʜʥʽʡ ʧʨʷʤʽʡ. ɼʽʡʩʥʦ, ʚʝʢʪʦʨʠ  

{ }1,1,1 --=MN  ʽ { }2,1,2 -=MP  ʥʝ ʢʦʣʽʥʝʘʨʥʽ: .
2

1

1

1

2

1

-

-
¸

-
¸  ʅʝʭʘʡ ( )zyxQ ,,  -  
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ʜʦʚʽʣʴʥʘ ʪʦʯʢʘ ʰʫʢʘʥʦʾ ʧʣʦʱʠʥʠ. ɺʝʢʪʦʨʠ ,MN   MP  ʽ MQ, ʦʯʝʚʠʜʥʦ, 

ʢʦʤʧʣʘʥʘʨʥʽ. ɿʚʽʜʩʠ ʤʘʻʤʦ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ .0

212

111

321

=

-

--

--- zyx

 ɸʙʦ 

ʧʽʩʣʷ ʧʝʨʝʪʚʦʨʝʥʴ .04=-+zx  

 

 

3.6. ʇʨʷʤʘ ʫ ʧʨʦʩʪʦʨʽ 

 

 ʈʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʫ ʧʨʦʩʪʦʨʽ ʤʦʞʥʘ ʟʘʜʘʚʘʪʠ ʫ ʜʝʢʽʣʴʢʦʭ ʬʦʨʤʘʭ. 

ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʟ ʥʠʭ. ʇʦ-ʧʝʨʰʝ, ʧʨʷʤʫ ʫ ʧʨʦʩʪʦʨʽ ʤʦʞʥʘ ʟʘʜʘʪʠ ʷʢ ʣʽʥʽʶ 

ʧʝʨʝʪʠʥʫ ʜʚʦʭ ʧʣʦʱʠʥ. ʊʘʢʫ ʬʦʨʤʫ ʨʽʚʥʷʥʴ ʧʨʷʤʦʾ ʥʘʟʠʚʘʶʪʴ çɿʘʛʘʣʴʥʽ 

ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾè. ʊʘʢʠʤ ʯʠʥʦʤ, ʟʘʛʘʣʴʥʽ ʨʽʚʥʷʥʥʷ ʤʘʶʪʴ ʚʠʛʣʷʜ 

                                                 
í
ì
ë

=+++

=+++

.0

,0

1111 DzCyBxA

DCzByAx
                          (3.47) 

ɼʣʷ ʩʢʣʘʜʘʥʥʷ ʢʘʥʦʥʽʯʥʠʭ ʨʽʚʥʷʥʴ ʧʨʷʤʦʾ  ʙʫʜʝʤʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʾʾ 

ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ. ʎʝ ʚʝʢʪʦʨ, ʷʢʠʡ ʘʙʦ ʨʦʟʪʘʰʦʚʘʥʠʡ ʥʘ ʩʘʤʽʡ ʧʨʷʤʽʡ, ʘʙʦ  

ʧʘʨʘʣʝʣʴʥʠʡ ʜʦ ʥʝʾ. ʅʝʭʘʡ ʟʘʜʘʥʦ ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ { }pnms ,,= ʽ ʪʦʯʢʘ 

),,( 000 zyxM , ʱʦ ʣʝʞʠʪʴ ʥʘ ʰʫʢʘʥʽʡ ʧʨʷʤʽʡ (ʨʠʩ.3.26). 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 26 
 

ʈʦʟʛʣʷʥʝʤʦ ʥʘ ʧʨʷʤʽʡ ʜʦʚʽʣʴʥʫ ʪʦʯʢʫ ),,( zyxN , ʷʢʘ ʤʦʞʝ ʧʨʦʙʽʛʘʪʠ ʚʩʶ 

ʧʨʷʤʫ. ɺʩʽ ʚʝʢʪʦʨʠ { }0000 ,, zzyyxxNM ---=  ʦʯʝʚʠʜʥʦ ʢʦʣʽʥʝʘʨʥʽ ʜʦ 

ʥʘʧʨʷʤʥʦʛʦ ʚʝʢʪʦʨʘ. ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ   

                                               .000

p

zz

n

yy

m

xx -
=

-
=

-
                              (3.48) 

ʆʪʞʝ, ʢʘʥʦʥʽʯʥʽ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ ʦʜʝʨʞʘʥʦ. ʗʢʱʦ ʧʦʢʣʘʩʪʠ       

( ),,,000 +¤¤-Í=
-

=
-

=
-

tt
p

zz

n

yy

m

xx
  ʘ ʧʦʪʽʤ, ʧʨʠʨʽʚʥʷʚʰʠ ʜʦ t  

ʧʦʩʣʽʜʦʚʥʦ ʧʝʨʰʠʡ, ʜʨʫʛʠʡ,  ʪʨʝʪʽʡ ʜʨʽʙ ʽ ʨʦʟʚôʷʟʫʶʯʠ ʦʜʝʨʞʘʥʽ ʨʽʚʥʦʩʪʽ 

ʚʽʜʥʦʩʥʦ ,,, zyx   ʦʜʝʨʞʠʤʦ ʧʘʨʘʤʝʪʨʠʯʥʽ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ 



106 
 

     ( ).,,,, 000 +¤¤-Í+=+=+= tzptzyntyxmtx          (3.49) 

ɼʣʷ ʢʦʞʥʦʛʦ ʟʥʘʯʝʥʥʷ ʧʘʨʘʤʝʪʨʘ t  ʙʫʜʝʤʦ ʦʜʝʨʞʫʚʘʪʠ ʪʨʽʡʢʫ ʯʠʩʝʣ, ʷʢʽ ʻ 

ʢʦʦʨʜʠʥʘʪʘʤʠ ʧʝʚʥʦʾ ʪʦʯʢʠ ʥʘ ʧʨʷʤʽʡ. 

     ʉʣʽʜ ʟʘʫʚʘʞʠʪʠ, ʱʦ ʙʫʜʴ-ʷʢʫ ʧʨʷʤʫ ʫ ʧʨʦʩʪʦʨʽ ʤʦʞʥʘ ʟʘʜʘʪʠ  ʷʢ    ʫ 

ʟʘʛʘʣʴʥʦʤʫ, ʪʘʢ ʽ ʫ ʢʘʥʦʥʽʯʥʦʤʫ ʘʙʦ ʧʘʨʘʤʝʪʨʠʯʥʦʤʫ ʚʠʛʣʷʜʽ. ɯʥʰʘ ʨʽʯ, 

ʢʦʣʠ ʪʨʝʙʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʢʦʥʢʨʝʪʥʝ ʟʘʚʜʘʥʥʷ: ʫ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʪʨʝʙʘ 

ʢʦʨʠʩʪʫʚʘʪʠʩʴ ʧʨʘʢʪʠʯʥʦʶ ʜʦʮʽʣʴʥʽʩʪʶ, ʦʙʠʨʘʶʯʠ ʮʝʡ ʯʠ ʽʥʰʠʡ ʩʧʦʩʽʙ 

ʟʘʚʜʘʥʥʷ ʨʽʚʥʷʥʥʷ.  

     ʆʯʝʚʠʜʥʦ, ʱʦ ʫ ʧʘʨʘʣʝʣʴʥʠʭ ʧʨʷʤʠʭ ʥʘʧʨʷʤʥʽ ʚʝʢʪʦʨʠ ʧʘʨʘʣʝʣʴʥʽ, ʘ ʫ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʠʭ ï ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʽ. ʗʢʱʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʢʫʪ ʤʽʞ ʜʚʦʤʘ 

ʧʨʷʤʠʤʠ, ʟʥʦʚʫ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʾʭ ʥʘʧʨʷʤʥʽ ʚʝʢʪʦʨʠ. ʅʝʭʘʡ ʚʽʜʦʤʽ 

ʥʘʧʨʷʤʥʽ ʚʝʢʪʦʨʠ ʜʚʦʭ ʧʨʷʤʠʭ { }pnma ,,= ʪʘ { }1111 ,, pnma = . ʂʦʩʠʥʫʩ  

ʢʫʪʘ ʤʽʞ ʧʨʷʤʠʤʠ ʰʫʢʘʻʤʦ ʟʘ ʬʦʨʤʫʣʦʶ   

                              .cos
2

1

2

1

2

1

222

111

pnmpnm

ppnnmm

++++

++
=j                          (3.50) 

     ʗʢʱʦ ʪʨʝʙʘ ʚʩʪʘʥʦʚʠʪʠ ʚʟʘʻʤʥʝ ʨʦʟʪʘʰʫʚʘʥʥʷ ʧʨʷʤʦʾ ʪʘ ʧʣʦʱʠʥʠ, ʟʥʦʚ 

ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʚʝʢʪʦʨʠ, ʱʦ ʧʦʚôʷʟʘʥʽ ʟ ʥʠʤʠ. ʅʘʧʨʠʢʣʘʜ, ʷʢʱʦ ʧʨʷʤʘ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʘ ʜʦ ʧʣʦʱʠʥʠ, ʪʦ ʾʾ ʥʘʧʨʷʤʥʠʡ ʚʝʢʪʦʨ{ }pnms ,,=  

ʧʘʨʘʣʝʣʴʥʠʡ ʜʦ ʥʦʨʤʘʣʴʥʦʛʦ ʚʝʢʪʦʨʘ ʧʣʦʱʠʥʠ{ }CBAn ,,=  (ʨʠʩ.3.27ʘ).  

ʗʢʱʦ ʧʨʷʤʘ ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʧʣʦʱʠʥʠ, ʘʙʦ ʥʘʣʝʞʠʪʴ ʧʣʦʱʠʥʽ, ʪʦ ʮʽ ʚʝʢʪʦʨʠ, 

ʦʯʝʚʠʜʥʦ, ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʽ  (ʨʠʩ. 3. 27ʙ).  

                    

ʈʠʩ. 3.27  

 

     ʇʨʠʢʣʘʜ. ʇʨʠʚʝʩʪʠ ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ  
í
ì
ë

=-+-

=+--

085

,0332

zyx

zyx
ʜʦ ʢʘʥʦʥʽʯʥʦʛʦ 

ʚʠʛʣʷʜʫ.  

 ʈʦʟʚô̫ ʟʘʥʥʷ. ʉʧʦʯʘʪʢʫ ʟʥʘʡʜʝʤʦ ʢʦʦʨʜʠʥʘʪʠ ʜʦʚʽʣʴʥʦʾ ʪʦʯʢʠ ʥʘ ʜʘʥʽʡ 

ʧʨʷʤʽʡ. ɼʣʷ ʮʴʦʛʦ ʪʨʝʙʘ ʥʘʜʘʪʠ ʜʦʚʽʣʴʥʝ ʟʥʘʯʝʥʥʷ ʦʜʥʽʻʾ ʟ ʥʝʚʽʜʦʤʠʭ, 

ʥʘʧʨʠʢʣʘʜ, ʧʦʢʣʘʚʰʠ 3=x ,  ʘ ʜʚʽ ʽʥʰʽ ʟʥʘʡʪʠ ʟ ʩʠʩʪʝʤʠ, ʧʽʜʩʪʘʚʠʚʰʠ ʪʫʜʠ 

ʟʘʤʽʩʪʴ x  ʯʠʩʣʦ 3 . ʆʪʞʝ, ʦʜʝʨʞʠʤʦ ʪʦʯʢʫ ).3,4,3( -M ʋ ʷʢʦʩʪʽ ʥʘʧʨʷʤʥʦʛʦ  

ʚʝʢʪʦʨʘ a  ʧʨʷʤʦʾ ʤʦʞʥʘ ʦʙʨʘʪʠ  ʚʝʢʪʦʨ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʻ ʩʦʙʦʶ ʚʝʢʪʦʨʥʠʡ 
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ʜʦʙʫʪʦʢ  ʥʦʨʤʘʣʴʥʠʭ ʚʝʢʪʦʨʽʚ 
21,NN
CC

 ʧʣʦʱʠʥ, ʨʝʟʫʣʴʪʘʪʦʤ ʧʝʨʝʪʠʥʫ ʷʢʠʭ ʻ 

ʜʘʥʘ ʧʨʷʤʘ. ʄʘʻʤʦ  .1374

115

13221 kji

kji

NNa +--=

-

--=³=
CC

 ʐʫʢʘʥʽ ʨʽʚʥʷʥʥʷ 

ʤʘʶʪʴ ʚʠʛʣʷʜ:       .
13

3

7

4

4

3 +
=

-

-
=

-

- zyx
 

 

3.7. ʇʦʚʝʨʭʥʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

 

           ʇʦʚʝʨʭʥʷ, ʱʦ ʧʨʝʜʩʪʘʚʣʝʥʘ ʨʽʚʥʷʥʥʷʤ n ï ʦʛʦ ʩʪʝʧʝʥʷ, ʥʘʟʠʚʘʻʪʴʩʷ 

ʘʣʛʝʙʨʘʾʯʥʦʶ ʧʦʚʝʨʭʥʝʶ  n ï ʦʛʦ ʧʦʨʷʜʢʫ. ɹʫʜʴ-ʷʢʘ ʧʦʚʝʨʭʥʷ ʧʝʨʰʦʛʦ 

ʧʦʨʷʜʢʫ  ʻ ʧʣʦʱʠʥʘ. ɼʘʣʽ ʨʦʟʛʣʷʥʝʤʦ ʧʦʚʝʨʭʥʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ. ʋ 

ʥʘʡʙʽʣʴʰ ʟʘʛʘʣʴʥʦʤʫ ʚʠʛʣʷʜʽ ʧʦʚʝʨʭʥʽ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʤʦʞʥʘ ʟʘʜʘʪʠ ʟʘ 

ʜʦʧʦʤʦʛʦʶ ʨʽʚʥʷʥʥʷ 

                 ,0222 =+++++++++ LKzHyGxFzxEyzDxyCzByAx           (3. 51) 

ʜʝ  ʧʨʠʥʘʡʤʥʽ ʦʜʥʘ ʟ ʰʝʩʪʠ ʚʝʣʠʯʠʥ  FEDCBA ,,,,, ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

 

3.7.1. ʉʬʝʨʘ 

 

          ʈʽʚʥʷʥʥʷ ʩʬʝʨʠ ʨʘʜʽʫʩʘ R, ʮʝʥʪʨ ʷʢʦʾ ʨʦʟʪʘʰʦʚʘʥʠʡ ʥʘ ʧʦʯʘʪʢʫ  

ʧʨʷʤʦʢʫʪʥʦʾ  ʜʝʢʘʨʪʦʚʦʾ ʩʠʩʪʝʤʠ ʢʦʦʨʜʠʥʘʪ,  ʤʘʻ ʚʠʛʣʷʜ  

                                                        
2222 Rzyx =++ .                              (3.52) 

          ʗʢʱʦ ʮʝʥʪʨ ʩʬʝʨʠ ʨʦʟʪʘʰʦʚʘʥʠʡ ʫ ʪʦʯʮʽ ),,,( cba ʨʽʚʥʷʥʥʷ ʩʬʝʨʠ 

ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ            .)()()( 2222 Rczbyax =-+-+-                   (3.53)    

ʈʽʚʥʷʥʥʷ (3.52) ʧʨʝʜʩʪʘʚʣʷʻ ʩʬʝʨʫ ʣʠʰʝ ʧʨʠ ʫʤʦʚʘʭ, ʱʦ 

.04,0,0,0, 222 >-++===== ALKHGFEDCBA  ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ 

ʧʨʠ ʮʴʦʤʫ  .
4

4
,

2
,

2
,

2 2

222
2

A

ALKHG
R

A

K
c

A

H
b

A

G
a

-++
=-=-=-=        (3.54)     

     ʇʨʠʢʣʘʜ 1.  ʈʽʚʥʷʥʥʷ 02242222 =+-+-++ zyxzyx  ʟʘʜʘʻ ʩʬʝʨʫ. 

ɼʽʡʩʥʦ, ʧʝʨʝʛʨʫʧʫʚʘʚʰʠ ʽ ʜʦʧʦʚʥʶʶʯʠ ʜʦ ʧʦʚʥʠʭ ʢʚʘʜʨʘʪʽʚ, ʦʜʝʨʞʠʤʦ 

ʨʽʚʥʷʥʥʷ 4)1()2()1( 222 =-+-+- zyx   ʩ ʮʝʥʪʨʦʤ ʚ ʪ. )1,2,1(0 -M  ʽ ʨʘʜʽʫʩʦʤ 

2=R  (ʨʠʩ. 3.28). 

 

 

 

 

 

 

 

   ʈʠʩ. 3. 28 
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ʊʦʡ  ʞʝ ʨʝʟʫʣʴʪʘʪ ʦʜʝʨʞʠʤʦ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʬʦʨʤʫʣʠ (3.54). 

 

3.7.2. ɽʣʽʧʩʦʾʜ 

 

          ʇʦʚʝʨʭʥʷ, ʱʦ ʧʨʝʜʩʪʘʚʣʝʥʘ   ʨʽʚʥʷʥʥʷʤ  

                                                      1
2

2

2

2

2

2

=++
c

z

b

y

a

x
,                                  (3. 55) 

ʥʘʟʠʚʘʻʪʴʩʷ ʝʣʽʧʩʦʾʜʦʤ (ʨʠʩ. 3.29 ).  

 

           
 

ʈʠʩ. 3.29 

 

ʃʽʥʠʷ ʧʝʨʝʪʠʥʫ ʝʣʽʧʩʦʾʜʘ ʟ ʧʣʦʱʠʥʦʶ  xOy ʦʜʝʨʞʫʻʪʴʩʷ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʩʠʩʪʝʤʠ 1
2

2

2

2

2

2

=++
c

z

b

y

a

x
, .0=z   ʊʦʙʪʦ ʫ ʧʝʨʝʪʠʥʽ ʤʘʻʤʦ ʝʣʽʧʩ 1

2

2

2

2

=+
b

y

a

x
, 

ʧʽʚʚʽʩʽ ʷʢʦʛʦ ʜʦʨʽʚʥʶʶʪʴ a  ʽ  b.  ʋ ʧʝʨʝʪʠʥʽ ʝʣʽʧʩʦʾʜʘ ʢʦʦʨʜʠʥʘʪʥʠʤʠ 

ʧʣʦʱʠʥʘʤʠ xOz )0( =y  ʽ  yOz )0( =x ʪʘʢʦʞ ʦʜʝʨʞʠʤʦ ʝʣʽʧʩʠ: 1
2

2

2

2

=+
c

z

a

x
 ʽ  

.1
2

2

2

2

=+
c

z

b

y
 ʈʦʟʛʣʷʥʝʤʦ ʧʝʨʝʪʠʥ ʝʣʽʧʩʦʾʜʘ ʧʣʦʱʠʥʦʶ .hz=  ɺʽʥ 

ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʩʠʩʪʝʤʦʶ   ,1
2

2

2

2

2

2

c

h

b

y

a

x
-=+  .hz=  ʗʢʱʦ ,ch <  ʟʥʦʚʫ 

ʦʜʝʨʞʠʤʦ ʝʣʽʧʩ,  ʧʽʚʦʩʽ ʷʢʦʛʦ ʜʦʨʽʚʥʶʶʪʴ ʚʽʜʧʦʚʽʜʥʦ  2

2

1
c

h
a - ʽ 2

2

1
c

h
b - , 

ʪʦʙʪʦ ʧʨʦʧʦʨʮʽʡʥʽ a  ʽ  b. ʇʨʠ  ch =     0
2

2

2

2

=+
b

y

a

x
 ʽ ʦʜʝʨʞʠʤʦ  ʪʦʯʢʽ 

).,0,0(),0,0(: 21 cʉʽcʉOz +-  ʊʘʢʠʤ ʯʠʥʦʤ, ʧʣʦʱʠʥʠ cz °=  ʤʘʶʪʴ ʟ 

ʝʣʽʧʩʦʾʜʦʤ ʦʜʥʫ ʩʧʽʣʴʥʫ ʪʦʯʢʫ (ʪʦʯʢʫ ʜʦʪʠʢʫ) . 

ʊʦʯʢʘ )0,0,0(O  ʻ ʮʝʥʪʨ ʩʠʤʝʪʨʽʾ ʝʣʽʧʩʦʾʜʘ, ʢʦʦʨʜʠʥʘʪʥʽ ʧʣʦʱʠʥʠ ï 

ʧʣʦʱʠʥʠ ʩʠʤʝʪʨʽʾ, ʦʩʽ -OzOyOx ,, ʦʩʽ ʩʠʤʝʪʨʽʾ. 
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ʗʢʱʦ ʯʠʩʣʘ a , b  ʽ  c  ʨʽʟʥʽ, ʪʦ ʝʣʽʧʩʦʾʜ ʥʘʟʠʚʘʻʪʴʩʷ ʪʨʠʚʽʩʥʠʤ.  

ʗʢʱʦ ʷʢʽ ï ʥʝʙʫʜʴ ʜʚʽ ʟ ʚʝʣʠʯʠʥ a , b , c, ʥʘʧʨʠʢʣʘʜ, a  ʽ b  ʨʽʚʥʽ ʤʽʞ 

ʩʦʙʦʶ, ʪʦ ʫ ʧʝʨʝʪʠʥʫ ʝʣʽʧʩʦʾʜʘ ʧʣʦʱʠʥʦʶ hz=  ʙʫʜʝʤʦ ʦʜʝʨʞʫʚʘʪʠ ʢʦʣʘ. 

ʑʦʜʦ ʩʘʤʦʛʦ ʝʣʽʧʩʦʾʜʘ, ʪʦ ʚʽʥ ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʥʘʟʠʚʘʻʪʴʩʷ ʝʣʽʧʩʦʾʜʦʤ 

ʦʙʝʨʪʘʥʥʷ, ʘ ʡʦʛʦ ʨʽʚʥʷʥʥʷ ʤʘʻ ʚʠʛʣʷʜ  1
2

2

2

2

2

2

=++
c

z

a

y

a

x
. 

ʅʘʨʝʰʪʽ, ʷʢʱʦ a= b =c, ʪʦ ʝʣʽʧʩʦʾʜ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʥʘ ʩʬʝʨʫ. 

ɿʘʫʚʘʞʝʥʥʷ. ɽʣʽʧʩʦʾʜ ʦʙʝʨʪʘʥʥʷ ʤʦʞʥʘ ʚʠʟʥʘʯʠʪʠ ʷʢ ʧʦʚʝʨʭʥʶ, ʱʦ 

ʦʜʝʨʞʫʻʪʴʩʷ ʧʨʠ ʨʽʚʥʦʤʽʨʥʦʤʫ ʩʪʠʩʢʘʥʥʽ ʩʬʝʨʠ ʜʦ ʾʾ ʝʢʚʘʪʦʨʘ. 

          

      ʇʨʠʢʣʘʜ 1.  ʗʢʘ ʧʦʚʝʨʭʥʷ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ 

                              ?04816316 222 =-++ zyx  

      ʈʦʟʚô̫ ʟʘʥʥʷ.  

ɼʘʥʝ ʨʽʚʥʷʥʥʷ ʣʝʛʢʦ ʧʨʠʚʝʩʪʠ ʜʦ ʢʘʥʦʥʽʯʥʦʛʦ ʚʠʛʣʷʜʫ: 1
3163

222

=++
zyx

. 

ʆʜʝʨʞʘʥʦ ʨʽʚʥʷʥʥʷ ʝʣʽʧʩʦʾʜʘ ʦʙʝʨʪʘʥʥʷ ʟ ʚʽʩʩʶ  ʦʙʝʨʪʘʥʥʷOy. ʇʽʚʦʩʽ 

ʜʦʨʽʚʥʶʶʪʴ: .4,3 === bca  

 

3.7.3. ʆʜʥʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ 

 

           ʇʦʚʝʨʭʥʷ, ʱʦ ʤʘʻ ʨʽʚʥʷʥʥʷ  

                                                      1
2
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2

2

2

=-+
c

z

b

y

a

x
                             (3.56) 

ʥʘʟʠʚʘʻʪʴʩʷ ʦʜʥʦʧʦʨʦʞʥʠʥʥʠʤ ʛʽʧʝʨʙʦʣʦʾʜʦʤ (ʨʠʩ. 3.30).  

 

         

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3.30 

 

ʇʦʭʦʜʞʝʥʥʷ ʥʘʡʤʝʥʫʚʘʥʥʷ ʧʦʚʝʨʭʥʽ ʩʘʤʝ ʪʘʢʝ, ʪʦʤʫ ʱʦ     ʩʝʨʝʜ ʾʾ 

ʧʝʨʝʪʠʥʽʚ ʻ ʛʽʧʝʨʙʦʣʠ. ʅʘʧʨʠʢʣʘʜ, ʧʝʨʝʪʠʥʠ ʧʣʦʱʠʥʘʤʠ 0,0 == yx  

ʦʧʠʩʫʶʪʴʩʷ ʚʽʜʧʦʚʽʜʥʦ ʨʽʚʥʷʥʥʷʤʠ  
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                                 ,1
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c

z

a

x
                               (3.57) 

ʅʘʟʚʘ çʦʜʥʦʧʦʨʦʞʥʠʥʥʠʡè ʧʽʜʢʨʝʩʣʶʻ, ʱʦ, ʫ   ʧʨʦʪʠʣʝʞʥʽʩʪʴ ʧʦʚʝʨʭʥʽ 

ʜʚʦʧʦʨʦʞʥʠʥʥʦʛʦ ʛʽʧʝʨʙʦʣʦʾʜʘ,      ʡʦʛʦ ʧʦʚʝʨʭʥʷ   ʥʝ     ʨʦʟʽʨʚʘʥʘ ʥʘ ʜʚʽ 

ʧʦʨʦʞʥʠʥʠ, ʘ  ʧʨʝʜʩʪʘʚʣʷʻ ʩʫʮʽʣʴʥʫ ʥʝʩʢʽʥʯʝʥʫ ʪʨʫʙʢʫ, ʱʦ ʚʠʪʷʛʥʫʪʘ 

ʫʟʜʦʚʞ ʦʩʽ .Oz  

          ʇʣʦʱʠʥʘ hz=  ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ ʟʥʘʯʝʥʥʽ h  ʜʘʻ ʫ ʧʝʨʝʪʠʥʽ ʟ 

ʧʦʚʝʨʭʥʝʶ  ʝʣʽʧʩ                   
2

2

2

2

2

2

1
c

h

b

y

a

x
+=+                                             (3.58) 

ʟ ʧʽʚʚʽʩʷʤʠ ,1
2

2

c

h
a +  .1

2

2

c

h
b +  ɺʩʽ ʮʽ ʝʣʽʧʩʠ ʧʦʜʽʙʥʽ, ʾʭ ʚʝʨʰʠʥʠ ʣʝʞʘʪʴ ʥʘ 

ʛʽʧʝʨʙʦʣʘʭ (3.57).   ʈʦʟʤʽʨʠ ʝʣʽʧʩʽʚ ʟʙʽʣʴʰʫʶʪʴʩʷ ʧʦ ʤʽʨʽ ʾʭ ʚʽʜʜʘʣʝʥʥʷ ʚʽʜ 

ʧʣʦʱʠʥʠ .xOy  ʇʝʨʝʪʠʥ ʦʜʥʦʧʦʨʦʞʥʠʥʥʦʛʦ ʛʽʧʝʨʙʦʣʦʾʜʘ ʧʣʦʱʠʥʦʶ xOy 

ʻ ʝʣʽʧʩ  12

2

2

2

=+
b

y

a

x
 (ʛʦʨʣʦʚʠʡ ʝʣʽʧʩ). ɻʽʧʝʨʙʦʣʠ (3.57) ʽ ʛʦʨʣʦʚʠʡ ʝʣʽʧʩ 

ʥʘʟʠʚʘʶʪʴ   ʛʦʣʦʚʥʠʤʠ ʧʝʨʝʪʠʥʘʤʠ, ʘ ʾʭ ʚʝʨʰʠʥʠ ï ʚʝʨʰʠʥʘʤʠ 

ʦʜʥʦʧʦʨʦʞʥʠʥʥʦʛʦ ʛʽʧʝʨʙʦʣʦʾʜʘ. 

        ʆʜʥʦʧʦʨʦʞʥʠʥʥʠʡ  ʛʽʧʝʨʙʦʣʦʾʜ ʦʙʝʨʪʘʥʥʷ ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ, ʷʢʱʦ 

ba= . ʊʦʜʽ ʡʦʛʦ ʨʽʚʥʷʥʥʷ ʤʘʻ ʚʠʛʣʷʜ   ,1
2

2

2

2

2

2

=-+
c

z

a

y

a

x
 ʘ ʛʦʨʣʦʚʠʡ ʝʣʽʧʩ 

ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʥʘ ʛʦʨʣʦʚʝ ʢʦʣʦ ʟ ʨʘʜʽʫʩʦʤ, ʱʦ ʜʦʨʽʚʥʶʻ .a   

     ʇʨʠʢʣʘʜ 1. ɺʩʪʘʥʦʚʠʪʠ ʚʠʜ ʧʦʚʝʨʭʥʽ  .01644 222 =+-- zyx      

     ʈʦʟʚô̫ ʟʘʥʥʷ. 

 ʇʝʨʝʪʚʦʨʠʤʦ ʨʽʚʥʷʥʥʷ ʜʦ ʚʠʛʣʷʜʫ .1
224 2

2

2

2

2

2

=++-
zyx

 ʆʪʞʝ, ʤʘʻʤʦ 

ʦʜʥʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ ʦʙʝʨʪʘʥʥʷ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ )0,0,0(O , ʚʽʩʩʶ 

ʦʙʝʨʪʘʥʥʷ ʻ ,Ox  ʦʩʢʽʣʴʢʠ ʚʽʜ'ʻʤʥʠʡ ʢʦʝʬʽʮʽʻʥʪ ʩʪʦʾʪʴ ʧʝʨʝʜ .2x   

 

3.7.4. ɼʚʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ 

 

       ʇʦʚʝʨʭʥʷ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ  

                                                          1
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-=-+
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y
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x
                              (3.59) 

 ʥʘʟʠʚʘʻʪʴʩʷ ʜʚʦʧʦʨʦʞʥʠʥʥʠʤ ʛʽʧʝʨʙʦʣʦʾʜʦʤ (ʨʠʩ. 3. 31). 

ʋ ʧʝʨʝʪʠʥʘʭ  ʡʦʛʦ ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ xOz ʽ yOx ʤʘʻʤʦ 

ʛʽʧʝʨʙʦʣʠ  

                                          ,1
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y

c

z
                             (3.60) 
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ɼʣʷ ʢʦʞʥʦʾ ʟ ʥʠʭ ʜʽʡʩʥʦʶ ʚʽʩʩʶ ʻ .Oz  ʇʣʦʱʠʥʠ hz=   ʥʝ ʧʝʨʝʪʠʥʘʶʪʴ 

ʛʽʧʝʨʙʦʣʦʾʜ ʧʨʠ  ,ch <  ʧʨʠ ch °=  ʚʦʥʠ ʜʦʪʠʢʘʶʪʴʩʷ ʛʽʧʝʨʙʦʣʦʾʜʘ ʫ 

ʪʦʯʢʘʭ (0, 0, ʩ) ʽ (0, 0, - ʩ), ʷʢʽ ʥʘʟʠʚʘʶʪʴ ʚʝʨʰʠʥʘʤʠ ʛʽʧʝʨʙʦʣʦʾʜʘ. 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 31             

ʇʨʠ ch >  ʫ ʧʝʨʝʪʠʥʘʭ ʦʜʝʨʞʫʶʪʴʩʷ ʝʣʽʧʩʠ  ,1
2

2

2

2

2

2

-=+
c

h

b

y

a

x
 ʱʦ ʧʦʜʽʙʥʽ 

ʦʜʠʥ ʜʦ ʦʜʥʦʛʦ. ɰʭ ʨʦʟʤʽʨʠ ʟʙʽʣʴʰʫʶʪʴʩʷ ʧʦ ʤʽʨʽ  ʚʽʜʜʘʣʝʥʥʷ ʚʽʜ 

ʧʣʦʱʠʥʠ  .xOy   ʊʘʢʠʤ ʯʠʥʦʤ, ʧʦʚʝʨʭʥʷ  (3.59) ʩʢʣʘʜʘʻʪʴʩʷ ʟ ʜʚʦʭ 

ʨʦʟ'ʻʜʥʘʥʠʭ ʯʘʩʪʠʥ, ʟʚʽʜʢʠ ʽ ʚʠʥʠʢʣʘ ʥʘʟʚʘ ʜʚʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ.  

ɻʽʧʝʨʙʦʣʠ (3.60) ʥʘʟʠʚʘʶʪʴʩʷ ʛʦʣʦʚʥʠʤʠ ʧʝʨʝʪʠʥʘʤʠ, ʾʭ ʟʘʛʘʣʴʥʽ ʚʝʨʰʠʥʠ 

ï ʚʝʨʰʠʥʘʤʠ ʜʚʦʧʦʨʦʞʥʠʥʥʦʛʦ  ʛʽʧʝʨʙʦʣʦʾʜʘ. ɺʽʥ ʤʘʻ ʮʝʥʪʨ ,O  ʦʩʽ 

ʩʠʤʝʪʨʽʾ ,Ox  ,Oy  Oz ʽ ʧʣʦʱʠʥʠ ʩʠʤʝʪʨʽʾ xOy, yOz, xOz. ɼʚʽ ʧʦʨʦʞʥʠʥʠ 

ʛʽʧʝʨʙʦʣʦʾʜʘ ʩʠʤʝʪʨʠʯʥʽ ʦʜʥʘ ʦʜʥʽʡ ʚʽʜʥʦʩʥʦ ʧʣʦʱʠʥʠ .xOy  

ɼʚʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ ʦʙʝʨʪʘʥʥʷ ʦʜʝʨʞʠʤʦ ʧʨʠ .ba=  ɺʽʥ ʷʚʣʷʻ 

ʧʦʚʝʨʭʥʶ, ʱʦ ʦʜʝʨʞʫʻʪʴʩʷ ʧʨʠ ʦʙʝʨʪʘʥʥʽ ʛʽʧʝʨʙʦʣʠ ʥʘʚʢʦʣʦ ʾʾ ʜʽʡʩʥʦʾ ʚʽʩʽ. 

 

3.7.5. ʂʦʥʫʩ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

 

          ʂʦʥʽʯʥʦʶ ʧʦʚʝʨʭʥʝʶ ʥʘʟʠʚʘʶʪʴ ʙʫʜʴ-ʷʢʫ ʧʦʚʝʨʭʥʶ, ʱʦ 

ʧʦʨʦʜʞʫʻʪʴʩʷ ʨʫʭʦʤ ʣʽʥʽʾ (ʪʚʽʨʥʦʾ), ʷʢʘ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʥʝʨʫʭʦʤʫ ʪʦʯʢʫ 

(ʚʝʨʰʠʥʫ ʢʦʥʽʯʥʦʾ ʧʦʚʝʨʭʥʽ). ɹʫʜʴ-ʷʢʘ ʣʽʥʽʷ, ʷʢʘ ʥʝ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ 

ʚʝʨʰʠʥʫ ʽ ʧʝʨʝʪʠʥʘʻ ʪʚʽʨʥʫ ʫ ʙʫʜʴ-ʷʢʦʤʫ ʧʦʣʦʞʝʥʥʽ ʦʩʪʘʥʥʴʦʾ, 

ʥʘʟʠʚʘʻʪʴʩʷ ʥʘʧʨʘʚʣʷʶʯʦʶ. ʇʦʚʝʨʭʥʷ  
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                                                (3.61)  

ʥʘʟʠʚʘʻʪʴʩʷ ʢʦʥʫʩʦʤ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ (ʨʠʩ. 3.32). 

ɰʾ ʧʝʨʝʪʠʥ ʧʣʦʱʠʥʦʶ  )0( =yxOz  ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ ,0
2

2

2

2
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c

z

a

x
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ʈʠʩ. 3. 32 

 ʘʙʦ .0=ö
÷

õ
æ
ç

å
-ö

÷

õ
æ
ç

å
+

c

z

a

x

c

z

a

x
 ʎʝ ʧʘʨʘ ʧʨʷʤʠʭ, ʱʦ ʧʨʦʭʦʜʷʪʴ ʯʝʨʝʟ ʧʦʯʘʪʦʢ 

ʢʦʦʨʜʠʥʘʪ. ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʫ ʧʝʨʝʪʠʥʽ ʢʦʥʽʯʥʦʾ ʧʦʚʝʨʭʥʽ ʟ 

ʧʣʦʱʠʥʦʶ )0( =xyOz , ʘʙʦ ʟ ʙʫʜʴ-ʷʢʦʶ ʧʣʦʱʠʥʦʶ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ 

ʚʽʩʴ ,Oz  ʦʜʝʨʞʫʻʪʴʩʷ ʧʘʨʘ ʧʨʷʤʠʭ. ʊʦʙʪʦ ʧʦʚʝʨʭʥʷ 0
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=-+
c

z

b

y

a

x
- 

ʢʦʥʽʯʥʘ, ʘ ʪʦʯʢʘ O  - ʾʾ ʚʝʨʰʠʥʘ.  ʇʝʨʝʪʠʥ ʢʦʥʫʩʘ ʙʫʜʴ-ʷʢʦʶ ʧʣʦʱʠʥʦʶ 

hz=  (ʧʨʠ  )0̧h  ʻ ʝʣʽʧʩ. ʇʨʠ ba=  ʝʣʽʧʩʠ ʧʝʨʝʪʚʦʨʶʶʪʴʩʷ ʥʘ ʢʦʣʘ ʽ 

ʢʦʥʫʩ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ - ʚ ʢʨʫʛʣʠʡ ʢʦʥʫʩ. 

           ɿʘʫʚʘʞʝʥʥʷ. ʇʝʨʝʪʠʥʠ ʙʫʜʴ-ʷʢʦʛʦ ʢʦʥʫʩʘ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ 

ʧʣʦʱʠʥʘʤʠ, ʱʦ ʥʝ ʧʨʦʭʦʜʷʪʴ ʯʝʨʝʟ ʡʦʛʦ ʚʝʨʰʠʥʫ, ʻ ʢʦʣʘ, ʝʣʽʧʩʠ, 

ʛʽʧʝʨʙʦʣʠ ʽ ʧʘʨʘʙʦʣʠ. 

  

3.7.6. ɽʣʽʧʪʠʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ 

 

            ʇʦʚʝʨʭʥʷ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ  

                                                  ,
22

22

q

y

p

x
z +=                                               (3.62) 

ʜʝ ,0,0 >> qp ʥʘʟʠʚʘʻʪʴʩʷ ʝʣʽʧʪʠʯʥʠʤ ʧʘʨʘʙʦʣʦʾʜʦʤ ( ʨʠʩ. 3. 33). 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 33 

ʇʝʨʝʪʠʥʠ ʢʦʦʨʜʠʥʘʪʥʠʤʠ ʧʣʦʱʠʥʘʤʠ  xOz ʽ yOz(ʛʦʣʦʚʥʽ ʧʝʨʝʪʠʥʠ) ï 

ʧʘʨʘʙʦʣʠ  .2,2 22 qzypzx ==  ʇʣʦʱʠʥʘ 0=z  ʻ ʜʦʪʠʯʥʦʶ ʧʣʦʱʠʥʦʶ ʜʦ 
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ʧʘʨʘʙʦʣʦʾʜʘ ʥʘ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ, ʘ ʧʣʦʱʠʥʠ hz=  ʧʨʠ 0>h  ʧʝʨʝʪʠʥʘʶʪʴ 

ʧʘʨʘʙʦʣʦʾʜ ʧʦ ʧʦʜʽʙʥʠʤ ʤʽʞ ʩʦʙʦʶ ʝʣʽʧʩʘʤ h
q

y

p

x
=+

22

22

 ʟ ʧʽʚʦʩʷʤʠ       

qhbpha 2,2 11 == . ʇʨʠ 0<h   ʧʣʦʱʠʥʠ hz=  ʥʝ ʤʘʶʪʴ ʟ ʧʘʨʘʙʦʣʦʾʜʦʤ 

ʩʧʽʣʴʥʠʭ ʪʦʯʦʢ. ɽʣʽʧʪʠʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ ʥʝ ʤʘʻ ʮʝʥʪʨʘ ʩʠʤʝʪʨʽʾ, ʚʽʥ 

ʩʠʤʝʪʨʠʯʥʠʡ  ʚʽʜʥʦʩʥʦ ʧʣʦʱʠʥ xOz ʽ yOzʽ ʚʽʜʥʦʩʥʦ ʜʦ ʦʩʽ Oz. 

ʇʨʷʤʘ Ozʥʘʟʠʚʘʻʪʴʩʷ ʚʽʩʩʶ ʝʣʽʧʪʠʯʥʦʛʦ ʧʘʨʘʙʦʣʦʾʜʘ, ʪʦʯʢʘ O  - ʡʦʛʦ 

ʚʝʨʰʠʥʦʶ, ʘ ʚʝʣʠʯʠʥʠ qp, - ʧʘʨʘʤʝʪʨʘʤʠ. 

ʇʨʠ qp=  ʧʘʨʘʙʦʣʦʾʜ  ʩʪʘʻ ʧʦʚʝʨʭʥʝʶ ʦʙʝʨʪʘʥʥʷ, ʱʦ ʦʜʝʨʞʫʻʪʴʩʷ ʧʨʠ 

ʦʙʝʨʪʘʥʥʽ ʧʘʨʘʙʦʣʠ ʥʘʚʢʦʣʦ ʾʾ ʦʩʽ. 

     ʇʨʠʢʣʘʜ 1. ʇʦʚʝʨʭʥʷ 
22 yxz +=  ʻ ʧʘʨʘʙʦʣʦʾʜ ʦʙʝʨʪʘʥʥʷ, ʱʦ 

ʦʜʝʨʞʫʻʪʴʩʷ ʦʙʝʨʪʘʥʥʷʤ ʧʘʨʘʙʦʣʠ 
2xz=  ʥʘʚʢʦʣʦ ʾʾ ʦʩʽ (ʚʽʩʴ Oz). 

ʇʦʚʝʨʭʥʷ 
22 zyx +=  ʪʘʢʦʞ ʟʘʜʘʻ ʧʘʨʘʙʦʣʦʾʜ ʦʙʝʨʪʘʥʥʷ, ʘʣʝ ʜʣʷ ʥʴʦʛʦ 

ʚʽʩʩʶ ʦʙʝʨʪʘʥʥʷ ʻ .Ox  

 

3.7.7. ɻʽʧʝʨʙʦʣʽʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ 

 

          ʇʦʚʝʨʭʥʷ, ʱʦ ʟʘʜʘʻʪʴʩʷ ʨʽʚʥʷʥʥʷʤ   

                                                    ,
22

22

q

y

p

x
z -= ʜʝ ,0,0 >> qp                (3.63) 

ʥʘʟʠʚʘʻʪʴʩʷ ʛʽʧʝʨʙʦʣʽʯʥʠʤ ʧʘʨʘʙʦʣʦʾʜʦʤ (ʨʠʩ. 3. 34). 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 3. 34 

ʇʝʨʝʪʠʥʠ ʧʣʦʱʠʥʘʤʠ xOz ʽ  yOz (ʛʦʣʦʚʥʽ ʧʝʨʝʪʠʥʠ) ï ʧʘʨʘʙʦʣʠ  

.2,2 22 qzypzx -==  ʇʦʚʝʨʭʥʷ ʤʘʻ ʩʽʜʣʦʧʦʜʽʙʥʠʡ ʚʠʜ. ʇʝʨʝʪʠʥ ʾʾ 

ʧʣʦʱʠʥʦʶ 0=z  ʧʨʝʜʩʪʘʚʣʷʻ ʩʦʙʦʶ ʧʘʨʫ ʧʨʷʤʠʭ.  

ʇʣʦʱʠʥʠ  ,hz= ʧʘʨʘʣʝʣʴʥʽ ʜʦ ,xOyʧʝʨʝʪʠʥʘʶʪʴ ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ 

ʧʦ ʛʽʧʝʨʙʦʣʘʤ               .,
22

22

hzh
q

y

p

x
==-   
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ɻʽʧʝʨʙʦʣʽʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ ʥʝ ʤʘʻ  ʮʝʥʪʨʘ, ʚʽʥ ʩʠʤʝʪʨʠʯʥʠʡ ʚʽʜʥʦʩʥʦ 

ʧʣʦʱʠʥ xOz ʽ yOz ʽ ʚʽʜʥʦʩʥʦ ʜʦ ʦʩʽ .Oz  ʇʨʷʤʘ Oz ʥʘʟʠʚʘʻʪʴʩʷ ʚʽʩʩʶ 

ʛʽʧʝʨʙʦʣʽʯʥʦʛʦ ʧʘʨʘʙʦʣʦʾʜʘ , ʪʦʯʢʘ O  - ʡʦʛʦ ʚʝʨʰʠʥʦʶ, ʚʝʣʠʯʠʥʠ qp, - 

ʧʘʨʘʤʝʪʨʘʤʠ. 

           ɿʘʫʚʘʞʝʥʥʷ. ʅʽ ʧʨʠ ʷʢʠʭ ʟʥʘʯʝʥʥʷʭ p q̔ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ 

(ʥʘ ʚʽʜʤʽʥʫ ʚʽʜ ʚʞʝ ʨʦʟʛʣʷʥʫʪʠʭ ʧʦʚʝʨʭʦʥʴ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ) ʥʝ ʻ 

ʧʦʚʝʨʭʥʝʶ ʦʙʝʨʪʘʥʥʷ.  

 

3.7.8. ʎʠʣʽʥʜʨʠʯʥʽ ʧʦʚʝʨʭʥʽ. ʇʨʷʤʦʣʽʥʽʡʥʽ  ʪʚʽʨʥʽ  ʧʦʚʝʨʭʦʥʴ ʜʨʫʛʦʛʦ 

ʧʦʨʷʜʢʫ 

 

        ʇʦʚʝʨʭʥʷ, ʧʦʨʦʜʞʫʚʘʥʘ ʨʫʭʦʤ ʧʨʷʤʦʾ ʣʽʥʽʾ (ʪʚʽʨʥʦʾ), ʱʦ ʧʘʨʘʣʝʣʴʥʘ 

ʜʦ ʥʝʨʫʭʦʤʦʾ ʧʨʷʤʦʾ, ʥʘʟʠʚʘʻʪʴʩʷ ʮʠʣʽʥʜʨʠʯʥʦʶ. ɹʫʜʴ-ʷʢʘ ʣʽʥʽʷ, ʷʢʫ ʪʚʽʨʥʘ 

ʧʝʨʝʪʠʥʘʻ ʫ ʙʫʜʴ-ʷʢʦʤʫ ʩʚʦʻʤʫ ʧʦʣʦʞʝʥʥʽ, ʥʘʟʠʚʘʻʪʴʩʷ ʥʘʧʨʷʤʥʦʶ. 

ɹʫʜʴ-ʷʢʝ ʨʽʚʥʷʥʥʷ, ʱʦ ʥʝ ʤʽʩʪʠʪʴ ʢʦʦʨʜʠʥʘʪʠ zʽ ʷʢʝ ʚʠʟʥʘʯʘʻ ʥʘ ʧʣʦʱʠʥʽ 
xOyʜʝʷʢʫ ʣʽʥʽʶ, ʧʨʝʜʩʪʘʚʣʷʻ ʫ ʧʨʦʩʪʦʨʽ ʮʠʣʽʥʜʨʠʯʥʫ ʧʦʚʝʨʭʥʶ, ʫ ʷʢʦʾ 

ʪʚʽʨʥʘ ʧʘʨʘʣʝʣʴʥʘ ʜʦ ʚʽʩʽ Oz, ʘ ʥʘʧʨʷʤʥʦʶ ʻ ʮʷ ʣʽʥʽʷ. ʅʘʧʨʠʢʣʘʜ, ʨʽʚʥʷʥʥʷ 

1
2

2

2

2

=+
b

y

a

x
 ʫ ʧʣʦʱʠʥʽ xOy ʚʠʟʥʘʯʘʻ ʝʣʽʧʩ. ʋ ʧʨʦʩʪʦʨʽ ʚʦʥʦ ʧʨʝʜʩʪʘʚʣʷʻ 

 

ʮʠʣʽʥʜʨʠʯʥʫ ʧʦʚʝʨʭʥʶ ʟ ʪʚʽʨʥʠʤʠ, ʱʦ ʧʘʨʘʣʝʣʴʥʽ ʜʦ Oz -ʝʣʽʧʪʠʯʥʠʡ 

ʮʠʣʽʥʜʨ   (ʨʠʩ.3.35ʘ). ʈʽʚʥʷʥʥʷ  1
2

2

2

2

=-
b

y

a

x
 ʽ  pxx 22=  ʫ ʧʨʦʩʪʦʨʽ ʦʧʠʩʫʶʪʴ 

ʛʠʧʝʨʙʦʣʽʯʥʠʡ ʮʠʣʽʥʜʨ (ʨʠʩ. 3.35ʙ) ʽ ʧʘʨʘʙʦʣʽʯʥʠʡ ʮʠʣʽʥʜʨ   (ʨʠʩ.3.35ʚ)  

ʚʽʜʧʦʚʽʜʥʦ. 

                    
            ʘ)                                       ʙ)                                                 ʛ) 

ʈʠʩ. 3. 35 

 

        ʇʦʚʝʨʭʥʷ ʥʘʟʠʚʘʻʪʴʩʷ ʣʽʥʽʡʯʘʪʦʶ, ʷʢʱʦ ʾʾ ʤʦʞʥʘ ʩʪʚʦʨʠʪʠ ʨʫʭʦʤ 

ʧʨʷʤʦʾ ʣʽʥʽʾ (ʪʚʽʨʥʦʾ).  ɿ ʧʦʚʝʨʭʦʥʴ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʣʽʥʽʡʯʘʪʠʤʠ ʻ 

ʮʠʣʽʥʜʨʠ ʽ ʢʦʥʫʩ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ , ʘ ʪʘʢʦʞ ʦʜʥʦʧʦʨʦʞʥʠʥʥʠʡ ʛʽʧʝʨʙʦʣʦʾʜ 

ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʧʘʨʘʙʦʣʦʾʜ.  

        ʋ ʦʜʥʦʧʦʨʦʞʥʠʥʥʦʛʦ ʛʽʧʝʨʙʦʣʦʾʜʘ ʪʘ ʛʽʧʝʨʙʦʣʽʯʥʦʛʦ ʧʘʨʘʙʦʣʦʾʜʘ 

ʯʝʨʝʟ ʢʦʞʥʫ ʪʦʯʢʫ ʧʨʦʭʦʜʷʪʴ ʜʚʽ ʧʨʷʤʦʣʽʥʽʡʥʽ ʪʚʽʨʥʽ. 
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       ʋ ʝʣʽʧʩʦʾʜʘ, ʜʚʦʧʦʨʦʞʥʠʥʥʦʛʦ ʛʽʧʝʨʙʦʣʦʾʜʘ ʽ ʝʣʽʧʪʠʯʥʦʛʦ ʧʘʨʘʙʦʣʦʾʜʘ 

ʧʨʷʤʦʣʽʥʽʡʥʠʭ ʪʚʽʨʥʠʭ ʥʝʤʘʻ. 

 

3.8. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

  (ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, 

ʪʘʢ ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

ɯ.   ɼʘʥʦ ʢʦʦʨʜʠʥʘʪʠ ʚʝʨʰʠʥ ʪʨʠʢʫʪʥʠʢʘ ɸBC:  ɸ(3, 2), B (-1, -1), C (1, - 6). 

 ɿʥʘʡʪʠ :  

1)  ʨʽʚʥʷʥʥʷ ʧʨʷʤʠʭ ɸɺ ʽ ɺʉ;     2)  ʨʽʚʥʷʥʥʷ ʽ ʜʦʚʞʠʥʫ ʤʝʜʽʘʥʠ AF; 

3)  ʨʽʚʥʷʥʥʷ ʽ ʜʦʚʞʠʥʫ ʚʠʩʦʪʠ  BD;   4)  ʚʥʫʪʨʽʰʥʽʡ ʢʫʪ ɺ ʫ ʨʘʜʽʘʥʘʭ; 

5) ʨʽʚʥʷʥʥʷ ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ ʧʝʨʝʪʠʥʫ     ʤʝʜʽʘʥʠ AF i    

ʚʠʩʦʪʠ  BD (ʪʦʯʢʘ ʄ) ʧʘʨʘʣʝʣʴʥʦ ʧʨʷʤʽʡ ɸɺ; 

6)  ʢʫʪ ʤʽʞ ʚʠʩʦʪʦʶ ɺD ʪʘ ʤʝʜʽʘʥʦʶ AF ʫ ʨʘʜʽʘʥʘʭ; 

7) ʚʽʜʩʪʘʥʴ ʦʪ ʪʦʯʢʠ ʄ ʜʦ ʧʦʯʘʪʢʫ ʢʦʦʨʜʠʥʘʪ; 8) ʧʝʨʠʤʝʪʨ ʪʨʠʢʫʪʥʠʢʘ ɸBC; 

9)  ʧʣʦʱʫ ʪʨʠʢʫʪʥʠʢʘ ɸBC;   10) ʟʨʦʙʠʪʠ ʨʠʩʫʥʦʢ. 

 

ɯɯ. ɺʩʪʘʥʦʚʠʪʠ, ʷʢʽ ʣʽʥʽʾ ʚʠʟʥʘʯʘʶʪʴʩʷ ʥʘʩʪʫʧʥʠʤʠ ʨʽʚʥʷʥʥʷʤʠ ʽ 

ʧʦʙʫʜʫʚʘʪʠ ʾʭ: 

1). ;4 2xy -+=   2). ;0193093 22 =++-+ yxyx   3).  ;194 2-+= xy    

 4).  ;331 +-= xy    5). ;10 2xy -=    6).  ;01921878 22 =++-+ yxyx     

ɯV.  ɿʘʧʠʩʘʪʠ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ ʄ (1-2,0) 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ  ʜʦ ʧʨʷʤʦʾ   .
0

1

10

4

3

2 -
=

-

-
=

+ zyx
 

V.  ɿʥʘʡʪʠ ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ )3,4,2(1 -M  ʜʦ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ 

ʯʝʨʝʟ ʪʦʯʢʠ  ).3,1,4(),6,5,0(),1,2,1( 432 --- MMM  

VI .  ɿʥʘʡʪʠ ʢʫʪ ʤʽʞ ʧʨʷʤʠʤʠ    6;4;12 -=+-=-= tztytx  ʽ  

                
1

0

3

4

2

1 -
=

-
=

-

+ zyx
. 

VII .  ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ ʄ (1,2-3)     

ʧʘʨʘʣʝʣʴʥʦ ʧʨʷʤʠʤ 
3

7

3

1

2

1 -
=

-

+
=

- zyx
   ̔  

1

3

2

2

3

5

-

+
=

-

-
=

+ zyx
. 

VIII . ɿʥʘʡʪʠ ʚʽʜʩʪʘʥʴ ʚʽʜ ʪʦʯʢʠ ʈ(2,3,-1) ʜʦ ʧʨʷʤʦ ʾ .
2

8

2

2

3

5

-

-
=

+
=

- zyx
 

 IX.  ʉʢʣʘʩʪʠ ʨʽʚʥʷʥʥʷ ʧʣʦʱʠʥʠ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ ʄ (1,2-3)    

ʧʘʨʘʣʝʣʴʥʦ ʧʨʷʤʠʤ  {
0425

0123

=+++

=-+-

zyx

zyx
  ̔    

1

3

2

2

3

5

-

+
=

-

-
=

+ zyx
. 

  X.  ɿʥʘʡʪʠ ʧʨʦʝʢʮʽʶ ʪʦʯʢʠ  ʈ(5,-1,3) ʥʘ  ʧʨʷʤʫ 6;4;12 -=+-=-= tztytx . 
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4. ɽʃɽʄɽʅʊʀ ʄɸʊɽʄɸʊʀʏʅʆɻʆ ɸʅɸʃɯɿʋ. ɻʈɸʅʀʎʗ  

ʌʋʅʂʎɯɰ 

 

4.1.ʆʩʥʦʚʥʽ ʧʦʥʷʪʪʷ ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʘʥʘʣʽʟʫ. ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ. 

ʌʫʥʢʮʽʷ 

 

 ʋ ʤʘʪʝʤʘʪʠʯʥʦʤʫ ʘʥʘʣʽʟʽ ʦʜʥʝ ʟ ʮʝʥʪʨʘʣʴʥʠʭ ʤʽʩʮʴ ʟʘʡʤʘʻ ʧʦʥʷʪʪʷ 

ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ.  

 ʇʨʠ ʚʠʤʽʨʶʚʘʥʥʽ ʪʘʢʠʭ ʬʽʟʠʯʥʠʭ ʚʝʣʠʯʠʥ, ʷʢ ʯʘʩ, ʜʦʚʞʠʥʘ, ʧʣʦʱʘ, 

ʦʙ'̒ʤ, ʰʚʠʜʢʽʩʪʴ, ʪʠʩʢ, ʪʝʤʧʝʨʘʪʫʨʘ ʪʘ ʪ. ʽʥ. ʚʠʟʥʘʯʘʶʪʴʩʷ ʾʭ ʯʠʩʣʦʚʽ 

ʟʥʘʯʝʥʥʷ. ʄʘʪʝʤʘʪʠʢʘ ʤʘʻ ʩʧʨʘʚʫ ʟ ʚʝʣʠʯʠʥʘʤʠ, ʚʽʜʚʦʣʽʢʘʶʯʠʩʴ ʚʽʜ ʾʭ 

ʢʦʥʢʨʝʪʥʦʛʦ ʟʤʽʩʪʫ. ʋ ʧʦʜʘʣʴʰʦʤʫ, ʢʘʞʫʯʠ ʧʨʦ ʚʝʣʠʯʠʥʠ, ʤʠ ʙʫʜʝʤʦ ʤʘʪʠ 

ʥʘ ʫʚʘʟʽ ʾʭ ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ. 

 ɿʤʽʥʥʦʶ ʚʝʣʠʯʠʥʦʶ ʥʘʟʠʚʘʻʪʴʩʷ ʚʝʣʠʯʠʥʘ, ʷʢʘ ʧʨʠʡʤʘʻ ʨʽʟʥʽ 

ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ. ɺʝʣʠʯʠʥʘ, ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ ʷʢʦʾ ʥʝ ʟʤʽʥʶʶʪʴʩʷ, 

ʥʘʟʠʚʘʻʪʴʩʷ ʩʪʘʣʦʶ ʚʝʣʠʯʠʥʦʶ. ʊʨʘʜʠʮʽʡʥʦ ʟʤʽʥʥʽ ʚʝʣʠʯʠʥʠ 

ʧʦʟʥʘʯʘʶʪʴʩʷ ʙʫʢʚʘʤʠ  x, y, z,é, ʘ ʩʪʘʣʽ ï ʙʫʢʚʘʤʠ  a, b, c,é ̔ ʪ. ʽʥ. 

 ɿʘʫʚʘʞʝʥʥʷ. ʋ ʤʘʪʝʤʘʪʠʮʽ ʩʪʘʣʘ ʚʝʣʠʯʠʥʘ ʯʘʩʪʦ ʨʦʟʛʣʷʜʘʻʪʴʩʷ ʷʢ 

ʯʘʩʪʠʥʥʠʡ ʚʠʧʘʜʦʢ ʟʤʽʥʥʦʾ, ʫ ʷʢʦʾ ʚʩʽ ʯʠʩʣʦʚʽ ʟʥʘʯʝʥʥʷ ʦʜʥʘʢʦʚʽ. 

ɺʠʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʟʘ ʜʝʷʢʠʤ ʧʨʘʚʠʣʦʤ ʘʙʦ ʟʘʢʦʥʦʤ 

ʢʦʞʥʦʤʫ ʟʥʘʯʝʥʥʶ ʜʝʷʢʦʾ ʟʤʽʥʥʦʾ x, ʱʦ ʥʘʣʝʞʠʪʴ ʜʦ 

ʤʥʦʞʠʥʠ X, ʚʽʜʧʦʚʽʜʘʻ ʦʜʥʝ ʘʙʦ ʜʝʢʽʣʴʢʘ ʟʥʘʯʝʥʴ ʽʥʰʦʾ 

ʟʤʽʥʥʦʾ  y, ʱʦ ʥʘʣʝʞʠʪʴ ʜʦ ʤʥʦʞʠʥʠ Y, ʪʦʜʽ ʢʘʞʫʪʴ, ʱʦ 

ʥʘ ʤʥʦʞʠʥʽ X  ʟʘʜʘʥʘ ʬʫʥʢʮʽʷ ʽ ʟʘʧʠʩʫʶʪʴ ʮʝ ʫ ʚʠʛʣʷʜʽ 
.)(xfy=   

ʇʨʠ ʮʴʦʤʫ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ x ʥʘʟʠʚʘʻʪʴʩʷ ʘʨʛʫʤʝʥʪʦʤ, )(xf - 

ʬʫʥʢʮʽʻʶ.ʊʘʢʦʞ ʛʦʚʦʨʷʪʴ, ʱʦ ʚʝʣʠʯʠʥʘ y ʟʘʣʝʞʠʪʴ ʚʽʜ ʚʝʣʠʯʠʥʠ x, ʪʦʤʫ 

ʘʨʛʫʤʝʥʪ ʥʘʟʠʚʘʶʪʴ ʥʝʟʘʣʝʞʥʦʶ, ʘ ʬʫʥʢʮʽʶ ï ʟʘʣʝʞʥʦʶ ʟʤʽʥʥʦʶ. 

  

ʉʧʦʩʦʙʠ ʟʘʚʜʘʥʥʷ  ʬʫʥʢʮʽʾ 

 

ʘ) ʊʘʙʣʠʯʥʠʡ ʩʧʦʩʽʙ. ʅʘʧʨʠʢʣʘʜ, ʪʘʙʣʠʮʽ ʣʦʛʘʨʠʬʤʽʚ, ʢʚʘʜʨʘʪʥʠʭ 

ʢʦʨʝʥʽʚ ʪʦʱʦ. 

ʙ) ɻʨʘʬʽʯʥʠʡ ʩʧʦʩʽʙ ʧʦʣʷʛʘʻ ʫ ʧʦʙʫʜʦʚʽ ʣʽʥʽʾ (ʛʨʘʬʽʢʘ), ʜʝ ʘʙʩʮʠʩʠ 

ʚʽʜʦʙʨʘʞʘʶʪʴ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ, ʘ ʦʨʜʠʥʘʪʠ ï ʚʽʜʧʦʚʽʜʥʽ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ. 

ʚ) ɸʥʘʣʽʪʠʯʥʠʡ ʩʧʦʩʽʙ ʧʦʣʷʛʘʻ ʫ ʟʘʚʜʘʥʥʽ ʬʫʥʢʮʽʾ ʦʜʥʽʻʶ, ʘʙʦ 

ʜʝʢʽʣʴʢʦʤʘ ʬʦʨʤʫʣʘʤʠ. ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʦʥʘʣʴʥʘ ʟʘʣʝʞʥʽʩʪʴ ʤʽʞ 

ʨʘʜʽʫʩʦʤ ʢʦʣʘ r  ʪʘ ʡʦʛʦ ʜʦʚʞʠʥʦʶ S ʟʘʜʘʻʪʴʩʷ ʬʦʨʤʫʣʦʶ .2 rS p=  
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ʉʣʽʜ ʚʢʘʟʘʪʠ ʪʨʠ ʦʩʥʦʚʥʽ ʩʧʦʩʦʙʠ ʘʥʘʣʽʪʠʯʥʦʛʦ ʟʘʚʜʘʥʥʷ ʬʫʥʢʮʽʡ. 

ʎʝ: 

1) )(xfy=  - ʬʫʥʢʮʽʷ ʟʘʜʘʥʘ ʷʚʥʦ, 

2) 0),( =yxF  - ʬʫʥʢʮʽʷ ʟʘʜʘʥʘ ʥʝʷʚʥʦ, 

3) 
í
ì
ë

=

=

)(

),(

ty

tx

y

j
 - ʬʫʥʢʮʽʷ ʟʘʜʘʥʘ ʧʘʨʘʤʝʪʨʠʯʥʦ. t  - ʧʘʨʘʤʝʪʨ (ʟʤʽʥʥʘ 

ʚʝʣʠʯʠʥʘ, ʷʢʘ ʜʣʷ ʢʦʞʥʦʾ ʢʦʥʢʨʝʪʥʦʾ ʬʫʥʢʮʽʾ ʟʤʽʥʶʻʪʴʩʷ ʥʘ ʜʝʷʢʦʤʫ 

ʧʨʦʤʽʞʢʫ). ʇʨʠ ʮʴʦʤʫ, ʢʦʣʠ ʧʘʨʘʤʝʪʨ t  ʧʨʦʙʽʛʘʻ ʚʩʽ ʩʚʦʾ ʟʥʘʯʝʥʥʷ, 

ʚʽʜʧʦʚʽʜʥʽ ʪʦʯʢʠ ʟ ʢʦʦʨʜʠʥʘʪʘʤʠ ),( yx  ʦʧʠʩʫʶʪʴ ʜʝʷʢʫ ʣʽʥʽʶ ʚ ʜʝʢʘʨʪʦʚʽʡ  

ʧʨʷʤʦʢʫʪʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ.  

 

ʆʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ 

 

ʉʫʢʫʧʥʽʩʪʴ ʚʩʽʭ ʟʥʘʯʝʥʴ ʘʨʛʫʤʝʥʪʫ x, ʧʨʠ ʷʢʠʭ ʜʘʥʘ ʬʫʥʢʮʽʷ ʤʘʻ ʩʝʥʩ 

(ʪʦʙʪʦ ʚʠʟʥʘʯʝʥʘ), ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʣʘʩʪʶ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ. 

ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʷ 1-= xy  ʚʠʟʥʘʯʝʥʘ ʜʣʷ ʚʩʽʭ ,01²-x  (ʘʙʦ 1²x ), 

ʬʫʥʢʮʽʷ baxy +=  ʚʠʟʥʘʯʝʥʘ ʜʣʷ ʚʩʽʭ ).,( ¤+-¤Íx   

 

ʆʩʥʦʚʥʽ ʝʣʝʤʝʥʪʘʨʥʽ ʬʫʥʢʮʽʾ. 

 

1) ʉʪʝʧʝʥʝʚʘ ʬʫʥʢʮʽʷ ,
axy= ʜʝ -a ʩʪʘʣʝ ʯʠʩʣʦ.  

2) ʇʦʢʘʟʥʠʢʦʚʘ  ʬʫʥʢʮʽʷ ,
xay= ʜʝ -a ʜʦʜʘʪʥʝ ʯʠʩʣʦ (ʦʩʥʦʚʘ 

ʩʪʝʧʝʥʽ). 

3) ʃʦʛʘʨʠʬʤʽʯʥʘ ʬʫʥʢʮʽʷ ,log xy a=  ʜʝ -a ʜʦʜʘʪʥʝ ʯʠʩʣʦ (ʦʩʥʦʚʘ 

ʣʦʛʘʨʠʬʤʫ). 

4) ʊʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ  

.csc,,,,cos,sin xyscxyctgxytgxyxyxy ======  

5) ʂʨʫʛʦʚʽ (ʦʙʝʨʥʝʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ) 
.csc,csc,,,arccos,arcsin xarcyxaryarcctgxyarctgxyxyxy ======  

ɺʩʽ ʮʽ ʬʫʥʢʮʽʾ ʜʝʪʘʣʴʥʦ ʚʠʚʯʘʣʠʩʴ ʫ ʰʢʽʣʴʥʦʤʫ ʢʫʨʩʽ ʤʘʪʝʤʘʪʠʢʠ. 

ɺʽʜʟʥʘʯʠʤʦ ʧʨʠ ʮʴʦʤʫ, ʱʦ ʬʫʥʢʮʽʾ, ʷʢʽ ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ ʽʟ ʝʣʝʤʝʥʪʘʨʥʠʭ 

ʰʣʷʭʦʤ ʾʭ ʩʫʧʝʨʧʦʟʠʮʽʾ, ʘ ʪʘʢʦʞ ʧʨʠ ʚʠʢʦʥʘʥʥʽ ʯʦʪʠʨʴʦʭ ʜʽʡ ʘʨʠʬʤʝʪʠʢʠ 

ʥʘʜ ʥʠʤʠ, ʪʘʢʦʞ ʚʚʘʞʘʶʪʴʩʷ ʝʣʝʤʝʥʪʘʨʥʠʤʠ. ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʷ 
3 sin31sinlg xy -=  ʻ ʝʣʝʤʝʥʪʘʨʥʘ.  

ʌʫʥʢʮʽʾ, ʷʢʽ ʥʝ ʤʦʞʥʘ ʚʠʨʘʟʠʪʠ ʚʢʘʟʘʥʠʤ ʯʠʥʦʤ, ʥʝ ʻ 

ʝʣʝʤʝʥʪʘʨʥʠʤʠ. ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʷ nn ÖÖÖÖ= ...321!  ʥʝ ʻ ʝʣʝʤʝʥʪʘʨʥʦʶ, 

ʪʦʤʫ ʱʦ ʾʾ ʥʝ ʤʦʞʥʘ ʚʠʨʘʟʠʪʠ ʦʙʤʝʞʝʥʦʶ ʢʽʣʴʢʽʩʪʶ ʝʣʝʤʝʥʪʘʨʥʠʭ ʜʽʡ.  
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4.2. ɻʨʘʥʠʮʷ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ. ʅʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʘ ʟʤʽʥʥʘ 

ʚʝʣʠʯʠʥʘ 

 ʋ ʧʦʜʘʣʴʰʦʤʫ ʧʦʥʷʪʪʷ ʛʨʘʥʠʮʽ ʟʤʽʥʥʦʾ ʙʫʜʝ ʚʽʜʽʛʨʘʚʘʪʠ 

ʬʫʥʜʘʤʝʥʪʘʣʴʥʫ ʨʦʣʴ, ʦʩʢʽʣʴʢʠ ʟ ʥʠʤ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʧʦʚ'ʷʟʘʥʽ ʦʩʥʦʚʥʽ 

ʧʦʥʷʪʪʷ ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʘʥʘʣʽʟʫ ï ʧʦʭʽʜʥʘ, ʽʥʪʝʛʨʘʣ ʪʘ ʽʥʰʽ.  

ɺʠʟʥʘʯʝʥʥʷ 1. ʉʪʘʣʝ ʯʠʩʣʦ a  ʥʘʟʠʚʘʻʪʴʩʷ ʛʨʘʥʠʮʝʶ ʟʤʽʥʥʦʾ 

ʚʝʣʠʯʠʥʠ x, ʷʢʱʦ ʜʣʷ ʙʫʜʴ-ʷʢʦʛʦ ʥʘʧʝʨʝʜ ʟʘʜʘʥʦʛʦ, ʩʢʽʣʴʢʠ 

ʟʘʚʛʦʜʥʦ ʤʘʣʦʛʦ ʜʦʜʘʪʥʦʛʦ ʯʠʩʣʘ e ʤʦʞʥʘ ʚʢʘʟʘʪʠ ʪʘʢʝ 

ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ x, ʱʦ ʚʩʽ ʧʦʜʘʣʴʰʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʙʫʜʫʪʴ 

ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʝʨʽʚʥʦʩʪʽ .e<-ax  

 ʗʢʱʦ ʯʠʩʣʦ a  ʻ ʛʨʘʥʠʮʷ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ x, ʪʦ ʢʘʞʫʪʴ, ʱʦ x  

ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ a, ʽ ʧʠʰʫʪʴ ,ax­ ʘʙʦ ax=lim  (çlim è ʻ ʘʙʨʝʚʽʘʪʫʨʘ  ʚʽʜ 
ʣʘʪʠʥʩʴʢʦʛʦ ʩʣʦʚʘ limes ï ʛʨʘʥʠʮʷ). 

 ʋ ʛʝʦʤʝʪʨʠʯʥʠʭ ʪʝʨʤʽʥʘʭ ʚʠʟʥʘʯʝʥʥʷ ʛʨʘʥʠʮʽ ʤʦʞʝ ʙʫʪʠ 

ʩʬʦʨʤʫʣʴʦʚʘʥʦ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ. ʉʪʘʣʝ ʯʠʩʣʦ a  ʻ ʛʨʘʥʠʮʷ ʟʤʽʥʥʦʾ, ʷʢʱʦ 

ʜʣʷ ʙʫʜʴ-ʷʢʦʛʦ ʥʘʧʝʨʝʜ ʟʘʜʘʥʦʛʦ ʩʢʽʣʴʢʠ ʟʘʚʛʦʜʥʦ ʤʘʣʦʛʦ ʦʢʦʣʫ ʟ ʮʝʥʪʨʦʤ 

ʫ ʪʦʯʮʽ a  ʽ ʨʘʜʽʫʩʦʤ e ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ ʟʥʘʯʝʥʥʷ x, ʱʦ ʚʩʽ ʪʦʯʢʠ, ʱʦ 

ʚʽʜʧʦʚʽʜʘʶʪʴ ʧʦʜʘʣʴʰʠʤ ʟʥʘʯʝʥʥʷʤ ʟʤʽʥʥʦʾ, ʙʫʜʫʪʴ ʟʥʘʭʦʜʠʪʠʩʴ ʫ                       

ʮʴʦʤʫ ʦʢʦʣʽ (ʨʠʩ. 4. 1).  

  

 

 

 

 

 

ʈʠʩ. 4. 1 

 

     ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜʠ. 

 

     ʇʨʠʢʣʘʜ 1. ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʦʩʣʽʜʦʚʥʦ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ 

,...
1

1,...,
3

1
1,

2

1
1,11 321

n
xxxx n +=+=+=+= . 

ɼʦʚʝʜʝʤʦ, ʱʦ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʤʘʻ ʛʨʘʥʠʮʶ, ʱʦ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ʄʘʻʤʦ  

.
1

1
1

11
nn

xn =-ö
÷

õ
æ
ç

å
+=-  

ɼʣʷ ʙʫʜʴ-ʷʢʦʛʦ e ʚʩʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ, ʧʦʯʠʥʘʶʯʠ ʟ ʥʦʤʝʨʘ n, ʜʝ 

,
1
e<

n
ʘʙʦ 

e

1
>n  ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʝʨʽʚʥʦʩʪʽ ,1 e<-nx ʱʦ ʽ ʧʦʪʨʽʙʥʦ 

ʙʫʣʦ ʜʦʚʝʩʪʠ. ɿʘʫʚʘʞʠʤʦ, ʱʦ ʮʷ ʟʤʽʥʥʘ ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ, ʫʙʫʚʘʶʯʠ. 

 

     ʇʨʠʢʣʘʜ 2. ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʦʩʣʽʜʦʚʥʦ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ 
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...,
2

1
)1(1,...,

2

1
1,

2

1
1,

2

1
1,

2

1
1

4433221 n

n

nxxxxx -+=+=-=+=-=  

ɻʨʘʥʠʮʷ ʮʽʻʾ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ɼʽʡʩʥʦ,  

( ) .2/112/)1(11 nnn

nx =--+=-  

ɼʣʷ ʙʫʜʴ-ʷʢʦʛʦ e, ʧʦʯʠʥʘʶʯʠ ʟ ʥʦʤʝʨʘ n, ʱʦ ʟʘʜʦʚʦʣʴʥʷʻ 

ʩʧʽʚʚʽʜʥʦʰʝʥʥʶ ,
2

1
e<

n
 ʟ ʷʢʦʛʦ ʚʠʧʣʠʚʘʻ ),/1lg(2lg,/12 ee >> nn  ʘʙʦ 

,
2lg

)/1lg( e
>n  ʚʩʽ ʥʘʩʪʫʧʥʽ ʟʥʘʯʝʥʥʷ x  ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʩʧʽʚʚʽʜʥʦʰʝʥʥʶ 

.1 e<-nx ɿʘʫʚʘʞʠʤʦ, ʱʦ ʪʫʪ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ ʪʦ ʙʽʣʴʰʝ, ʪʦ 

ʤʝʥʰʝ ʛʨʘʥʠʮʽ, ʪʦʙʪʦ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ, çʢʦʣʠʚʘʶʯʠʩʴè 

ʥʘʚʢʦʣʦ ʥʝʾ. 

 ɿʘʫʚʘʞʝʥʥʷ 1. ʗʢ ʚʽʜʦʤʦ, ʩʪʘʣʫ ʚʝʣʠʯʠʥʫ ʯʘʩʪʦ ʨʦʟʛʣʷʜʘʶʪʴ ʷʢ 

ʟʤʽʥʥʫ ʚʝʣʠʯʠʥʫ, ʚʩʽ ʟʥʘʯʝʥʥʷ ʷʢʦʾ ʦʜʥʘʢʦʚʽ: .cx=  ʆʯʝʚʠʜʥʦ, ʱʦ ʛʨʘʥʠʮʷ 

ʩʪʘʣʦʾ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʩʘʤʽʡ ʩʪʘʣʽʡ, ʦʩʢʽʣʴʢʠ ʟʘʚʞʜʠ ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ e 

ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ .0 e<=-=- cccx  

 ɿʘʫʚʘʞʝʥʥʷ 2. ɯʟ ʚʠʟʥʘʯʝʥʥʷ ʛʨʘʥʠʮʽ ʚʠʧʣʠʚʘʻ, ʱʦ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ 

ʥʝ ʤʦʞʝ ʤʘʪʠ ʜʚʦʭ ʛʨʘʥʠʮʴ.  

ɼʽʡʩʥʦ, ʷʢʱʦ ax=lim  ʽ )(lim babx <= , ʪʦ x  ʧʦʚʠʥʥʘ ʟʘʜʦʚʦʣʴʥʷʪʠ ʦʜʨʘʟʫ 

ʜʚʦʤ ʥʝʨʽʚʥʦʩʪʷʤ  e<-ax  ʽ  e<-bx  ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ ʤʘʣʦʤʫ  ,e ʘ ʮʝ 

ʥʝʤʦʞʣʠʚʦ, ʷʢʱʦ  2/)( ab-<e   (ʨʠʩ. 4. 2). 

 

 

 

 

 

ʈʠʩ. 4. 2 

  ɿʘʫʚʘʞʝʥʥʷ 3. ʅʝ ʩʣʽʜ ʚʚʘʞʘʪʠ, ʱʦ ʢʦʞʥʘ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʤʘʻ 

ʛʨʘʥʠʮʶ. ʅʝʭʘʡ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ: 

,....
2

1
,

2

1
1,...,

8

1
,

4

1
1,

2

1
121222321 ++ =-==-==

kkkk xxxxx  (ʨʠʩ. 4. 3). 

 

 

 

 

 

 

ʈʠʩ. 4. 3 
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     ʇʨʠ ʜʦʩʪʘʪʥʴʦ ʚʝʣʠʢʠʭ k  ʟʥʘʯʝʥʥʷ kx2  ʽ ʚʩʽ ʧʦʜʘʣʴʰʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ 

ʟ ʧʘʨʥʠʤʠ ʥʦʤʝʨʘʤʠ ʙʫʜʫʪʴ ʩʢʽʣʴʢʠ ʟʘʚʛʦʜʥʦ ʤʘʣʦ ʚʽʜʨʽʟʥʷʪʠʩʴ ʚʽʜ 

ʦʜʠʥʠʮʽ, ʘ ʧʦʜʘʣʴʰʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʟ ʥʝʧʘʨʥʠʤʠ ʥʦʤʝʨʘʤʠ ʙʫʜʫʪʴ 

ʩʢʽʣʴʢʠ ʟʘʚʛʦʜʥʦ ʤʘʣʦ ʚʽʜʨʽʟʥʷʪʠʩʴ ʚʽʜ ʥʫʣʷ. ʆʪʞʝ, ʟʤʽʥʥʘ x  ʥʝ ʧʨʷʤʫʻ ʜʦ 

ʛʨʘʥʠʮʽ. 

     ʋ ʚʠʟʥʘʯʝʥʥʽ ʛʨʘʥʠʮʽ ʚʢʘʟʘʥʦ, ʱʦ ʷʢʱʦ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʨʷʤʫʻ ʜʦ 

ʛʨʘʥʠʮʽ  a, ʪʦ a - ʩʪʘʣʝ ʯʠʩʣʦ. ɸʣʝ ʧʦʥʷʪʪʷ çʧʨʷʤʫʻè ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ 

ʪʘʢʦʞ ʜʣʷ ʭʘʨʘʢʪʝʨʠʩʪʠʢʠ ʽʥʰʦʛʦ ʩʧʦʩʦʙʫ ʟʤʽʥʠ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ, ʱʦ 

ʚʠʜʥʦ ʟ ʥʘʩʪʫʧʥʦʛʦ ʚʠʟʥʘʯʝʥʥʷ. 

ɺʠʟʥʘʯʝʥʥʷ 2. ɿʤʽʥʥʘ x  ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ, ʷʢʱʦ ʜʣʷ 

ʢʦʞʥʦʛʦ ʥʘʧʝʨʝʜ ʟʘʜʘʥʦʛʦ ʜʦʜʘʪʥʦʛʦ ʯʠʩʣʘ M  ʤʦʞʥʘ 

ʚʢʘʟʘʪʠ ʪʘʢʝ ʟʥʘʯʝʥʥʷ x, ʧʦʯʠʥʘʶʯʠ ʟ ʷʢʦʛʦ ʚʩʽ ʧʦʜʘʣʴʰʽ 

ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʝʨʽʚʥʦʩʪʽ .Mx >  

     ʗʢʱʦ ʟʤʽʥʥʘ x  ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ, ʪʦ ʾʾ ʥʘʟʠʚʘʶʪʴ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʝʣʠʢʦʶ ʟʤʽʥʥʦʶ ʚʝʣʠʯʠʥʦʶ ʽ ʧʠʰʫʪʴ .¤­x  

     ʇʨʠʢʣʘʜ 3. ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ x  ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ  

...,)1(...,,3,2,1 321 nxxxx n

n -=-==-=  

ʎʝ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʘ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ, ʦʩʢʽʣʴʢʠ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ 0>M  ʚʩʽ 

ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, ʙʫʜʫʪʴ ʟʘ ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ 

ʙʽʣʴʰʝ .M  

     ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ x  çʧʨʷʤʫʻ ʜʦ ʧʣʶʩ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽè ¤­x , ʷʢʱʦ ʧʨʠ 

ʜʦʚʽʣʴʥʦʤʫ 0>M  ʚʩʽ ʧʦʜʘʣʴʰʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, 

ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʝʨʽʚʥʦʩʪʽ .Mx>  

ʇʨʠʢʣʘʜʦʤ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ, ʱʦ ʧʨʷʤʫʻ ʜʦ ʧʣʶʩ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ, ʤʦʞʝ 

ʙʫʪʠ ʟʤʽʥʥʘ ʚʝʣʠʯʠʥʘ x, ʱʦ ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ ,...,...,3,2,1 321 nxxxx n ====  

 ɿʤʽʥʥʘ ʚʝʣʠʯʠʥʘ ʧʨʷʤʫʻ çʜʦ ʤʽʥʫʩ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽè -¤­x , ʷʢʱʦ ʧʨʠ 

ʜʦʚʽʣʴʥʦʤʫ 0>M  ʚʩʽ ʧʦʜʘʣʴʰʽ ʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, 

ʙʫʜʫʪʴ ʟʘʜʦʚʦʣʴʥʷʪʠ ʥʝʨʽʚʥʦʩʪʽ Mx -< . ʅʘʧʨʠʢʣʘʜ, ʟʤʽʥʥʘ ,x  ʱʦ ʧʨʠʡʤʘʻ 

ʟʥʘʯʝʥʥʷ ...,,...,2,1 21 nxxx n -=-=-= , ʧʨʷʤʫʻ ʜʦ ʤʽʥʫʩ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. 

 

4.3. ɻʨʘʥʠʮʷ ʬʫʥʢʮʽʾ 

 

 ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʚʠʧʘʜʢʠ ʟʤʽʥʠ ʬʫʥʢʮʽʾ ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ ʘʨʛʫʤʝʥʪʫ  

x ʜʦ ʜʝʷʢʦʾ ʛʨʘʥʠʮʽ a ʘʙʦ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. 

ɺʠʟʥʘʯʝʥʥʷ 1.  ʅʝʭʘʡ ʬʫʥʢʮʽʷ  )(xfy=  ʚʠʟʥʘʯʝʥʘ ʫ ʜʝʷʢʦʤʫ 

ʦʢʦʣʽ ʪʦʯʢʠ a ʘʙʦ ʫ ʜʝʷʢʠʭ ʪʦʯʢʘʭ ʮʴʦʛʦ ʦʢʦʣʫ. ʌʫʥʢʮʽʷ 

)(xfy=   ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ  )( byb ­   ʧʨʠ x , ʱʦ ʧʨʷʤʫʻ ʜʦ 

)( axa ­  , ʷʢʱʦ ʜʣʷ ʢʦʞʥʦʛʦ ʜʦʜʘʪʥʦʛʦ ʯʠʩʣʘ e  ʷʢʠʤ ʙʠ 

ʤʘʣʠʤ ʚʦʥʦ ʥʝ ʙʫʣʦ, ʤʦʞʥʘ ʚʢʘʟʘʪʠ ʪʘʢʝ ʜʦʜʘʪʥʝ ʯʠʩʣʦ d  , 

ʷʢʝ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʟʘʣʝʞʠʪʴ ʚʽʜ e , ʱʦ ʜʣʷ ʚʩʽʭ x  , 
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ʚʽʜʤʽʥʥʠʭ ʚʽʜ a  ̔  ʟʘʜʦʚʦʣʴʥʷʶʯʠʭ ʥʝʨʽʚʥʦʩʪʽ ,d<-ax   ʤʘʻ 

ʤʽʩʮʝ ʥʝʨʽʚʥʽʩʪʴ   .)( e<-bxf  

ʊʨʘʜʠʮʽʡʥʽ ʧʦʟʥʘʯʝʥʥʷ ʜʣʷ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʾ ʚʠʛʣʷʜʘʶʪʴ ʪʘʢ:  

,)(lim bxf
ax

=
­

 ʘʙʦ bxf ­)(  ʧʨʠ .ax­  

 ʗʢʱʦ bxf ­)(  ʧʨʠ ax­ , ʪʦ ʥʘ ʛʨʘʬʽʢʫ ʬʫʥʢʮʽʾ  )(xfy=  ʮʝ 

ʽʣʶʩʪʨʫʻʪʴʩʷ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ (ʨʠʩ. 4.4): ʦʩʢʽʣʴʢʠ ʽʟ ʥʝʨʽʚʥʦʩʪʽ  d<-ax  

ʚʠʧʣʠʚʘʻ ʥʝʨʽʚʥʽʩʪʴ ,)( e<-bxf  ʪʦ ʮʝ ʦʟʥʘʯʘʻ, ʱʦ ʜʣʷ ʚʩʽʭ ʪʦʯʦʢ  x , 

ʚʽʜʜʘʣʝʥʠʭ ʚʽʜ ʪʦʯʢʠ  a ʥʝ ʜʘʣʽ ʥʽʞ ʥʘ d, ʪʦʯʢʠ ʄ  ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ  

)(xfy=  ʣʝʞʘʪʴ ʫ ʩʝʨʝʜʠʥʽ ʩʤʫʛʠ ʰʠʨʠʥʦʶ  e2 , ʦʙʤʝʞʝʥʦʾ ʧʨʷʤʠʤʠ  

e-=by   ̔   .e+=by   

 

 

 

 

 

 

 

 

ʈʠʩ. 4. 4 

 

 ʗʢʱʦ )(xf  ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ  1b  ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ  x  ʜʦ ʜʝʷʢʦʛʦ  a  

ʪʘʢ, ʱʦ x  ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ, ʤʝʥʰʽ  a, ʪʦ ʧʠʰʫʪʴ  1
0

)(lim bxf
ax

=
-­

      ̔     1b   

ʥʘʟʠʚʘʶʪʴ   ʛʨʘʥʠʮʝʶ ʬʫʥʢʮʽʾ  )(xf   ʚ ʪʦʯʮʽ   a ʟʣʚ̔ʘ.

 
 

ʗʢʱʦ )(xf  ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ 2b  ʧʨʠ   ʧʨʷʤʫʚʘʥʥʽ  x  ʜʦ ʜʝʷʢʦʛʦ  a  ʪʘʢ, ʱʦ 

x  ʧʨʠʡʤʘʻ ʟʥʘʯʝʥʥʷ, ʙʽʣʴʰʽ  a, ʪʦ ʧʠʰʫʪʴ  2
0

)(lim bxf
ax

=
+­

    ̔      2b   ʥʘʟʠʚʘʶʪʴ     

ʛʨʘʥʠʮʝʶ ʬʫʥʢʮʽʾ )(xf   ʚ ʪʦʯʮʽ   a ʩʧʨʘʚʘ.                  

ɿʘʤʽʩʪʴ 00+­x   ʽ  00-­x   ʟʘʟʚʠʯʘʡ  ʧʠʰʫʪʴ .00 -­+­ xix

          ʄʦʞʥʘ ʜʦʚʝʩʪʠ, ʱʦ, ʷʢʱʦ ʛʨʘʥʠʮʽ ʩʧʨʘʚʘ ʠ ʟʣʽʚʘ ʽʩʥʫʶʪʴ ʪʘ ʨʽʚʥʽ, ʪʦʙʪʦ 

,21 bbb == ʪʦ b  ʽ ʙʫʜʝ ʛʨʘʥʠʮʝʶ ʫ ʩʝʥʩʽ ʜʘʥʦʛʦ ʚʠʱʝ ʚʠʟʥʘʯʝʥʥʷ ʛʨʘʥʠʮʽ ʫ 

ʪʦʯʮʽ a. ɯ ʥʘʚʧʘʢʠ, ʷʢʱʦ ʽʩʥʫʻ ʛʨʘʥʠʮʷ ʬʫʥʢʮʽʾ  b  ʫ ʪʦʯʮʽ a, ʪʦ ʽʩʥʫʶʪʴ ʾʾ 

ʛʨʘʥʠʮʽ ʫ ʪʦʯʮʽ a  ʟʣʽʚʘ ʪʘ ʩʧʨʘʚʘ ʽ ʮʽ ʛʨʘʥʠʮʽ ʨʽʚʥʽ. 



122 
 

     ʇʨʠʢʣʘʜ 1. ɼʦʚʝʜʝʤʦ, ʱʦ .7)13(lim
2

=+
­

x
x  

ɼʽʡʩʥʦ, ʥʝʭʘʡ ʟʘʜʘʥʦ ʜʦʚʽʣʴʥʝ 

0>e . ɼʣʷ ʪʦʛʦ, ʱʦʙ ʚʠʢʦʥʫʚʘʣʘʩʴ ʥʝʨʽʚʥʽʩʪʴ ,7)13( e<-+x ʥʝʦʙʭʽʜʥʦ 

ʚʠʢʦʥʘʥʥʷ ʥʘʩʪʫʧʥʠʭ ʥʝʨʽʚʥʦʩʪʝʡ  .
3

2
3

,3/2,63
ee

ee <-<-<-<- xxx  

ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ e ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ x, ʱʦ ʟʘʜʦʚʦʣʴʥʷʶʪʴ 

ʥʝʨʽʚʥʦʩʪʽ  ,
3

2 d
e
=<-x  ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ  13 +x  ʙʫʜʝ ʚʽʜʨʽʟʥʷʪʠʩʷ ʚʽʜ 7 

ʤʝʥʰ, ʥʽʞ ʥʘ .e ɸ ʮʝ ʽ ʦʟʥʘʯʘʻ, ʱʦ 7 ʻ ʛʨʘʥʠʮʷ ʬʫʥʢʮʽʾ ʧʨʠ .2­x  

 ɿʘʫʚʘʞʝʥʥʷ 3. ɼʣʷ ʽʩʥʫʚʘʥʥʷ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʾ ʧʨʠ ax­  ʥʝ ʧʦʪʨʽʙʥʦ, 

ʱʦʙ ʬʫʥʢʮʽʷ ʙʫʣʘ ʚʠʟʥʘʯʝʥʘ ʫ ʪʦʯʮʽ ax= . ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʽ 

ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʪʦʯʢʘʭ, ʱʦ ʥʘʣʝʞʘʪʴ ʦʢʦʣʫ ʪʦʯʢʠ a, ʘʣʝ 

ʚʽʜʤʽʥʥʠʭ ʚʽʜ a, ʽ ʮʝ ʧʦʣʦʞʝʥʥʷ ʥʘʦʯʥʦ ʽʣʶʩʪʨʫʻ ʥʘʩʪʫʧʥʠʡ ʧʨʠʢʣʘʜ. 

     ʇʨʠʢʣʘʜ 2. ɼʦʚʝʜʝʤʦ, ʱʦ .4
2

4
lim

2

2
=

-

-

­ x

x

x
ʊʫʪ ʬʫʥʢʮʽʷ 

2

42

-

-

x

x
 ʥʝ ʚʠʟʥʘʯʝʥʘ 

ʧʨʠ .2=x  ʊʨʝʙʘ ʜʦʚʝʩʪʠ, ʱʦ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ e ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ d, ʱʦ ʙʫʜʝ 

ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ 

                                                   ,4
2

42

e<-
-

-

x

x
                                      (4. 1) 

 

                                                    ʢ̫ʱʦ  .2 d<-x   

 

ɸʣʝ ʧʨʠ 2̧x ʥʝʨʽʚʥʽʩʪʴ (4. 1) ʝʢʚʽʚʘʣʝʥʪʥʘ ʥʝʨʽʚʥʦʩʪʽ 

,4)2(4
2

)2)(2(
e<-+=-

-

+-
x

x

xx
 

ʘʙʦ                                                 .2 e<-x                                                (4. 2) 

     ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ e ʥʝʨʽʚʥʽʩʪʴ (4.1) ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ, 

ʷʢʱʦ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ (4. 2) (ʪʫʪ ed= ). ɸ ʮʝ ʦʟʥʘʯʘʻ, ʱʦ ʜʘʥʘ 

ʬʫʥʢʮʽʷ ʧʨʠ 2­x  ʤʘʻ ʛʨʘʥʠʮʝʶ ʯʠʩʣʦ 4. 

  ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʚʠʧʘʜʢʠ ʟʤʽʥʝʥʥʷ ʬʫʥʢʮʽʾ ʧʨʠ ¤­x . 

ɺʠʟʥʘʯʝʥʥʷ 2. ʌʫʥʢʮʽʷ )(xf  ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ b  ʧʨʠ ¤­x , 

ʷʢʱʦ ʜʣʷ ʢʦʞʥʦʛʦ ʷʢ ʟʘʚʛʦʜʥʦ ʤʘʣʦʛʦ ʜʦʜʘʪʥʦʛʦ ʯʠʩʣʘ e 

ʤʦʞʥʘ ʚʢʘʟʘʪʠ ʪʘʢʝ ʜʦʜʘʪʥʝ ʯʠʩʣʦ ʄ, ʱʦ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ 

x, ʱʦ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʝʨʽʚʥʦʩʪʽ Mx > ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ 

ʥʝʨʽʚʥʽʩʪʴ .)( e<-bxf  

     ʇʨʠʢʣʘʜ 3. ɼʦʚʝʜʝʤʦ, ʱʦ ,1
1

lim =ö
÷

õ
æ
ç

å+

¤­ x

x

x
 ʘʙʦ .1

1
1lim =ö

÷

õ
æ
ç

å
+

¤­ xx
 

ʊʨʝʙʘ ʜʦʚʝʩʪʠ, ʱʦ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ e ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ  
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                                       ,1
1

1 e<-ö
÷

õ
æ
ç

å
+

x
                                              (4. 3) 

ʷʢʱʦ ʪʽʣʴʢʠ ,Mx > ʧʨʠʯʦʤʫ M ʚʠʟʥʘʯʘʻʪʴʩʷ ʚʠʙʦʨʦʤ e.  

ʅʝʨʽʚʥʽʩʪʴ (4.3) ʝʢʚʽʚʘʣʝʥʪʥʘ ʥʘʩʪʫʧʥʽʡ ʥʝʨʽʚʥʦʩʪʽ: ,/1 e<x
 
ʷʢʘ ʙʫʜʝ 

ʚʠʢʦʥʫʚʘʪʠʩʴ, ʷʢʱʦ .
1

Mx =>
e

 ʎʝ ʦʟʥʘʯʘʻ, ʱʦ 1
1

lim
1

1lim =ö
÷

õ
æ
ç

å+
=ö
÷

õ
æ
ç

å
+

¤­¤­ x

x

x xx
 

(ʨʠʩ. 4. 5). 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 4. 5  

                             

ɺʚʘʞʘʻʪʴʩʷ, ʱʦ ʚʠʨʘʟ bxf
x

=
¤­

)(lim  ʦʟʥʘʯʘʻ, ʱʦ )(xf ʧʨʷʤʫʻ ʜʦ bʧʨʠ 

¤­x , ʘ ʚʠʨʘʟ bxf
x

=
-¤­

)(lim
 
ʦʟʥʘʯʘʻ, ʱʦ )(xf  ʧʨʷʤʫʻ ʜʦ b  ʧʨʠ ¤-­x . 

 

4. 4. ʌʫʥʢʮʽʷ, ʱʦ ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. ʆʙʤʝʞʝʥʽ ʬʫʥʢʮʽʾ 

     ɺʠʱʝ ʨʦʟʛʣʷʥʫʪʦ ʚʠʧʘʜʢʠ, ʢʦʣʠ ʬʫʥʢʮʽʷ )(xf ʧʨʷʤʫʻ ʜʦ ʜʝʷʢʦʾ ʛʨʘʥʠʮʽ 

b  ʧʨʠ ax­  ʘʙʦ ¤­x . ʈʦʟʛʣʷʥʝʤʦ ʪʝʧʝʨ ʚʠʧʘʜʦʢ, ʢʦʣʠ ʬʫʥʢʮʽʷ  )(xfy=  

ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʧʨʠ ʜʝʷʢʦʤʫ ʩʧʦʩʦʙʽ ʟʤʽʥʠ ʘʨʛʫʤʝʥʪʫ. 

ɺʠʟʥʘʯʝʥʥʷ 1.  ʌʫʥʢʮʽʷ  )(xf  ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʧʨʠ  

,ax­  ʪʦʙʪʦ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʦʶ ʚʝʣʠʯʠʥʦʶ ʧʨʠ ,ax­  
ʷʢʱʦ ʜʣʷ ʢʦʞʥʦʛʦ ʜʦʜʘʪʥʦʛʦ ʯʠʩʣʘ M, ʷʢʠʤ ʙʠ ʚʝʣʠʢʠʤ 

ʚʦʥʦ ʥʝ ʙʫʣʦ, ʤʦʞʥʘ ʟʥʘʡʪʠ ʪʘʢʝ  ,0>d  ʱʦ ʜʣʷ ʚʩʽʭ 

ʟʥʘʯʝʥʴ ,x  ʚʽʜʤʽʥʥʠʭ ʚʽʜ ,a  ʱʦ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʫʤʦʚʽ  

,d<-ax  ʤʘʻ ʤʽʩʮʝ ʥʝʨʽʚʥʽʩʪʴ .)( Mxf >  

     ʗʢʱʦ )(xf   ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʧʨʠ  ,ax­  ʪʦ ʧʠʰʫʪʴ 

,)(lim ¤=
­

xf
ax

 ʘʙʦ ¤­)(xf  ʧʨʠ .ax­  
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     ʗʢʱʦ  )(xf  ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʧʨʠ  ax­  ʪʘ ʧʨʠ ʮʴʦʤʫ ʧʨʠʡʤʘʻ 

ʣʠʰʝ ʜʦʜʘʪʥʽ ʘʙʦ ʚʽʜôʻʤʥʽ ʟʥʘʯʝʥʥʷ, ʪʦ ʚʽʜʧʦʚʽʜʥʦ ʧʠʰʫʪʴ ,)(lim +¤=
­

xf
ax

 

ʘʙʦ .)(lim ¤-=
­

xf
ax

  

     ʇʨʠʢʣʘʜ 1. ɼʦʚʝʜʝʤʦ, ʱʦ  .
1

lim
0

¤=ö
÷

õ
æ
ç

å
-

­ xx
 ɼʽʡʩʥʦ, ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ 0>M  

ʙʫʜʝʤʦ ʤʘʪʠ  ,
1

M
x
>ö
÷

õ
æ
ç

å
- ʷʢʱʦ ʪʽʣʴʢʠ  ./10 d=<-= Mxx    ʊʫʪ 0

1
>ö
÷

õ
æ
ç

å
-

x  

 ʧʨʠ 0<x  ʪʘ 0
1
<ö
÷

õ
æ
ç

å
-

x
 ʧʨʠ 0>x  (ʨʠʩ. 4. 6). 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 4. 6 

 

      ʗʢʱʦ ʬʫʥʢʮʽʷ ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ ʧʨʠ ¤­x , ʪʦ ʧʠʰʫʪʴ 

¤=
¤­

)(lim xf
x

, ʟʦʢʨʝʤʘ, ʤʦʞʝ ʙʫʪʠ  ,)(lim +¤=
+¤­

xf
x

,)(lim +¤=
¤-­

xf
x

 

.)(lim ¤-=
+¤­

xf
x

 

ɿʘʫʚʘʞʝʥʥʷ 1. ʌʫʥʢʮʽʷ )(xfy=  ʧʨʠ ax­  ʘʙʦ ʧʨʠ  ¤­x  ʤʦʞʝ ʥʝ 

ʧʨʷʤʫʚʘʪʠ ʜʦ ʢʽʥʮʝʚʦʾ ʛʨʘʥʠʮʽ ʘʙʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. 

 

     ʇʨʠʢʣʘʜ 2. ʌʫʥʢʮʽʷ  xy sin= , ʚʠʟʥʘʯʝʥʘ ʥʘ ʥʝʩʢʽʥʯʝʥʥʦʤʫ ʽʥʪʝʨʚʘʣʽ 

¤<<¤- x  ʧʨʠ  ¤­x ,  ʥʝ ʧʨʷʤʫʻ ʘ ʥʽ ʜʦ ʢʽʥʮʝʚʦʾ ʛʨʘʥʠʮʽ, ʘ ʥʽ ʜʦ 

ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. 

ɺʠʟʥʘʯʝʥʥʷ 2. ʌʫʥʢʮʽʷ  )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʤʝʞʝʥʦʶ ʫ 

ʜʘʥʽʡ ʦʙʣʘʩʪʽ ʟʤʽʥʠ ʘʨʛʫʤʝʥʪʫ x, ʷʢʱʦ ʽʩʥʫʻ ʜʦʜʘʪʥʝ ʯʠʩʣʦ 

M  ʪʘʢʝ, ʱʦ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ  x, ʱʦ ʥʘʣʝʞʘʪʴ ʮʽʻʾ ʦʙʣʘʩʪʽ, 

ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ  .)( Mxf <  ʗʢʱʦ ʪʘʢʦʛʦ 

ʯʠʩʣʘ ʥʝ ʽʩʥʫʻ, ʪʦ ʬʫʥʢʮʽʷ )(xf  ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʦʙʤʝʞʝʥʦʶ ʫ 

ʜʘʥʽʡ ʦʙʣʘʩʪʽ. 

     ʇʨʠʢʣʘʜ 3. ʌʫʥʢʮʽʷ xy sin= , ʱʦ ʚʠʟʥʘʯʝʥʘ ʫ ʽʥʪʝʨʚʘʣʽ ¤<<¤- x , ʻ 

ʦʙʤʝʞʝʥʦʶ, ʦʩʢʽʣʴʢʠ ʧʨʠ ʚʩʽʭ ʟʥʘʯʝʥʥʷʭ x  .1sin Mx =<  
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ɺʠʟʥʘʯʝʥʥʷ 3. ʌʫʥʢʮʽʷ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʤʝʞʝʥʦʶ ʧʨʠ  

ax­ , ʷʢʱʦ ʽʩʥʫʻ ʦʢʽʣ ʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ a, ʫ ʷʢʦʤʫ ʜʘʥʘ 

ʬʫʥʢʮʽʷ ʦʙʤʝʞʝʥʘ. 

ɺʠʟʥʘʯʝʥʥʷ 4. ʌʫʥʢʮʽʷ   ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʤʝʞʝʥʦʶ ʧʨʠ ¤­x , 

ʷʢʱʦ ʽʩʥʫʻ ʪʘʢʝ ʯʠʩʣʦ 0>M , ʱʦ ʧʨʠ ʚʩʽʭ ʟʥʘʯʝʥʥʷʭ x, ʦɦ 

ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʥʝʨʽʚʥʦʩʪʽ Mx > , ʬʫʥʢʮʽʷ )(xf  ʦʙʤʝʞʝʥʘ. 

     ʇʠʪʘʥʥʷ ʧʨʦ ʦʙʤʝʞʝʥʽʩʪʴ ʬʫʥʢʮʽʾ, ʱʦ ʧʨʷʤʫʻ ʜʦ ʛʨʘʥʠʮʽ, ʨʦʟʚôʷʟʫʻʪʴʩʷ 

ʥʘʩʪʫʧʥʦʶ ʪʝʦʨʝʤʦʶ. 

ʊɽʆʈɽʄɸ 1. ʗʢʱʦ bxf
ax

=
­

)(lim , ʧʨʠ ʮʴʦʤʫ bʻ ʢʽʥʮʝʚʝ     

ʯʠʩʣʦ, ʪʦ ʬʫʥʢʮʽʷ )(xf  ʻ ʦʙʤʝʞʝʥʘ ʧʨʠ ax­ . 

 ɼʦʚʝʜʝʥʥʷ. ɿ ʨʽʚʥʦʩʪʽ bxf
ax

=
­

)(lim  ʚʠʧʣʠʚʘʻ, ʱʦ ʜʣʷ ʙʫʜʴ-ʷʢʦʛʦ 0>e  

ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ d, ʱʦ ʚ ʦʢʦʣʽ dd +<<- axa  ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ 

ʥʝʨʽʚʥʽʩʪʴ ,)( e<-bxf
 
ʘʙʦ .)( e+<bxf  ɸ ʮʝ ʡ ʦʟʥʘʯʘʻ, ʱʦ ʬʫʥʢʮʽʷ )(xf  

ʦʙʤʝʞʝʥʘ ʧʨʠ ax­ . 

ɿʘʫʚʘʞʝʥʥʷ 2. ɯʟ ʚʠʟʥʘʯʝʥʥʷ ʦʙʤʝʞʝʥʦʩʪʽ ʬʫʥʢʮʽʾ )(xf  ʚʠʧʣʠʚʘʻ, ʱʦ ʷʢʱʦ 

¤=
­

)(lim xf
ax

 ʘʙʦ  ¤=
¤­

)(lim xf
x

, ʪʦʙʪʦ )(xf  ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʘ, ʪʦ ʚʦʥʘ ʻ 

ʥʝʦʙʤʝʞʝʥʦʶ. ɿʚʦʨʦʪʥʝ ʪʚʝʨʜʞʝʥʥʷ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʥʝ ʚʽʨʥʦ: ʥʝʦʙʤʝʞʝʥʘ 

ʬʫʥʢʮʽʷ ʤʦʞʝ ʥʝ ʙʫʪʠ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʦʶ. 

 

4. 5. ʅʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ ʪʘ ʾʭ ʦʩʥʦʚʥʽ ʚʣʘʩʪʠʚʦʩʪʽ 

     ʋ ʜʘʥʦʤʫ ʨʦʟʜʽʣʽ ʙʫʜʝʤʦ ʨʦʟʛʣʷʜʘʪʠ ʬʫʥʢʮʽʾ, ʱʦ ʧʨʷʤʫʶʪʴ ʜʦ ʥʫʣʷ ʧʨʠ 

ʜʝʷʢʦʤʫ ʭʘʨʘʢʪʝʨʽ ʟʤʽʥʠ ʘʨʛʫʤʝʥʪʫ. 

ɺʠʟʥʘʯʝʥʥʷ. ʌʫʥʢʮʽʷ )(xaa=  ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʦʶ ʧʨʠ ax­  ʘʙʦ  ¤­x , ʷʢʱʦ 0)(lim =
­

x
ax
a  ʘʙʦ .0)(lim =

¤­
x

x
a  

ʇʨʠʢʣʘʜ 1. ʌʫʥʢʮʽʷ 2)1( -= xa ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ ʧʨʠ  1­x , ʦʩʢʽʣʴʢʠ 

0)1(limlim 2

11
=-=

­­
x

xx
a  (ʨʠʩ. 4. 7). 

 

 

 

 

 

 

 

ʈʠʩ. 4. 7 

 

ʇʨʠʢʣʘʜ 2. ʌʫʥʢʮʽʷ  x/1=a  ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʶ ʧʨʠ ¤­x   

(ʨʠʩ. 4. 8). 
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\ 

  

 

 

 

 

ʈʠʩ. 4. 8 

 

ʊɽʆʈɽʄɸ 1. ʗʢʱʦ ʬʫʥʢʮʽʷ  )(xfy=  ʧʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʫ 

ʚʠʛʣʷʜʽ ʩʫʤʠ ʩʪʘʣʦʛʦ ʯʠʩʣʘ b  ʪʘ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʾ  a:  

                                ,a+=by                                               (4.4)     

ʪʦ  by=lim  ʧʨʠ  ax­  ʘʙʦ  .¤­x  ʅʘʚʧʘʢʠ, ʷʢʱʦ 

by=lim , ʪʦ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ, ʱʦ  ,a+=by  ʜʝ  a-  

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ.                                                  

 

     ɼʦʚʝʜʝʥʥʷ. ɯʟ ʨʽʚʥʦʩʪʽ (4. 1) ʚʠʧʣʠʚʘʻ .a=-by  ɸʣʝ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ e 

ʚʩʽ ʟʥʘʯʝʥʥʷ a, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʩʧʽʚʚʽʜʥʦʰʝʥʥʶ 

,ea<  ʘ ʪʦʤʫ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ ,y  ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ 

ʥʝʨʽʚʥʽʩʪʴ ,e<-by ʘ ʮʝ ʽ ʦʟʥʘʯʘʻ, ʱʦ by=lim . ʅʘʚʧʘʢʠ: ʷʢʱʦ by=lim , ʪʦ 

ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ e ʪʘ ʚʩʽʭ ʟʥʘʯʝʥʴ ,y  ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, ʙʫʜʝ  .e<-by  

ɸʣʝ ʷʢʱʦ ʧʦʟʥʘʯʠʤʦ ,a=-by  ʪʦ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ a, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, 

ʙʫʜʝ ʤʘʪʠ ʤʽʩʮʝ ʥʝʨʽʚʥʽʩʪʴ .ea< ʊʦʙʪʦ a- ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ, ʱʦ ʡ ʪʨʝʙʘ 

ʙʫʣʦ ʜʦʚʝʩʪʠ. 

ʊɽʆʈɽʄɸ 2. ʗʢʱʦ )(xaa=  ʧʨʷʤʫʻ ʜʦ ʥʫʣʷ ʧʨʠ  ax­  (ʘʙʦ 

¤­x ) ʪʘ ʥʝ ʧʝʨʝʪʚʦʨʶʻʪʴʩʷ ʥʘ ʥʫʣʴ, ʪʦ  a/1=y  ʧʨʷʤʫʻ ʜʦ 

ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ.  

     ɼʦʚʝʜʝʥʥʷ. ʇʨʠ ʙʫʜʴ-ʷʢʦʤʫ ʚʝʣʠʢʦʤʫ 0>M  ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ 

ʥʝʨʽʚʥʽʩʪʴ ,/1 M>a
 
ʷʢʱʦ ʪʽʣʴʢʠ ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ ./1 M<a

 
ʆʩʪʘʥʥʷ 

ʥʝʨʽʚʥʽʩʪʴ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ  a, ʧʦʯʠʥʘʶʯʠ ʟ ʜʝʷʢʦʛʦ, 

ʦʩʢʽʣʴʢʠ .0)( ­xa  

ʊɽʆʈɽʄɸ 3. ɸʣʛʝʙʨʘʾʯʥʘ ʩʫʤʘ ʜʚʦʭ, ʪʨʴʦʭ ʪʘ ʚʟʘʛʘʣʽ 

ʢʽʥʮʝʚʦʛʦ ʯʠʩʣʘ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ 

ʬʫʥʢʮʽʷ. 

     ɼʦʚʝʜʝʥʥʷ. ɺʠʢʦʥʘʻʤʦ ʜʦʚʝʜʝʥʥʷ ʜʣʷ ʜʚʦʭ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ, 

ʦʩʢʽʣʴʢʠ ʜʣʷ ʾʭ ʙʫʜʴ-ʷʢʦʾ ʢʽʥʮʝʚʦʾ ʢʽʣʴʢʦʩʪʽ ʚʦʥʦ ʘʥʘʣʦʛʽʯʥʝ. ʅʝʭʘʡ 

),()()( xxxu ba +=  ʜʝ  .0)(lim,0)(lim ==
­­

xx
axax
ba ɼʦʚʝʜʝʤʦ, ʱʦ ʜʣʷ ʜʦʚʽʣʴʥʦʛʦ ʷʢ 

ʟʘʚʛʦʜʥʦ ʤʘʣʦʛʦ  0>e ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ ,0>d  ʱʦ ʧʨʠ d<-ax  ʙʫʜʝ 
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ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ .e<u  ʆʩʢʽʣʴʢʠ )(xa  ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ, ʪʦ 

ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ  1d, ʱʦ ʫ ʦʢʦʣʽ ʽʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ a  ʽ ʨʘʜʽʫʩʦʤ 1d ʙʫʜʝ  

.2/)( ea <x  ʆʩʢʽʣʴʢʠ )(xb  ʻ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ, ʪʦ ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʝ  2d, ʱʦ ʫ 

ʦʢʦʣʽ ʽʟ ʮʝʥʪʨʦʤ ʫ ʪʦʯʮʽ a  ʽ ʨʘʜʽʫʩʦʤ 2d ʙʫʜʝ  .2/)( eb <x  ʆʙʝʨʝʤʦ d, ʱʦ 

ʜʦʨʽʚʥʶʻ ʤʝʥʰʽʡ ʟ ʚʝʣʠʯʠʥ 1d ʪʘ  2d, ʪʦʜʽ ʫ ʦʢʦʣʽ ʪʦʯʮʽ a  ʽʟ ʨʘʜʽʫʩʦʤ d 

ʙʫʜʝ .2/2/)()()()( eeebaba =+<+<+< xxxxu
 
ʊʦʙʪʦ ,e<u

 
ʱʦ ʡ 

ʪʨʝʙʘ ʙʫʣʦ ʜʦʚʝʩʪʠ.  ɼʦʚʝʜʝʥʥʷ ʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ  0)(lim,0)(lim ==
¤­¤­

xx
xx
ba  

ʚʠʢʦʥʫʻʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ. 

ɿʘʫʚʘʞʝʥʥʷ. ɯʥʦʜʽ ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʪʘʢʽ ʩʫʤʠ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ, ʱʦ ʽʟ 

ʟʤʝʥʰʝʥʥʷʤ ʢʦʞʥʦʛʦ ʜʦʜʘʥʢʘ ʯʠʩʣʦ ʜʦʜʘʥʢʽʚ ʟʙʽʣʴʰʫʻʪʴʩʷ. ʅʘʧʨʠʢʣʘʜ, 

ʥʝʭʘʡ  ,
1

...
11

xxx
u +++=  ʜʝ ʢʽʣʴʢʽʩʪʴ ʜʦʜʘʥʢʽʚ ʜʦʨʽʚʥʶʻ x, ʘ ʩʘʤʝ x  

ʧʨʠʡʤʘʻ ʪʽʣʴʢʠ ʮʽʣʽ ʜʦʜʘʪʥʽ ʟʥʘʯʝʥʥʷ ...).,...,,3,2,1( nx= ʆʯʝʚʠʜʥʦ, ʱʦ ʧʨʠ 

¤­x  ʤʘʻʤʦ ʩʫʤʫ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ, ʘʣʝ ʾʭ ʩʫʤʘ  1=u   ʥʝ ʻ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʦʶ. 

ʊɽʆʈɽʄɸ 4.  ɼʦʙʫʪʦʢ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʾ ʬʫʥʢʮʽʾ  )(xaa=  

ʥʘ ʦʙʤʝʞʝʥʫ  )(xzz=  ʧʨʠ  ax­  (ʘʙʦ ʧʨʠ  ¤­x ) ʻ 

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ ʚʝʣʠʯʠʥʘ. 

    ɼʦʚʝʜʝʥʥʷ. ʇʨʦʚʝʜʝʤʦ ʜʦʚʝʜʝʥʥʷ ʜʣʷ ʚʠʧʘʜʢʫ  ʘx­ . ɼʣʷ ʜʝʷʢʦʛʦ  

0>M  ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʠʡ ʦʢʽʣ ʪʦʯʢʠ ax= , ʫ ʷʢʦʤʫ ʙʫʜʝ ʚʠʢʦʥʫʚʘʪʠʩʴ 

ʥʝʨʽʚʥʽʩʪʴ .Mz<  ɼʣʷ ʙʫʜʴ-ʷʢʦʛʦ 0>e  ʟʥʘʡʜʝʪʴʩʷ ʦʢʽʣ, ʫ ʷʢʦʤʫ ʙʫʜʝ 

ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ ./ Mea<  ʋ ʤʝʥʰʦʤʫ ʟ ʮʠʭ ʦʢʦʣʽʚ ʙʫʜʝ 

ʚʠʢʦʥʫʚʘʪʠʩʴ ʥʝʨʽʚʥʽʩʪʴ 

.e
e

a =Ö< M
M

z  

ɸ ʮʝ ʦʟʥʘʯʘʻ, ʱʦ  za - ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ. ʋ ʚʠʧʘʜʢʫ, ʢʦʣʠ  ¤­x  

ʜʦʚʝʜʝʥʥʷ ʚʠʢʦʥʫʻʪʴʩʷ ʘʥʘʣʦʛʽʯʥʦ. 

ʅ ʘ ʩ ʣ ʽ ʜ ʦ ʢ  1. 

      ʗʢʱʦ ,lim,0lim u== ba ʪʦ 0lim =ab , ʦʩʢʽʣʴʢʠ  )(xb  ʻ ʚʝʣʠʯʠʥʘ 

ʦʙʤʝʞʝʥʘ. ʎʝ ʤʘʻ ʤʽʩʮʝ ʜʣʷ ʙʫʜʴ-ʷʢʦʛʦ ʢʽʥʮʝʚʦʛʦ ʯʠʩʣʘ ʤʥʦʞʥʠʢʽʚ. 

ʅ ʘ ʩ ʣ ʽ ʜ ʦ ʢ  2.  

     ʗʢʱʦ ,,0lim constC==a ʪʦ .0lim =aC  
 

ʊɽʆʈɽʄɸ 5. ʏʘʩʪʢʘ ʚʽʜ ʜʽʣʝʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʾ 

ʚʝʣʠʯʠʥʠ ʥʘ ʦʙʤʝʞʝʥʫ, ʛʨʘʥʠʮʷ ʷʢʦʾ ʚʽʜʤʽʥʥʘ ʚʽʜ ʥʫʣʷ, ʻ 

ʚʝʣʠʯʠʥʘ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ    

.0lim,0lim,0lim =¸==
b

a
ba u  
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4.6 . ʆʩʥʦʚʥʽ ʪʝʦʨʝʤʠ ʧʨʦ ʛʨʘʥʠʮʽ 

1. ɻʨʘʥʠʮʷ ʩʪʘʣʦʾ  ʜʦʨʽʚʥʶʻ ʾʾ ʩʘʤʽʡ. 

2. ɻʨʘʥʠʮʷ ʩʫʤʠ ʜʚʦʭ, ʪʨʴʦʭ ʽ ʚʟʘʛʘʣʽ ʙʫʜʴ-ʷʢʦʛʦ ʥʝʟʤʽʥʥʦʛʦ ʯʠʩʣʘ 

ʬʫʥʢʮʽʡ ʜʦʨʽʚʥʶʻ ʩʫʤʽ ʛʨʘʥʠʮʴ ʮʠʭ ʬʫʥʢʮʽʡ. 

.lim...limlim)...lim( 2121 nn uuuuuu ++=+++  

ʊʫʪ ʽ ʜʘʣʽ ʜʣʷ ʩʢʦʨʦʯʝʥʥʷ ʥʝ ʧʠʰʝʤʦ ʘʨʛʫʤʝʥʪ ʬʫʥʢʮʽʡ  x, ʘ ʪʘʢʦʞ 

ʚʚʘʞʘʻʤʦ, ʱʦ ax­ , ʘʙʦ .¤­x  

3. ɻʨʘʥʠʮʷ ʨʽʟʥʠʮʽ ʬʫʥʢʮʽʡ ʜʦʨʽʚʥʶʻ ʨʽʟʥʠʮʽ ʾʭ ʛʨʘʥʠʮʴ: 

          .limlim)lim( 2121 uuuu -=-  

4. ɻʨʘʥʠʮʷ ʜʦʙʫʪʢʫ ʜʚʦʭ, ʪʨʴʦʭ ʽ ʚʟʘʛʘʣʽ ʣʶʙʦʛʦ ʥʝʟʤʽʥʥʦʛʦ ʯʠʩʣʘ 

ʬʫʥʢʮʽʡ ʜʦʨʽʚʥʶʻ ʜʦʙʫʪʢʦʚʽ ʛʨʘʥʠʮʴ ʮʠʭ ʬʫʥʢʮʽʡ (ʟʘ ʫʤʦʚʦʶ, ʱʦ 

ʮʽ ʛʨʘʥʠʮʽ ʽʩʥʫʶʪʴ): 

         .lim...limlim)...lim( 2121 nn uuuuuu ÖÖÖ=ÖÖÖ  

5. ʉʪʘʣʠʡ ʤʥʦʞʥʠʢ ʤʦʞʥʘ ʚʠʥʦʩʠʪʠ ʟʘ ʟʥʘʢ ʛʨʘʥʠʮʽ: .limlim ucuc Ö=Ö  

6. ɻʨʘʥʠʮʷ ʜʨʦʙʫ ʜʦʨʽʚʥʶʻ ʚʽʜʥʦʰʝʥʥʶ ʛʨʘʥʠʮʽ ʯʠʩʝʣʴʥʠʢʘ ʜʦ 

ʛʨʘʥʠʮʽ ʟʥʘʤʝʥʥʠʢʘ, ʷʢʱʦ ʦʩʪʘʥʥʷ ʥʝ ʜʦʨʽʚʥʶʻ ʥʫʣʶ: 

).0(lim
lim

lim
lim ¸= v

v

u

v

u
 

  

4.7. ʇʦʨʽʚʥʷʥʥʷ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ ʚʝʣʠʯʠʥ 

  

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʛʨʘʥʠʮʶ .
)(

)(
lim

xg

xf

ax­
 ʅʝʭʘʡ ʚʽʜʦʤʦ, ʱʦ 

.0)(lim)(lim ==
­­

xgxf
axax

ʊʘʢʫ ʩʠʪʫʘʮʽʶ ʫ ʪʝʦʨʽʾ ʛʨʘʥʠʮʴ ʥʘʟʠʚʘʶʪʴ 

ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʪʠʧʫ .
0

0
ö
÷

õ
æ
ç

å
 ɺʠʥʠʢʘʻ ʚʦʥʘ, ʷʢ ʙʘʯʠʤʦ, ʢʦʣʠ ʬʫʥʢʮʽʷ ʷʚʣʷʻ 

ʩʦʙʦʶ ʜʨʽʙ, ʫ ʯʠʩʝʣʴʥʠʢʫ ʽ  ʟʥʘʤʝʥʥʠʢʫ ʷʢʦʛʦ ʤʘʻʤʦ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ ʧʨʠ 

ax­  ʚʝʣʠʯʠʥʠ. ʈʝʟʫʣʴʪʘʪ ʟʘʣʝʞʠʪʴ ʚʽʜ ʪʦʛʦ, ʷʢ  ʩʘʤʝ ʬʫʥʢʮʽʾ )(),( xgxf  

ʥʘʙʣʠʞʘʶʪʴʩʷ ʜʦ ʥʫʣʷ. ʊʦʙʪʦ ʪʨʝʙʘ ʧʦʨʽʚʥʷʪʠ ʧʦʚʝʜʽʥʢʫ ʜʚʦʭ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʠʭ. ʂʦʥʢʨʝʪʥʽ ʧʨʠʢʣʘʜʠ ʨʦʟʛʣʷʥʝʤʦ ʧʽʟʥʽʰʝ, ʘ ʟʘʨʘʟ ʚʢʘʞʝʤʦ ʚʩʽ 

ʤʦʞʣʠʚʽ ʚʠʧʘʜʢʠ: 

 1. .1
)(

)(
lim =
­ xg

xf

ax
 ʗʢʱʦ ʪʘʢʘ ʛʨʘʥʠʮʷ ʜʦʨʽʚʥʶʻ 1, ʪʦ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ 

)(),( xgxf ʥʘʟʠʚʘʶʪʴʩʷ   ʝʢʚʽʚʘʣʝʥʪʥʠʤʠ (ʪʦʙʪʦ ʬʫʥʢʮʽʾ )(xf  ʽ  )(xg  ʧʨʠ 

ax­  ʦʜʥʘʢʦʚʦ ʧʨʷʤʫʶʪʴ ʜʦ ʥʫʣʷ). 

 2. 1,
)(

)(
lim ¸=
­

AA
xg

xf

ax
, ʪʦʙʪʦ ʧʨʷʤʫʚʘʥʥʷ ʜʦ ʥʫʣʷ ʫ ʦʙʦʭ ʬʫʥʢʮʽʡ 

)(xf  ʽ  )(xg  ʧʨʠ ax­  ʧʨʦʭʦʜʠʪʴ ʘʥʘʣʦʛʽʯʥʦ, ʘʣʝ ʾʭ ʛʨʘʥʠʮʽ 
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ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʤʥʦʞʥʠʢʦʤ ɸ (ʫ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʮʝ ʢʽʥʮʝʚʝ ʯʠʩʣʦ). ʇʨʦ 

ʪʘʢʠ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ ʢʘʞʫʪʴ, ʱʦ ʚʦʥʠ ʦʜʥʦʛʦ ʧʦʨʷʜʢʫ ʤʘʣʦʩʪʽ. 

 3. .0
)(

)(
lim =
­ xg

xf

ax
 ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʢʘʞʫʪʴ, ʱʦ )(xf  ʻ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʘ ʧʨʠ ax­  ʚʠʱʦʛʦ ʧʦʨʷʜʢʫ ʤʘʣʦʩʪʽ, ʥʽʞ )(xg . (ʎʝ ʦʟʥʘʯʘʻ, ʱʦ ʚʦʥʘ 

ʩʢʦʨʽʰʝ ʧʨʷʤʫʻ ʜʦ ʥʫʣʷ, ʥʽʞ )(xg ). 

 4. .
)(

)(
lim ¤=
­ xg

xf

ax
 ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ, ʥʘʚʧʘʢʠ, )(xg  ʻ ʥʝʩʢʽʥʯʝʥʥʦ 

ʤʘʣʘ ʧʨʠ ax­  ʚʠʱʦʛʦ ʧʦʨʷʜʢʫ ʤʘʣʦʩʪʽ, ʥʽʞ )(xf  (ʮʝ ʦʟʥʘʯʘʻ, ʱʦ ʚʦʥʘ 

ʩʢʦʨʽʰʝ ʧʨʷʤʫʻ ʜʦ ʥʫʣʷ, ʥʽʞ )(xf ). 

 ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʨʦʟʛʣʷʥʫʪʠ ʧʦʨʽʚʥʷʥʥʷ ʜʚʦʭ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʠʭ 

ʚʝʣʠʯʠʥ. ɼʦ ʨʝʯʽ, ʮʝ ʢʦʨʠʩʥʘ ʚʧʨʘʚʘ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʾ ʨʦʙʦʪʠ.  

 

4.8. ʅʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ 

 

ɺʠʟʥʘʯʝʥʥʷ 1. ʌʫʥʢʮʽʷ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʧʝʨʝʨʚʥʦʶ, 

ʷʢʱʦ ʾʾ ʧʨʠʨʽʩʪ 0)()( ­-D+=D xfxxfy  ʧʨʠ .0­Dx  

     ʊʦʙʪʦ, ʷʢʱʦ ʧʨʠʨʽʩʪ ʘʨʛʫʤʝʥʪʫ ʩʢʽʣʴʢʠ ʟʘʚʛʦʜʥʦ ʤʘʣʠʡ, ʪʦ ʽ ʧʨʠʨʽʩʪ 

ʩʘʤʦʾ ʬʫʥʢʮʽʾ ʩʢʽʣʴʢʠ ʟʘʚʛʦʜʥʦ ʤʘʣʠʡ. ɯʥʘʢʰʝ: ʤʘʣʠʤ ʟʤʽʥʘʤ ʘʨʛʫʤʝʥʪʫ 

ʚʜ̔ʧʦʚʽʜʘʶʪʴ ʤʘʣʽ ʟʤʽʥʠ ʩʘʤʦʾ ʬʫʥʢʮʽʾ.  

      ʈʦʟʛʣʷʥʝʤʦ ʧʨʦʩʪʠʡ ʧʨʠʢʣʘʜ. ʅʝʭʘʡ ʟʘʜʘʥʦ ʬʫʥʢʮʽʶ .)( 2xxy =  ʃʝʛʢʦ 

ʙʘʯʠʪʠ, ʱʦ ʾʾ ʧʨʠʨʽʩʪ 0)(2)( 222 ­D+DÖ=-D+=D xxxxxxy  ʧʨʠ  .0­Dx  

ʊʦʤʫ ʜʘʥʘ ʬʫʥʢʮʽʷ ʜʽʡʩʥʦ ʻ ʥʝʧʝʨʝʨʚʥʘ.  

ʉʣʽʜ ʧʽʜʢʨʝʩʣʠʪʠ, ʱʦ ʙʫʜʴ-ʷʢʘ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʬʫʥʢʮʽʷ ʥʝʦʙʭʽʜʥʦ 

ʥʝʧʝʨʝʨʚʥʘ. ɿʚʦʨʦʪʥʝ ʪʚʝʨʜʞʝʥʥʷ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʥʝ ʚʠʢʦʥʫʻʪʴʩʷ. ʊʦʙʪʦ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʻ ʙʽʣʴʰ ʩʠʣʴʥʘ ʚʣʘʩʪʠʚʽʩʪʴ ʬʫʥʢʮʽʾ, ʥʽʞ ʥʝʧʝʨʝʨʚʥʽʩʪʴ. 

ɼʦ ʮʴʦʛʦ ʨʝʟʫʣʴʪʘʪʫ ʜʝʪʘʣʴʥʽʰʝ ʟʚʝʨʥʝʤʦʩʴ ʧʨʠ ʚʠʚʯʝʥʥʽ 

ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ. 

ʇʨʠ ʚʠʚʯʝʥʥʽ ʪʝʦʨʽʾ ʛʨʘʥʠʮʴ ʩʫʪʪʻʚʦ ʙʫʜʝʤʦ ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʥʘʩʪʫʧʥʝ 

ʚʠʟʥʘʯʝʥʥʷ. 

ɺʠʟʥʘʯʝʥʥʷ 2. ɼʣʷ ʥʝʧʝʨʝʨʚʥʦʾ ʬʫʥʢʮʽʾ )(xf  ʤʘʻ ʤʽʩʮʝ 

ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ: ).()(lim afxf
ax

=
­

 

ʊʦʙʪʦ, ʷʢʱʦ ʤʘʻʤʦ ʥʝʧʝʨʝʨʚʥʫ ʬʫʥʢʮʽʶ, ʪʦ ʾʾ ʛʨʘʥʠʮʶ ʤʦʞʥʘ ʟʥʘʡʪʠ, 

ʧʨʦʩʪʦ ʧʽʜʩʪʘʚʠʚʰʠ ʟʘʤʽʩʪʴ x  ʫ ʜʘʥʫ ʬʫʥʢʮʽʶ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ 

ʘʨʛʫʤʝʥʪʫ ʽ ʚʠʢʦʥʘʚʰʠ ʧʽʜʨʘʭʫʥʢʠ.   

ʇʨʠʡʥʷʪʦ ʧʦʟʥʘʯʘʪʠ ʥʝʧʝʨʝʨʚʥʫ ʬʫʥʢʮʽʶ ʪʘʢ: .)( Cxf Í  (ʇʦʭʦʜʞʝʥʥʷ 

ʮʴʦʛʦ ʧʦʟʥʘʯʝʥʥʷ ʤʦʞʥʘ ʟʨʦʟʫʤʽʪʠ, ʟʘʧʠʩʘʚʰʠ ʩʣʦʚʦ çʥʝʧʝʨʝʨʚʥʠʡè 

ʘʥʛʣʽʡʩʴʢʦʶ: çContinuousè. ʆʪʞʝ, ʫ ʧʦʟʥʘʯʝʥʥʽ ʥʝʧʝʨʝʨʚʥʦʾ ʬʫʥʢʮʽʾ 

ʚʠʢʦʨʠʩʪʘʥʘ ʧʝʨʰʘ ʙʫʢʚʘ ʦʩʪʘʥʥʴʦʛʦ ʩʣʦʚʘ). 
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ʄʦʞʥʘ ʧʦʢʘʟʘʪʠ, ʱʦ ʚʩʽ ʝʣʝʤʝʥʪʘʨʥʽ ʬʫʥʢʮʽʾ ʥʝʧʝʨʝʨʚʥʽ ʫʩʶʜʠ, ʜʝ 

ʚʦʥʠ ʚʠʟʥʘʯʝʥʽ.ɸʣʴʪʝʨʥʘʪʠʚʦʶ ʥʝʧʝʨʝʨʚʥʠʭ ʻ ʨʦʟʨʠʚʥʽ ʬʫʥʢʮʽʾ. ɯʩʥʫʶʪʴ 

ʨʦʟʨʠʚʠ ʧʝʨʰʦʛʦ ʽ ʜʨʫʛʦʛʦ ʨʦʜʫ. ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʷ ʍʝʚʠʩʘʡʜʘ 

í
ì
ë

²

<
=

0,1

;0,0
)(

x

x
xH  ʤʘʻ ʢʽʥʮʝʚʠʡ ʨʦʟʨʠʚ (ʘʙʦ ʨʦʟʨʠʚ ʧʝʨʰʦʛʦ ʨʦʜʫ)  ʧʨʠ 

0=x .  ʈʦʟʨʠʚ ʜʨʫʛʦʛʦ ʨʦʜʫ, ʘʙʦ ʥʝʩʢʽʥʯʝʥʥʠʡ ʨʦʟʨʠʚ, ʤʘʻ ʧʨʠ 0=x  

ʬʫʥʢʮʽʷ .
1

x
y=  ɼʽʡʩʥʦ, ʷʢʱʦ ʥʘʙʣʠʞʘʪʠʩʷ ʜʦ ʥʫʣʷ ʧʦ ʚʽʜôʻʤʥʠʤ ʟʥʘʯʝʥʥʷʤ 

,x  ʪʦ ,-¤­y  ʘ ʷʢʱʦ ʧʦ ʜʦʜʘʪʥʠʤ ʟʥʘʯʝʥʥʷʤ, ʪʦ .+¤­y  

 ʄʠ ʙʫʜʝʤʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʥʘʚʝʜʝʥʫ ʚʠʱʝ ʽʥʬʦʨʤʘʮʽʶ, ʜʦ ʨʝʯʽ, ʧʨʠ 

ʜʦʩʣʽʜʞʝʥʥʽ ʬʫʥʢʮʽʡ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ. ɸ ʩʘʤʝ, 

ʧʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʦʙʣʘʩʪʽ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ. ʇʦʙʘʯʠʤʦ, ʱʦ, ʥʘʧʨʠʢʣʘʜ, 

ʨʦʟʨʠʚʠ ʜʨʫʛʦʛʦ ʨʦʜʫ çʨʦʟʨʽʞʫʪʴè ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʥʘ ʜʝʢʽʣʴʢʘ ʛʽʣʦʢ.  

4.9. ʅʝʚʠʟʥʘʯʝʥʦʩʪʽ ʚʠʛʣʷʜʫ  ( ) )(,0,
0

0
, ¤-¤¤Öö
÷

õ
æ
ç

å
ö
÷

õ
æ
ç

å

¤

¤
 

     ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʧʨʠʢʣʘʜʠ, ʜʝ ʙʫʜʝʤʦ ʰʫʢʘʪʠ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʡ. 

     ʇʨʠʢʣʘʜ 1. .
13

532
lim

2

2

+-

-+

¤­ xx

xx

x
 

     ʈʦʟʚôʷʟʘʥʥʷ ʧʦʯʥʝʤʦ ʟ ʪʝʩʪʫʚʘʥʥʷ: ʧʽʜʩʪʘʚʣʷʻʤʦ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ 

ʘʨʛʫʤʝʥʪʫ ʫ ʜʘʥʫ ʬʫʥʢʮʽʶ. ʆʩʪʘʥʥʷ ʻ ʯʘʩʪʠʥʥʠʡ ʚʠʧʘʜʦʢ, ʪʘʢ ʟʚʘʥʦʾ, 

ʜʨʽʙʥʦ-ʨʘʮʽʦʥʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ï ʚʽʜʥʦʰʝʥʥʷ ʜʚʦʭ ʙʘʛʘʪʦʯʣʝʥʽʚ (ʧʦʣʽʥʦʤʽʚ). 

ʆʯʝʚʠʜʥʦ, ʱʦ ʪʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ - .ö
÷

õ
æ
ç

å

¤

¤
 ʑʦʙ ʾʾ ʨʦʟʢʨʠʪʠ, ʧʽʜʛʦʪʫʻʤʦ 

ʬʫʥʢʮʽʶ ʜʦ ʛʨʘʥʠʯʥʦʛʦ ʧʝʨʝʭʦʜʫ, ʚʠʟʥʘʯʠʚʰʠ, ʧʦ-ʧʝʨʰʝ, ʥʘʡʚʠʱʠʡ 

ʩʪʝʧʽʥʴ ʙʘʛʘʪʦʯʣʝʥʽʚ ( ʫ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ ï ʮʝ ʜʨʫʛʠʡ) ʽ ʧʦʜʽʣʠʚʰʠ ʥʘ 2x  

ʚʩʽ ʯʣʝʥʠ ʯʠʩʝʣʴʥʠʢʘ ʡ ʟʥʘʤʝʥʥʠʢʘ ʦʜʥʦʯʘʩʥʦ. ʆʪʞʝ, ʤʘʻʤʦ:   

.
3

2

11
3

53
2

lim
13

532
lim

2

2

2

2

=

+-

-+

=
+-

-+

¤­¤­

xx

xx

xx

xx

xx
 ʈʝʟʫʣʴʪʘʪ ʦʜʝʨʞʘʥʦ ʧʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ 

ʪʝʦʨʝʤ ʧʨʦ ʛʨʘʥʠʮʶ ʜʨʦʙʫ, ʩʫʤʠ, ʩʪʘʣʦʾ, ʘ ʪʘʢʦʞ ʟʚôʷʟʦʢ ʤʽʞ ʥʝʩʢʽʥʯʝʥʥʦ 

ʚʝʣʠʢʠʤʠ ʽ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʤʠ (ʘ ʩʘʤʝ: ʧʨʠ  ¤­x   
22

1
,

1
,

5
,

3

xxxx
  ʻ 

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʽ, ʪʦʙʪʦ ʾʭ ʛʨʘʥʠʮʽ ʜʦʨʽʚʥʶʶʪʴ ʥʫʣʶ).  

     ʆʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʴ ʬʫʥʢʮʽʡ ʯʘʩʪʦ ʙʫʚʘʻ ʜʦʩʠʪʴ ʩʢʣʘʜʥʠʤ ʟ ʪʝʭʥʽʯʥʦʾ 

ʪʦʯʢʠ ʟʦʨʫ. ʊʦʤʫ ʚʠʢʦʨʠʩʪʘʥʥʷ ʢʦʤʧôʶʪʝʨʘ ʤʦʞʝ  ʫ ʟʥʘʯʥʠʡ ʤʽʨʽ ʟʙʝʨʝʛʪʠ 

ʩʠʣʠ ʪʘ ʯʘʩ. ʊʠʤ ʙʽʣʴʰʝ, Mathcad ʨʦʟʚôʷʟʫʻ ʧʦʜʽʙʥʽ ʟʘʜʘʯʽ ʜʫʞʝ ʝʬʝʢʪʠʚʥʦ. 

ɹʫʜʴ-ʷʢʘ ʛʨʘʥʠʮʷ, ʷʢʫ ʤʦʞʥʘ ʟʫʩʪʨʽʪʠ ʫ ʟʘʜʘʯʥʠʢʫ, ʙʫʜʝ ʟʥʘʡʜʝʥʘ 

ʧʨʦʛʨʘʤʦʶ ʟ ʣʝʛʢʽʩʪʶ, ʧʨʠʯʦʤʫ ʾʡ ʥʝ ʜʦʚʝʜʝʪʴʩʷ çʜʦʧʦʤʘʛʘʪʠè, ʥʘʧʨʠʢʣʘʜ, 

ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʩʢʣʘʜʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ, ʷʢʠʤʠ ʩʫʧʨʦʚʦʜʞʫʶʪʴʩʷ ʧʨʠʢʣʘʜʠ 

ʥʘ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʨʘʚʠʣʘ ʃʦʧʽʪʘʣʷ, ʦʩʦʙʣʠʚʦ ʫ ʪʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʧʦʪʨʽʙʥʽ 
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ʧʝʨʝʪʚʦʨʝʥʥʷ ʪʠʧʽʚ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ, ʱʦʙ ʦʜʝʨʞʘʪʠ ʤʦʞʣʠʚʽʩʪʴ ʮʝ 

ʧʨʘʚʠʣʦ ʨʝʘʣʽʟʫʚʘʪʠ.  

     ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ ʫ Mathcad ʪʨʝʙʘ ʟʥʘʡʪʠ ʥʘ ʧʘʥʝʣʽ Calculus 

(ʆʙʯʠʩʣʝʥʥʷ) ʦʧʝʨʘʪʦʨʠ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ ï ʪʘʤ ʚʦʥʠ, ʷʢ ʽ ʫ 

ʤʘʪʝʤʘʪʠʯʥʦʤʫ ʘʥʘʣʽʟʽ, ʧʦʟʥʘʯʘʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʘʙʨʝʚʽʘʪʫʨʠ lim.    

      ʋʩʴʦʛʦ ʫ Mathcad ʧʨʠʩʫʪʥʽ ʪʨʠ ʨʽʟʥʠʭ ʦʧʝʨʘʪʦʨʠ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ: 

ʦʧʝʨʘʪʦʨ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ ʫ ʪʦʯʮʽ, ʘʙʦ ʜʚʦʩʪʦʨʦʥʥʴʦʾ ʛʨʘʥʠʮʽ (Two-

sided  Limit) (ʪʘʢʦʞ ʚʚʦʜʠʪʴʩʷ ʧʦʻʜʥʘʥʥʷʤ ʢʣʘʚʽʰCtrl+L), ʽ ʦʧʝʨʘʪʦʨʠ 

ʧʨʘʚʦʩʪʦʨʦʥʥʴʦʾ ʪʘ ʣʽʚʦʩʪʦʨʦʥʥʴʦʾ ʛʨʘʥʠʮʴ. ʄʠ ʙʫʜʝʤʦ ʢʦʨʠʩʪʘʪʠʩʴ 

ʦʧʝʨʘʪʦʨʦʤ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʛʨʘʥʠʮʽ ʫ ʪʦʯʮʽ. ʋ ʚʢʘʟʘʥʝ ʤʽʩʮʝ ʙʫʜʝ 

ʚʩʪʘʚʣʝʥʠʡ ʥʝʦʙʭʽʜʥʠʡ ʰʘʙʣʦʥ, ʷʢʠʡ ʟʘʧʦʚʥʶʻʪʴʩʷ ʪʘʢ: ʚʠʙʠʨʘʻʤʦ 

ʦʧʝʨʘʪʦʨ, ʚʚʦʜʠʤʦ ʪʦʯʢʫ ʽ ʟʤʽʥʥʫ, ʘ ʪʘʢʦʞ ʜʘʥʫ ʬʫʥʢʮʽʶ, ʷʢ ʟʘʟʥʘʯʝʥʦ ʥʘ 

ʨʠʩ. 4. 9, ʜʝ ʪʘʢʦʞ ʧʦʢʘʟʘʥʦ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ, ʷʢʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʜʣʷ 

ʚʠʢʦʥʘʥʥʷ ʟʘʚʜʘʥʥʷ. ɿʚʝʨʥʽʪʴ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʫ ʷʢʦʩʪʽ ʦʧʝʨʘʪʦʨʘ ʚʠʚʦʜʫ 

ʧʨʠ ʦʙʯʠʩʣʝʥʥʽ ʛʨʘʥʠʮʴ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʪʽʣʴʢʠ ʦʧʝʨʘʪʦʨ 

ʩʠʤʚʦʣʴʥʦʛʦ ʚʠʚʦʜʫ ç­è. ʗʢʱʦ ʚʠ ʚʚʝʜʝʪʝ ʦʧʝʨʘʪʦʨ ʯʠʩʝʣʴʥʦʛʦ ʚʠʚʦʜʫ 

ç=è, ʪʦ ʙʫʜʝ ʚʠʜʘʥʝ ʧʦʚʽʜʦʤʣʝʥʥʷ ʧʨʦ ʧʦʤʠʣʢʫ. 

 

 
 

ʈʠʩ. 4.9 

 ʇʨʠʢʣʘʜ 2. .
13

24
lim

2

+

++

¤­ x

xx

x
 ʄʘʻʤʦ ʟʥʦʚ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʪʠʧʫ .ö

÷

õ
æ
ç

å

¤

¤
 

ʉʪʘʨʰʘ ʩʪʝʧʽʥʴ x  ʫ ʯʠʩʝʣʴʥʠʢʫ ʽ ʟʥʘʤʝʥʥʠʢʫ ʜʨʦʙʫ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ɼʦ 
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ʨʝʯʽ, ʧʨʠ ʥʘʷʚʥʦʩʪʽ ʢʦʨʝʥʽʚ, ʪʨʝʙʘ ʧʽʜ ʟʥʘʢʦʤ ʢʦʨʝʥʷ ʚʟʷʪʠ ʪʽʣʴʢʠ ʪʦʡ ʯʣʝʥ, 

ʱʦ ʤʽʩʪʠʪʴ x  ʫ ʥʘʡʚʠʱʽʡ ʩʪʝʧʝʥʽ ʽ ʧʨʠʢʠʥʫʪʠ, ʫ ʷʢʽʡ ʩʪʝʧʝʥʽ ʚʽʥ ʩʪʘʥʝ, 

ʷʢʱʦ ʢʦʨʽʥʴ ʽʟ ʥʴʦʛʦ ʚʠʪʷʛʥʫʪʠ. ʋ ʥʘʰʦʤʫ ʧʨʠʢʣʘʜʽ ʦʜʝʨʞʫʻʤʦ x  ʫ ʧʝʨʰʽʡ  

ʩʪʝʧʝʥʽ. ʅʘʷʚʥʽʩʪʴ ʢʦʨʝʥʷ ʥʝ ʟʘʚʘʞʘʪʠʤʝ ʚʠʢʦʨʠʩʪʘʥʥʶ ʪʦʛʦ ʞ ʧʨʠʡʦʤʫ, 

ʱʦ ʙʫʚ ʟʘʧʨʦʚʘʜʞʝʥʠʡ ʫ ʇʨʠʢʣʘʜʽ 1. ʆʪʞʝ, ʦʜʝʨʞʠʤʦ: 

.1
1

3

2
4

1

lim
13

24
lim

22

=

+

++

=
+

++

¤­¤­

x

x

x

xx

xx

  

(ɺʠʢʦʨʠʩʪʘʥʦ, ʱʦ 2xx= ). 

 ʈʦʟʚô̫ ʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʟʘʩʦʙʘʤʠ ʩʝʨʝʜʦʚʠʱʘ Mathcad  ʥʘʚʝʜʝʥʦ   

ʥʘ ʨʠʩ. 4. 10: 

 

 
 

ʈʠʩ. 4. 10 

 ʇʨʠʢʣʘʜ 3. .
45

23
lim

2

2

1 +-

+-

­ xx

xx

x
 ʊʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ö

÷

õ
æ
ç

å

0

0
. ʊʦʙʪʦ ʛʨʘʥʠʯʥʝ 

ʟʥʘʯʝʥʥʷ x  ʻ ʢʦʨʝʥʝʤ ʷʢ ʯʠʩʝʣʴʥʠʢʘ, ʪʘʢ ʽ ʟʥʘʤʝʥʥʠʢʘ. ʇʦʪʨʽʙʥʦ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʽʜʭʽʜ, ʱʦ ʩʫʪʪʻʚʦ ʚʽʜʨʽʟʥʷʻʪʴʩʷ ʚʽʜ ʨʦʟʛʣʷʥʫʪʦʛʦ ʚʠʱʝ. 

ʇʝʨʝʪʚʦʨʠʤʦ ʬʫʥʢʮʽʶ, ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʟʥʘʢʦʤ ʛʨʘʥʠʮʽ. ɼʣʷ ʮʴʦʛʦ 

ʨʦʟʢʣʘʜʝʤʦ ʢʚʘʜʨʘʪʥʽ ʪʨʠʯʣʝʥʠ, ʱʦ ʩʪʦʷʪʴ ʫ ʯʠʩʝʣʴʥʠʢʫ ʽ ʟʥʘʤʝʥʥʠʢʫ ʥʘ 

ʜʦʙʫʪʢʠ ʣʽʥʽʡʥʠʭ ʤʥʦʞʥʠʢʽʚ. ʇʨʠ ʮʴʦʤʫ, ʦʯʝʚʠʜʥʦ,  ʪʘʤ ʙʫʜʫʪʴ ʧʨʠʩʫʪʥʽ 

ʦʜʥʘʢʦʚʽ ʤʥʦʞʥʠʢʠ, ʘ ʩʘʤʝ - ).1( -x  ɼʦʢʠ ʤʠ ʥʝ ʧʝʨʝʡʜʝʤʦ ʜʦ ʛʨʘʥʠʮʽ, 

ʧʨʷʤʫʶʯʠ x  ʜʦ ʦʜʠʥʠʮʽ, ʮʽ ʤʥʦʞʥʠʢʠ ʥʝ ʧʨʷʤʫʶʪʴ ʜʦ ʥʫʣʷ. ɼʽʣʠʤʦ 

ʦʜʥʦʯʘʩʥʦ ʥʘ )1( -x  ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ, ʘ ʚʞʝ ʧʦʪʽʤ ʧʝʨʝʭʦʜʠʤʦ ʜʦ 

ʛʨʘʥʠʮʽ. ɸ ʩʘʤʝ: 
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3

1

4

2
lim

)4()1(

)2()1(
lim
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23
lim
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2

1
=
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-
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xx
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     ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad (ʨʠʩ. 4. 11):  
 

 
                                                         

ʈʠʩ. 4. 11 

 

 ʗʢʱʦ ʩʪʝʧʝʥʽ ʙʘʛʘʪʦʯʣʝʥʽʚ ʫ ʜʨʽʙʥʦ-ʨʘʮʽʦʥʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʚʠʱʝ 

ʜʨʫʛʦʾ ʽ ʟʘʤʽʩʪʴ ʢʚʘʜʨʘʪʥʠʭ ʪʨʠʯʣʝʥʽʚ ʜʦʚʦʜʠʪʴʩʷ ʤʘʪʠ ʩʧʨʘʚʫ ʟ  

ʙʘʛʘʪʦʯʣʝʥʘʤʠ  ʙʽʣʴʰ ʚʠʩʦʢʠʭ ʩʪʝʧʝʥʽʚ, ʜʦʮʽʣʴʥʦ ʢʦʨʠʩʪʘʪʠʩʴ 

ʫʥʽʚʝʨʩʘʣʴʥʠʤ ʧʽʜʭʦʜʦʤ, ʷʢʠʡ, ʜʦ ʨʝʯʽ, ʤʦʞʥʘ ʟʘʩʪʦʩʫʚʘʪʠ ʽ ʫ ʇʨʠʢʣʘʜʽ 3. 

ɸ ʩʘʤʝ: ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʜʨʦʙʫ ʦʜʥʦʯʘʩʥʦ ʜʽʣʠʤʦ ʥʘ )( ax- , ʜʝ a - 

ʯʠʩʣʦ, ʷʢʝ ʧʝʨʝʪʚʦʨʶʻ ʾʭ ʥʘ ʥʫʣʴ, ʪʦʙʪʦ ʻ ʦʜʥʠʤ ʟ ʢʦʨʝʥʽʚ ʙʘʛʘʪʦʯʣʝʥʽʚ, ʱʦ 

ʤʽʩʪʷʪʴʩʷ ʫ ʯʠʩʝʣʴʥʠʢʫ ʽ ʟʥʘʤʝʥʥʠʢʫ ʜʨʽʙʥʦ-ʨʘʮʽʦʥʘʣʴʥʦʾ ʬʫʥʢʮʽʾ. ɼʦ 

ʛʨʘʥʠʮʽ ʧʝʨʝʭʦʜʠʤʦ ʧʽʩʣʷ ʚʠʢʦʥʘʥʥʷ ʦʧʝʨʘʮʽʾ ʜʽʣʝʥʥʷ. ɿʚʝʨʥʝʤʦʩʴ ʜʦ 

ʧʨʠʢʣʘʜʫ. 

 ʇʨʠʢʣʘʜ 4. .
1

43
lim

2

3

1 -

-+

­ x

xx

x
 ʆʯʝʚʠʜʥʦ, ʪʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ  .

0

0
ö
÷

õ
æ
ç

å  

ʆʩʢʽʣʴʢʠ 1=x  ʻ ʢʦʨʝʥʝʤ ʷʢ ʯʠʩʝʣʴʥʠʢʘ, ʪʘʢ ʽ ʟʥʘʤʝʥʥʠʢʘ, ʪʦ ʚʦʥʠ ʜʽʣʷʪʴʩʷ  

ʙʝʟ ʟʘʣʠʰʢʫ ʥʘ ).1( -x   ɸ ʩʘʤʝ:   
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4

1

0

44

44

3

43

2

2

2

23

3

++

-

-

-

-
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-
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xx

x

x

x
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xx

 

ɼʽʣʝʥʥʷ ʚʽʜʙʫʚʘʻʪʴʩʷ, ʪʘʢ ʟʚʘʥʠʤ, çʢʫʪʦʯʢʦʤè, ʱʦ ʜʦʙʨʝ ʟʥʘʡʦʤʠʡ ʟ 

ʰʢʽʣʴʥʦʛʦ ʢʫʨʩʫ ʤʘʪʝʤʘʪʠʢʠ. ʋ ʟʥʘʤʝʥʥʠʢʫ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʘʪʠ ʬʦʨʤʫʣʫ 

ʩʢʦʨʦʯʝʥʦʛʦ ʤʥʦʞʝʥʥʷ. ʊʘʢʠʤ ʯʠʥʦʤ, ʧʦʜʽʣʠʚʰʠ ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ 

ʦʜʥʦʯʘʩʥʦ ʥʘ ),1( -x  ʦʜʝʨʞʠʤʦ:  

.3
2

6

1

4
lim

1

)1()1(
1

43

lim
1

43
lim

2

1

3

12

3

1
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+

++
=

-

+Ö-
-

-+

=
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-+

­­­ x

xx
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xx
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xx

x

xx

xxx

 
 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 4.12):

  

 

 ʈʠʩ. 4.12 

 

 ʇʨʠʢʣʘʜ 5. .
1

3

1

1
lim

31
ö
÷

õ
æ
ç

å

-
-

-­ xxx
 ʄʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ )( ¤-¤ . ɹʘʞʘʥʦ 

ʟʤʽʥʠʪʠ ʾʾ ʪʠʧ, ʚʠʢʦʥʘʚʰʠ ʝʢʚʽʚʘʣʝʥʪʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʬʫʥʢʮʽʾ, ʱʦ 

ʤʽʩʪʠʪʴʩʷ ʧʽʜ ʟʥʘʢʦʤ ʛʨʘʥʠʮʽ. ʇʨʠʨʦʜʥʦ ʧʨʠʚʝʩʪʠ ʾʾ ʜʦ ʩʧʽʣʴʥʦʛʦ 
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ʟʥʘʤʝʥʥʠʢʘ. ʗʢ ʧʨʘʚʠʣʦ, ʧʨʠ ʮʴʦʤʫ ʧʦʰʫʢ ʛʨʘʥʠʮʽ ʩʧʨʦʱʫʻʪʴʩʷ. ʆʪʞʝ, 

ʦʜʝʨʞʠʤʦ:    .
1

2
lim

1

31
lim

1

3

1

1
lim
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2

13
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131 x

xx

x

xx

xx xxx -
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÷
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- ­­­
 

ʊʘʢʠʤ ʯʠʥʦʤ,  ʝʣʝʤʝʥʪʘʨʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʜʦʟʚʦʣʠʣʠ ʟʤʽʥʠʪʠ ʪʠʧ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʥʘ ö
÷

õ
æ
ç

å

0

0
, ʘ ʧʦʜʘʣʴʰʽ ʜʽʾ ʪʨʝʙʘ ʚʠʢʦʥʫʚʘʪʠ  ʟʘ ʩʭʝʤʦʶ, ʱʦ 

ʨʦʟʛʣʷʜʘʣʘʩʴ ʫ ʇʨʠʢʣʘʜʽ 3:  
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 ʎʝʡ ʞʝ ʧʨʠʢʣʘʜ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad  (ʨʠʩ. 4.13) : 

 

 
 

 

ʈʠʩ. 4.13 

 

 ʇʨʠʢʣʘʜ 6. .
11

lim
2

0 x

x

x

-+

­
  

 ʅʘʷʚʥʽʩʪʴ ʢʦʨʝʥʷ ʟʘʚʘʞʘʻ ʚʠʢʦʨʠʩʪʘʥʥʶ ʨʦʟʛʣʷʥʫʪʦʾ ʚʠʱʝ ʩʭʝʤʠ, ʱʦ 

ʩʣʽʜ ʟʘʩʪʦʩʦʚʫʚʘʪʠ ʧʨʠ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʪʠʧʫ ö
÷

õ
æ
ç

å

0

0
 , ʷʢʘ ʤʘʻ ʤʽʩʮʝ ʽ ʫ ʜʘʥʦʤʫ 

ʧʨʠʢʣʘʜʽ. ʇʨʦʧʦʥʫʻʪʴʩʷ ʚʧʨʦʚʘʜʞʝʥʥʷ ʝʢʚʽʚʘʣʝʥʪʥʦʛʦ ʧʝʨʝʪʚʦʨʝʥʥʷ ʜʘʥʦʾ 

ʬʫʥʢʮʽʾ, ʱʦ ʧʦʣʷʛʘʻ ʫ ʦʜʥʦʯʘʩʥʦʤʫ ʤʥʦʞʝʥʥʽ ʯʠʩʝʣʴʥʠʢʘ ʽ ʟʥʘʤʝʥʥʠʢʘ 

ʜʘʥʦʛʦ ʜʨʦʙʫ ʥʘ , ʪʘʢ ʟʚʘʥʠʡ, ʩʧʨʷʞʝʥʠʡ ʚʠʨʘʟ (ʫ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ï ʥʘ 
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( )11 2 ++x ). ʇʽʩʣʷ ʚʠʢʦʨʠʩʪʘʥʥʷ ʬʦʨʤʫʣ ʩʢʦʨʦʯʝʥʦʛʦ ʤʥʦʞʝʥʥʷ ʤʠ 

ʬʘʢʪʠʯʥʦ ʧʦʧʘʜʝʤʦ ʚ ʫʤʦʚʠ, ʷʢʽ ʨʦʟʛʣʷʜʘʣʠʩʴ ʫ ʇʨʠʢʣʘʜʽ 3. ʄʘʻʤʦ: 
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     ɿʘʫʚʘʞʠʤʦ, ʱʦ ʧʨʠ ʥʘʷʚʥʦʩʪʽ ʢʦʨʝʥʷ ʪʨʝʪʴʦʛʦ ʩʪʫʧʝʥʷ ʤʦʞʥʘ 

ʚʠʢʦʨʠʩʪʘʪʠ ʱʝ ʦʜʥʫ ʬʦʨʤʫʣʫ ʩʢʦʨʦʯʝʥʦʛʦ ʤʥʦʞʝʥʥʷ ʽʟ ʢʫʨʩʫ ʰʢʽʣʴʥʦʾ 

ʤʘʪʝʤʘʪʠʢʠ, ʧʦʤʥʦʞʠʚʰʠ ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʥʘ ʥʝʧʦʚʥʠʡ ʢʚʘʜʨʘʪ 

ʩʫʤʠ (ʘʙʦ ʨʽʟʥʠʮʽ). 

     ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 4.14): 

 

 
 

ʈʠʩ. 4.14  

 ʇʨʠʢʣʘʜ 7. ( ).lim xax
x

-+
¤­

 ʄʠ ʚʞʝ ʚʜʨʫʛʝ ʦʜʝʨʞʫʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ 

ʪʠʧʫ )( ¤-¤ . ɸʣʝ ʥʘ ʚʽʜʤʽʥʫ ʚʽʜ ʩʠʪʫʘʮʽʾ, ʱʦ ʙʫʣʘ ʫ ʇʨʠʢʣʘʜʽ 4, ʜʘʥʘ 

ʬʫʥʢʮʽʷ ʥʝ ʤʽʩʪʠʪʴ ʜʨʦʙʽʚ, ʪʦʤʫ ʪʨʝʙʘ ʰʫʢʘʪʠ ʽʥʰʽ ʰʣʷʭʠ ʜʣʷ ʟʤʽʥʠ ʪʠʧʫ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ. ɺʠʢʦʨʠʩʪʘʻʤʦ ʧʨʠʡʦʤ, ʟʘʩʪʦʩʦʚʘʥʠʡ ʫ ʇʨʠʢʣʘʜʽ 5: 

 ( ) ( )( )
.0limlimlim =

++
=

++

++Ö-+
=-+

¤­¤­¤­ xax

a

xax

xaxxax
xax

xxx
 

 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 4.15): 
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ʈʠʩ. 4.15 

 

     ɿʘʫʚʘʞʠʤʦ, ʱʦ ʪʘʢʽ ʞ ʩʘʤʽ ʧʨʠʡʦʤʠ ʪʨʝʙʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ, ʷʢʱʦ 

ʟʘʤʽʩʪʴ x  ʫ ʧʨʠʢʣʘʜʘʭ ʙʫʜʝ n  - ʘʨʛʫʤʝʥʪ, ʱʦ ʧʨʠʡʤʘʻ ʮʽʣʽ ʟʥʘʯʝʥʥʷ. ɯ ʱʝ: 

ʥʝʟʚʘʞʘʶʯʠ ʥʘ ʨʽʟʥʦʤʘʥʽʪʪʷ ʧʨʠʢʣʘʜʽʚ, ʽʩʥʫʶʪʴ ʮʽʣʢʦʤ ʚʠʟʥʘʯʝʥʽ 

ʩʪʘʥʜʘʨʪʥʽ ʧʨʠʡʦʤʠ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʟʘʜʘʯ, ʧʦʚôʷʟʘʥʠʭ ʟ ʨʦʟʰʫʢʦʤ ʛʨʘʥʠʮʴ. 

ʊʨʝʙʘ ʫʚʘʞʥʦ ʧʨʦʨʦʙʠʪʠ ʮʶ ʪʝʤʫ:  ʚʦʥʘ ʤʘʻ ʜʫʞʝ ʰʠʨʦʢʝ ʟʘʩʪʦʩʫʚʘʥʥʷ ʫ 

ʨʽʟʥʠʭ ʨʦʟʜʽʣʘʭ ʜʠʩʮʠʧʣʽʥʠ çɺʠʱʘ ʤʘʪʝʤʘʪʠʢʘè. 

 

4.10. ʇʝʨʰʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ 

 ʗʢʱʦ x  ʻ ʨʘʜʽʘʥʥʘ ʤʽʨʘ ʢʫʪʘ, ʪʦ .1
sin

lim
0

=
­ x

x

x  
ʎʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʽ ʻ 

ʧʝʨʰʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ. ʇʨʠ ʧʨʷʤʫʚʘʥʥʽ x  ʜʦ ʥʫʣʷ ,0,0sin ­­ xx  

ʪʦʙʪʦ ʤʘʻʤʦ, ʱʦ ʛʨʘʥʠʮʷ ʚʽʜʥʦʰʝʥʥʷ ʮʠʭ ʜʚʦʭ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʭ ʚʝʣʠʯʠʥ 

ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. ɯʟ ʮʴʦʛʦ ʚʠʧʣʠʚʘʻ, ʜʦ ʨʝʯʽ, ʱʦ ʬʫʥʢʮʽʾ xsin  ʽ  x  

ʧʦʚʦʜʷʪʴ ʩʝʙʝ ʦʜʥʘʢʦʚʦ ʧʨʠ .0­x  ɺʽʜʦʤʦ, ʱʦ ʮʝʡ ʬʘʢʪ ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʠ 

ʘʩʪʨʦʥʦʤʠ: ʜʣʷ ʜʫʞʝ ʤʘʣʠʭ ʢʫʪʽʚ x  ʾʭ ʟʥʘʯʝʥʥʷ ʧʨʠʙʣʠʟʥʦ ʜʦʨʽʚʥʶʶʪʴ 

ʩʠʥʫʩʘʤ ʮʠʭ ʢʫʪʽʚ.  ʆʯʝʚʠʜʥʦ, ʱʦ .1lim,1lim,1
sin

lim
000

===
­­­ x

tgx

tgx

x

x

x

xxx
 

     ɼʦʚʝʜʝʥʥʷ. ʈʦʟʛʣʷʥʝʤʦ ʢʦʣʦ ʨʘʜʽʫʩʘ 1  (ʨʠʩ. 4.16).  ʇʦʟʥʘʯʠʤʦ 

ʮʝʥʪʨʘʣʴʥʠʡ ʢʫʪ ʄʆɺ, ʧʨʠ ʮʴʦʤʫ .
2

0
p
<<x  ɯʟ ʨʠʩ.4.16 ʙʝʟʧʦʩʝʨʝʜʥʴʦ  

ʚʠʧʣʠʚʘʻ, ʱʦ ʧʣʦʱʘ ʪʨʠʢʫʪʥʠʢʘ ʄʆɸ ʤʝʥʰʘ ʟʘ ʧʣʦʱʫ ʩʝʢʪʦʨʘ ʄʆɸ, ʷʢʘ 

ʤʝʥʰʘ ʟʘ ʧʣʦʱʫ ʪʨʠʢʫʪʥʠʢʘ ʉʆɸ. 
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ʇʣʦʱʘ ʪʨʠʢʫʪʥʠʢʘ ʄʆɸ ʜʦʨʽʚʥʶʻ  .sin
2

1
sin1

2

1

2

1
xxMBOA =ÖÖ=Ö  ʇʣʦʱʘ

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 4.16 

 

ʩʝʢʪʦʨʘ MOAʜʦʨʽʚʥʶʻ  .
2

1
1

2

1

2

1
xxMAOA =ÖÖ=Ö

$

 
ʇʣʦʱʘ ʪʨʠʢʫʪʥʠʢʘ ʉʆɸ 

ʜʦʨʽʚʥʶʻ .
2

1
1

2

1

2

1
tgxtgxACOA =ÖÖ=ÖÖ  ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ ,

2

1

2

1
sin

2

1
tgxxx <<  

ʘʙʦ .sin tgxxx <<  

 ʇʦʜʽʣʠʤʦ ʚʩʽ ʯʣʝʥʠ ʦʩʪʘʥʥʴʦʾ ʥʝʨʽʚʥʦʩʪʽ ʥʘ xsin : ,
cos

1

sin
1

xx

x
<<  ʘʙʦ 

.cos
sin

1 x
x

x
>> ʎʷ ʥʝʨʽʚʥʽʩʪʴ ʜʦʚʝʜʝʥʘ ʜʣʷ  0>x , ʘʣʝ, ʦʩʢʽʣʴʢʠ ,

sin

)(

)sin(

x

x

x

x
=

-

-
 

xx cos)cos( =- , ʚʦʥʘ ʚʠʢʦʥʫʻʪʴʩʷ ʪʘʢʦʞ ʧʨʠ  .0<x  ɸʣʝ  .11lim,1coslim
00
==

­­ xx
x  

ɼʘʣʽ ʩʢʦʨʠʩʪʘʻʤʦʩʴ ʪʝʦʨʝʤʦʶ: 

 ʗʢʱʦ ʤʽʞ ʚʽʜʧʦʚʽʜʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ ʪʨʴʦʭ ʬʫʥʢʮʽʡ 

)(),(),( xvvxzzxuu === ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ  ,vzu ¢¢  ʧʨʠ 

ʮʴʦʤʫ )(xu ʪʘ )(xv  ʧʨʠ  ax­  (ʘʙʦ ʧʨʠ  ¤­x ) ʤʘʶʪʴ 

ʦʜʥʘʢʦʚʫ ʛʨʘʥʠʮʶ  b, ʪʦ  )(xzz=  ʧʨʠ ax­  (ʘʙʦ  ¤­x ) 

ʪʘʢʦʞ ʧʨʷʤʫʻ ʜʦ b . 

ɸʣʝ ʟʤʽʥʥʘ  
x

xsin
 ʟʥʘʭʦʜʠʪʴʩʷ ʤʽʞ ʜʚʦʤʘ ʚʝʣʠʯʠʥʘʤʠ, ʱʦ ʤʘʶʪʴ ʦʜʥʘʢʦʚʫ 

ʛʨʘʥʠʮʶ, ʱʦ ʜʦʨʽʚʥʶʻ 1. ʊʦʙʪʦ, ʥʘ ʧʽʜʩʪʘʚʽ ʧʨʦʮʠʪʦʚʘʥʦʾ ʚʠʱʝ ʪʝʦʨʝʤʠ  

.1
sin

lim
0

=
­ x

x

x
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     ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ .
cos1

lim
20 x

x

x

-

­
ʈʦʟʚôʷʟʘʥʥʷ ʫʩʽʭ ʧʨʠʢʣʘʜʽʚ ʥʘ ʧʦʰʫʢ 

ʛʨʘʥʠʮʴ ʪʨʘʜʠʮʽʡʥʦ ʧʦʯʠʥʘʻʪʴʩʷ ʟ ʪʝʩʪʫʚʘʥʥʷ ʬʫʥʢʮʽʾ, ʨʦʟʪʘʰʦʚʘʥʦʾ ʧʽʜ 

ʟʥʘʢʦʤ ʛʨʘʥʠʮʽ. ɼʣʷ ʮʴʦʛʦ ʪʨʝʙʘ ʧʽʜʩʪʘʚʠʪʠ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ ʫ 

ʜʘʥʫ ʬʫʥʢʮʽʶ ʽ ʧʦʜʠʚʠʪʠʩʴ, ʱʦ ʧʨʠ ʮʴʦʤʫ ʦʜʝʨʞʫʻʤʦ. ʋ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ 

ʤʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʪʠʧʫ .
0

0
ö
÷

õ
æ
ç

å

 
ɺʠʢʦʨʠʩʪʘʻʤʦ ʬʦʨʤʫʣʫ .

2
sin2cos1 2 x

x=-  

ʊʦʜʽ     .
2

1

2
22

2
sin

2
sin

lim2
sin2

lim
cos1

lim
02

2

020
=

ÖÖ

Ö

==
-

­­­ xx

xx

x

x

x

x

xxx
 

ɺʠʱʝ ʚʠʢʦʥʘʥʽ ʝʣʝʤʝʥʪʘʨʥʽ ʝʢʚʽʚʘʣʝʥʪʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ. ʊʘʢʦʞ 

ʢʦʨʠʩʪʫʻʤʦʩʴ ʪʝʦʨʝʤʦʶ ʧʨʦ ʛʨʘʥʠʮʶ ʜʦʙʫʪʢʫ ʽ ʦʯʝʚʠʜʥʠʤ ʫʟʘʛʘʣʴʥʝʥʥʷʤ 

ʧʝʨʰʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ: .1
)(

))(sin(
lim

0)(
=

­ x

x

x j

j

j
 

 ɿʚʝʨʥʝʤʦʩʷ ʜʦ ʩʝʨʝʜʦʚʠʱʘ Mathcad (ʨʠʩ. 4. 17): 

 

 
 

ʈʠʩ. 4.17 

     ʇʨʠʢʣʘʜ 2. .
2

)1(lim
1

z
tgz

z

p
Ö-

­
ʋ ʜʘʥʦʤʫ ʧʨʠʢʣʘʜʽ ʤʠ ʚʧʝʨʰʝ ʦʜʝʨʞʫʻʤʦ 

ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʪʠʧʫ ( )¤Ö0 . ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʧʨʠʢʣʘʜʽʚ ʮʝʡ ʪʠʧ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʣʝʛʢʦ ʧʨʠʚʝʩʪʠ ʘʙʦ ʜʦ ʪʠʧʫ ö
÷

õ
æ
ç

å

0

0
, ʘʙʦ ï ʜʦ ö

÷

õ
æ
ç

å

¤

¤
. ɼʝʪʘʣʴʥʽʰʝ 
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ʮʝ ʙʫʜʝ ʚʠʢʣʘʜʝʥʦ ʫ ʥʘʩʪʫʧʥʦʤʫ ʨʦʟʜʽʣʽ  ʧʨʠ ʚʠʚʯʝʥʥʽ ʧʨʘʚʠʣʘ ʃʦʧʽʪʘʣʷ. 

ʑʦʜʦ ʜʘʥʦʛʦ ʧʨʠʢʣʘʜʫ, ʪʦ ʩʧʦʯʘʪʢʫ ʧʝʨʝʧʠʰʝʤʦ ʡʦʛʦ ʫ ʚʠʛʣʷʜʽ: 

                                    .

2
cos

2
sin)1(

lim
2

)1(lim
11 z

z
z

z
tgz

zz p

p
p

Ö-

=Ö-
­­

 

     ʊʝʩʪʫʚʘʥʥʷ ʧʦʢʘʟʫʻ, ʱʦ ʪʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʟʤʽʥʠʚʩʷ ʥʘ ö
÷

õ
æ
ç

å

0

0
. ɼʘʣʽ ʙʫʜʝ 

ʧʦʪʨʽʙʥʘ ʬʦʨʤʫʣʘ ʧʨʠʚʝʜʝʥʥʷ: .
2

)1(
sin

22
sin

2
cos

zzz -
=ö
÷

õ
æ
ç

å
-=

pppp
 

ʊʘʢʠʤ ʯʠʥʦʤ, ʟʘʣʠʰʘʻʪʴʩʷ ʩʢʦʨʠʩʪʘʪʠʩʴ ʮʠʤ ʨʝʟʫʣʴʪʘʪʦʤ ʽ ʧʦʤʥʦʞʠʪʠ 

ʦʜʥʦʯʘʩʥʦ ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʥʘ .
2

p
 ʆʪʞʝ, ʤʘʻʤʦ: 

.
2

2

)1(
sin

2

2
sin)1(

2lim
1 ppp

pp

=
-

Ö

Ö-

­ z

z
z

z

   

     ʗʢ ʙʘʯʠʤʦ, ʟʥʘʥʥʷ ʰʢʽʣʴʥʦʾ ʪʨʠʛʦʥʦʤʝʪʨʽʾ ʩʫʪʪʻʚʦ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ 

ʧʨʠ ʚʠʚʯʝʥʥʽ ʽ ʧʝʨʰʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ. ʊʦʙʪʦ, ʟʘʡʚʠʭ ʟʥʘʥʴ ʥʝ ʙʫʚʘʻ! 

          

     ɿʚʝʨʥʝʤʦʩʷ ʜʦ ʩʝʨʝʜʦʚʠʱʘ Mathcad (ʨʠʩ. 4.18): 

 

ʈʠʩ. 4.18 

 

4.11. ɼʨʫʛʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ 

     ɼʨʫʛʦʶ ʚʘʞʣʠʚʦʶ ʛʨʘʥʠʮʝʶ ʥʘʟʠʚʘʶʪʴ  .
1

1lim e
x

x

x
=ö

÷

õ
æ
ç

å
+

¤­
 ʏʠʩʣʦ e - ʮʝ 

ʦʩʥʦʚʘ ʥʘʪʫʨʘʣʴʥʦʛʦ ʣʦʛʘʨʠʬʤʘ.  ʊʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ()¤1  ʤʦʞʥʘ ʚʚʘʞʘʪʠ  

 

çʚʽʟʠʪʥʦʶ ʢʘʨʪʢʦʶè ʜʨʫʛʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ.  ʗʢʱʦ ʟʨʦʙʠʪʠ ʟʘʤʽʥʫ:   
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,
1

x
z=  ʪʦ ʦʜʝʨʞʠʤʦ ʮʶ ʛʨʘʥʠʮʶ ʫ ʥʦʚʦʤʫ ʚʠʛʣʷʜʽ:  .)1(lim

1

0
ez z

z
=+

­
 ʊʠʧ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ  ʬʫʥʢʮʽʾ, ʱʦ ʟʥʘʭʦʜʠʪʴʩʷ ʧʽʜ ʟʥʘʢʦʤ ʛʨʘʥʠʮʽ, ʥʝ ʟʤʽʥʠʚʩʷ: ʫ 

ʜʫʞʢʘʭ ʜʦ ʦʜʠʥʠʮʽ ʜʦʜʘʻʪʴʩʷ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ ʧʨʠ ʚʽʜʧʦʚʽʜʥʦʤʫ 

ʧʨʷʤʫʚʘʥʥʽ ʟʤʽʥʥʦʾ ʚʝʣʠʯʠʥʠ ʽ ʧʨʠ ʮʴʦʤʫ ʮʷ ʩʫʤʘ ʤʘʻ ʥʝʩʢʽʥʯʝʥʥʦ ʚʝʣʠʢʠʡ 

ʧʦʢʘʟʥʠʢ ʩʪʝʧʝʥʷ.  

ɿʘ ʜʦʧʦʤʦʛʦʶ ʮʠʭ ʬʦʨʤʫʣ ʤʦʞʥʘ ʨʦʟʚôʷʟʫʚʘʪʠ ʚʝʣʠʢʫ ʢʽʣʴʢʽʩʪʴ ʟʘʜʘʯ.  

ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʧʨʠʢʣʘʜʽʚ. 

     ʇʨʠʢʣʘʜ 1. .1lim

mx

x x

k
ö
÷

õ
æ
ç

å
+

¤­
ʍʦʯʘ ʪʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ï ʪʘʢʠʡ, ʷʢ  ʫ 

ʩʪʘʥʜʘʨʪʥʽʡ ʬʦʨʤʫʣʽ, ʘʣʝ ʥʘʷʚʥʽʩʪʴ ʜʝʷʢʠʭ ʚʽʜʤʽʥʥʦʩʪʝʡ ʥʝ ʜʦʟʚʦʣʷʻ 

ʤʠʪʪʻʚʦ ʥʝʶ ʩʢʦʨʠʩʪʘʪʠʩʴ. ʊʦʤʫ ʧʝʨʝʪʚʦʨʠʤʦ  ʝʢʚʽʚʘʣʝʥʪʥʠʤ ʯʠʥʦʤ 

ʚʠʛʣʷʜ ʜʘʥʦʾ ʬʫʥʢʮʽʾ ʪʘʢ, ʱʦʙ ʙʫʣʦ ʤʦʞʣʠʚʦ ʨʦʟʛʣʷʥʫʪʠ ʩʘʤʝ ʜʨʫʛʫ 

ʚʘʞʣʠʚʫ ʛʨʘʥʠʮʶ! 
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ʉʧʦʯʘʪʢʫ ʯʠʩʣʦ k  ʚʽʜʧʨʘʚʣʝʥʦ ʫ ʟʥʘʤʝʥʥʠʢ ʟʥʘʤʝʥʥʠʢʘ, ʧʦʪʽʤ ʫ ʧʦʢʘʟʥʠʢʫ 

ʩʪʝʧʝʥʶ ʦʜʥʦʯʘʩʥʦ ʧʦʤʥʦʞʝʥʦ ʽ ʧʦʜʽʣʝʥʦ ʪʘʢʦʞ ʥʘ ʯʠʩʣʦ k. ʇʽʩʣʷ 

ʚʠʢʦʥʘʥʥʷ ʮʠʭ ʝʢʚʽʚʘʣʝʥʪʥʠʭ ʦʧʝʨʘʮʽʡ ʫ ʬʽʛʫʨʥʠʭ ʜʫʞʢʘʭ ʦʜʝʨʞʘʥʦ 

ʰʫʢʘʥʠʡ ʚʠʛʣʷʜ ʬʫʥʢʮʽʾ. ʆʪʞʝ, ʤʘʻʤʦ ʨʝʟʫʣʴʪʘʪ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʜʨʫʛʫ 

ʚʘʞʣʠʚʫ ʛʨʘʥʠʮʶ.  

ɿʚʝʨʥʝʤʦʩʴ ʜʦ Mathcad (ʨʠʩ. 4.19). 

 

 
 

ʈʠʩ. 4.19 
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     ʇʨʠʢʣʘʜ 2. .
2

1
lim

12 -

¤­
ö
÷

õ
æ
ç

å

-

+
x

x x

x
 ʃʝʛʢʦ ʙʘʯʠʪʠ, ʱʦ ʪʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ()¤1 . ɸʣʝ 

ʩʠʪʫʘʮʽʷ ʚʠʛʣʷʜʘʻ ʜʝʢʽʣʴʢʘ ʩʢʣʘʜʥʽʰʝ, ʥʽʞ ʫ ʧʦʧʝʨʝʜʥʴʦʤʫ ʧʨʠʢʣʘʜʽ. 

ʇʝʨʝʪʚʦʨʠʤʦ ʝʢʚʽʚʘʣʝʥʪʥʠʤ ʯʠʥʦʤ ʚʠʛʣʷʜ ʜʘʥʦʾ ʬʫʥʢʮʽʾ. ʅʘʰʘ ʤʝʪʘ ï ʫ 

ʪʦʤʫ, ʱʦʙ ʧʽʩʣʷ ʧʝʨʝʪʚʦʨʝʥʴ ʤʦʞʥʘ ʙʫʣʦ ʙ ʧʦʙʘʯʠʪʠ ʩʘʤʝ ʜʨʫʛʫ ʚʘʞʣʠʚʫ 

ʛʨʘʥʠʮʶ. ʉʧʦʯʘʪʢʫ ʟʨʦʙʠʤʦ ʚʠʜʽʣʝʥʥʷ ʮʽʣʦʾ ʯʘʩʪʠʥʠ ʟ ʜʨʦʙʫ .
2

1

-

+

x

x
 ɼʣʷ 

ʮʴʦʛʦ ʽʩʥʫʶʪʴ ʪʨʠ ʩʧʦʩʦʙʠ:  

 1) .
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 ɼʦ ʨʝʯʽ, ʫ ʟʥʘʤʝʥʥʠʢʫ 

ʦʩʪʘʥʥʴʦʛʦ ʜʨʦʙʫ ʤʽʩʪʠʪʴʩʷ ʧʽʜʢʘʟʢʘ: ʩʘʤʝ ʪʘʢʠʡ ʚʠʨʘʟ ʪʨʝʙʘ ʙʫʪʠ 

ʚʠʜʽʣʠʪʠ, ʧʝʨʝʪʚʦʨʶʶʯʠ ʜʘʣʽ ʧʦʢʘʟʥʠʢ ʩʪʝʧʝʥʷ. 

 2)    .
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3)2(

2
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xx
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x
 

 3)  ʅʘʨʝʰʪʽ, ʤʦʞʥʘ ʧʦʜʽʣʠʪʠ ʯʠʩʝʣʴʥʠʢ ʜʨʦʙʫ 
2

1

-

+

x

x
 ʥʘ ʟʥʘʤʝʥʥʠʢ 

(ʩʘʤʝ ʪʘʢ ʚʠʜʽʣʷʶʪʴ ʮʽʣʫ ʯʘʩʪʠʥʫ ʥʝʧʨʘʚʠʣʴʥʦʛʦ ʜʨʦʙʫ). ʎʽʣʘ ʯʘʩʪʠʥʘ ʫ 

ʥʘʩ ï ʦʜʠʥʠʮʷ, ʘ ʟʘʣʠʰʦʢ  ʚʽʜ ʜʽʣʝʥʥʷ ï ʯʠʩʝʣʴʥʠʢ ʜʨʽʙʥʠʡ ʯʘʩʪʠʥʠ. 

 

ɺʠʢʦʥʘʻʤʦ ʧʝʨʝʪʚʦʨʝʥʥʷ ʧʦʢʘʟʥʠʢʘ ʩʪʝʧʝʥʷ: 
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ʊʝʧʝʨ ʥʘʰʫ ʛʨʘʥʠʮʶ ʦʜʝʨʞʘʪʠ ʥʝʚʘʞʢʦ: 

.

3

2

1
1

3

2

1
1lim

3

2

1
1lim

2

1
lim 6

3
6

3

2
3

3

2
6

12

e
xxxx

x

x

x

x

x

x

x
=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

-
+Ö

î
î

ý

î
î

ü

û

î
î

í

î
î

ì

ë

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

-
+=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

-
+=ö

÷

õ
æ
ç

å

-

+

-

¤­

+ö
÷

õ
æ
ç

å-
Ö

¤­

-

¤­

 
ɿʚʝʨʥʝʤʦ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʚʠʨʘʟ ʫ ʬʽʛʫʨʥʠʭ ʜʫʞʢʘʭ ʩʧʽʚʧʘʜʘʻ ʟʘ  ʩʚʦʾʤ 

ʚʠʛʣʷʜʦʤ ʪʘ ʧʦʚʝʜʽʥʢʦʶ ʩʘʤʝ ʟ ʜʨʫʛʦʶ ʚʘʞʣʠʚʦʶ ʛʨʘʥʠʮʝʶ. 

     ʈʦʟʚô̫ ʟʘʥʥʷ    ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 4.20. 

     ʇʨʠʢʣʘʜ 3. .)45(lim 1

2

1

2-

­
- x

x
x   ʄʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ()¤1 . ʆʩʢʽʣʴʢʠ 

ʚʠʧʨʘʚʜʦʚʫʻ ʩʝʙʝ ʧʨʠʡʦʤ, ʱʦ ʙʘʟʫʻʪʴʩʷ ʥʘ ʝʢʚʽʚʘʣʝʥʪʥʠʭ ʧʦʧʝʨʝʜʥʽʭ 

ʧʝʨʝʪʚʦʨʝʥʥʷʭ, ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʡʦʛʦ ʟʥʦʚʫ.  
ʆʪʞʝ, 1)45(145 --+=- xx ).1(51 -+= x  
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      ʈʦʟʚô̫ ʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʥʘʚʝʜʝʥʦ ʥʘ 

ʨʠʩ. 4.21 

 
 

ʈʠʩ. 4.20  
 

 
 

ʈʠʩ. 4.21 
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     ɹʫʚʘʶʪʴ ʩʠʪʫʘʮʽʾ, ʢʦʣʠ, ʥʘ  ʧʝʨʰʠʡ ʧʦʛʣʷʜ, ʥʝ ʤʘʻ ʧʽʜʩʪʘʚ ʫ 

ʚʠʢʦʨʠʩʪʘʥʥʽ ʜʨʫʛʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ, ʘʣʝ ʧʽʩʣʷ ʜʝʢʽʣʴʢʦʭ ʢʨʦʢʽʚ ʩʪʘʻ 

ʦʯʝʚʠʜʥʦʶ ʾʾ ʥʝʦʙʭʽʜʥʽʩʪʴ. ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʧʨʠʢʣʘʜʫ. 

     ʇʨʠʢʣʘʜ 4. .
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ɺʽʜʧʦʚʽʜʴ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʘ  ʥʘ ʨʠʩ.4.22. 

 

  

ʈʠʩ. 4.22 

 

     ʇʨʠʢʣʘʜ 5. ʆʙʯʠʩʣʠʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ     
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ʚʢʘʟʫʻ ʥʘ ʥʝʦʙʭʽʜʥʽʩʪʴ 

ʚʠʢʦʨʠʩʪʘʥʥʷ ʜʨʫʛʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ. ʆʪʞʝ,  
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ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 4.23). 

 

 

ʈʠʩ. 4.23 

 

 

4.12. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

 (ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, ʪʘʢ 

ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad). 

 

1.  ɿʥʘʡʪʠ ʦʙʣʘʩʪʽ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʡ: 
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      2. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ: 

 

             1. lim
x­¤

   
x
3
 - 2x

2
 + 3

4x2 + 3x + 2
;  2. lim

x­ 2
   

2x
2
 - 3x - 2

x
2
 + 3x - 12

;  

              3. lim
x­ -3

   
x + 4 - 1

x
2
 - 9

;        4. lim
x­ 0

   
1 - cos 4x

x
2

;      

              5. lim
x­ 0

 (1 + 4x)

2

x;          6. lim
x­¤

   
(x - 4) (2 - x

2
)

x (x
2
 + 8)

;   

       7. lim
x­¤

   
(x - 4) (2 - x

2
) (4 + x)

x
2
 + 5x +6

 ;  8. lim
x­¤

   
x
2
 + 4 + 

4
x

4
x + 4 + x

 ;  

 9. lim
x­¤

   
2 + 3

-2x

3
-2x

;       10.  lim
x ­ 2

 
x

2
 - 2x

2x + 5 - 3
;   

11. lim
x ­ 0

   
sin3x

tg2x
;           12. lim

x ­ 0
 (1 + 

5

x
 )

3x
;   

    13. lim
x ­ ¤

   
(x + 3)

4
 - (x - 3)

4

(x + 3)
4
 + (x - 3)

4;   14.  lim
x ­ 1

   
3x + 1 - 2

x
2
 - 1

; 

15. lim
x ­ 0

   
3x

2

1 - cos 6x
;       16.   lim

x ­ 0
 (1+ sin2x)

3

sin2x
;      

              17. lim
x ­ ¤

   
(x - 4) (2 - x

2
) (4 + x)

x
2
 + 5x +6

;      18. lim
x ­ 2

   
x

2
 - 4

2x + 5 - 3
; 

               19.    lim
x ­ 0

   
1 - cos 2x

x sin 2x
;       20.  lim

x ­ 0
   (1 + 2x

2
) 

3

x2
; 

                21.   lim
x ­ ¤

   
5

x
 + 2

x

5
x
 - 2

x ;       22.  lim
x ­ ¤

   
(x + 3)

4
 - (x - 3)

4

(x + 3)
4
 + (x - 3)

4
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5.  ɼʀʌɽʈɽʅʎɯɸʃʔʅɽ ʏʀʉʃɽʅʅʗ 

 

5. 1. ɺʩʪʫʧ  

 

     ɼʞʝʨʝʣʦʤ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ ʙʫʣʠ ʜʚʘ ʧʠʪʘʥʥʷ:  

- ʧʨʦ ʨʦʟʰʫʢ ʜʦʪʠʯʥʦʾ ʜʦ ʜʦʚʽʣʴʥʦʾ ʣʽʥʽʾ; 

    - ʧʨʦ ʨʦʟʰʫʢ ʰʚʠʜʢʦʩʪʽ ʧʨʠ ʜʦʚʽʣʴʥʦʤʫ ʟʘʢʦʥʫ ʨʫʭʫ. 

 ʆʙʠʜʚʘ ʮʽ ʧʠʪʘʥʥʷ ʧʨʠʚʝʣʠ ʜʦ ʦʜʥʽʻʾ ʦʙʯʠʩʣʶʚʘʣʴʥʽʡ ʟʘʜʘʯʽ, ʷʢʘ ʡ ʣʷʛʣʘ 

ʫ ʦʩʥʦʚʫ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ.  ʎʷ ʟʘʜʘʯʘ ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦʙ ʧʦ 

ʜʘʥʽʡ ʬʫʥʢʮʽʾ )(tf  ʟʥʘʡʪʠ ʽʥʰʫ ʬʫʥʢʮʽʶ )(tf¡ , ʱʦ ʦʜʝʨʞʘʣʘ ʧʽʟʥʽʰʝ ʥʘʟʚʫ 

ʧʦʭʽʜʥʘ, ʷʢʘ ʙ ʧʨʝʜʩʪʘʚʣʷʣʘ ʰʚʠʜʢʽʩʪʴ ʟʤʽʥʠ ʬʫʥʢʮʽʾ )(tf ʚʽʜʥʦʩʥʦ ʜʦ ʟʤʽʥʠ 

ʘʨʛʫʤʝʥʪʫ (ʊʦʯʥʝ ʚʠʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʦʾ ʙʫʜʝ ʜʘʥʝ ʧʽʟʥʽʰʝ). 

ʋ ʪʘʢʦʤʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʛʣʷʜʽ ʟʘʜʘʯʘ ʙʫʣʘ ʧʦʩʪʘʚʣʝʥʘ ʅʴʶʪʦʥʦʤ, ʘ 

ʧʦʪʽʤ ʃʝʡʙʥʽʮʝʤ ʫ 70-80 ʨʦʢʘʭ 17 ʩʪʦʣʽʪʪʷ. ɸʣʝ ʱʝ ʧʨʦʜʦʚʞ ʧʽʚʩʪʦʣʽʪʪʷ ʜʦ 

ʪʦʛʦ ʌʝʨʤʘ, ʇʘʩʢʘʣʴ ʪʘ ʽʥʰʽ ʚʯʝʥʽ ʜʘʣʠ ʧʨʘʚʠʣʘ ʨʦʟʰʫʢʫ ʧʦʭʽʜʥʠʭ ʜʣʷ 

ʙʘʛʘʪʴʦʭ ʬʫʥʢʮʽʡ. 

ʅʴʶʪʦʥ ʽ ʃʝʡʙʥʽʮ ʟʘʚʝʨʰʠʣʠ ʮʝ ʜʦʩʣʽʜʞʝʥʥʷ: ʚʦʥʠ ʚʚʝʣʠ ʟʘʛʘʣʴʥʽ 

ʧʦʥʷʪʪʷ ʧʦʭʽʜʥʦʾ ʽ ʜʠʬʝʨʝʥʮʽʘʣʘ, ʘ ʪʘʢʦʞ ʧʦʟʥʘʯʝʥʥʷ, ʷʢʽ ʜʫʞʝ 

ʧʦʣʝʛʰʫʶʪʴ ʦʙʯʠʩʣʝʥʥʷ, ʨʦʟʚʠʥʫʣʠ ʘʧʘʨʘʪ ʜʠʬʝʨʝʥʮʽʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ ʜʦ 

ʤʘʢʩʠʤʘʣʴʥʠʭ ʛʨʘʥʠʮʴ ʪʘ ʚʠʢʦʨʠʩʪʘʣʠ ʜʠʬʝʨʝʥʮʽʘʣʴʥʝ ʯʠʩʣʝʥʥʷ  ʜʦ 

ʨʦʟʚôʷʟʘʥʥʷ ʙʘʛʘʪʴʦʭ ʟʘʜʘʯ ʛʝʦʤʝʪʨʽʾ ʽ ʤʝʭʘʥʽʢʠ. ʇʦʜʘʣʴʰʠʡ ʨʦʟʚʠʪʦʢ ʾʭ 

ʽʜʝʾ ʦʜʝʨʞʘʣʠ ʪʽʣʴʢʠ  ʫ 19 ʩʪʦʣʽʪʪʽ. 

  

5. 2. ʇʦʭʽʜʥʘ. ʄʝʭʘʥʽʯʥʠʡ ʽ ʛʝʦʤʝʪʨʠʯʥʠʡ ʩʝʥʩ ʧʦʭʽʜʥʦʾ 

 

     ʅʝʭʘʡ )(xfy=  ʻ ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ ʘʨʛʫʤʝʥʪʫ x, ʚʠʟʥʘʯʝʥʘ ʥʘ 

ʧʨʦʤʽʞʢʫ ),( ba  ʽ ʥʝʭʘʡ x  - ʜʝʷʢʘ ʪʦʯʢʘ ʟ ʮʴʦʛʦ ʧʨʦʤʽʞʢʫ. ɼʘʤʦ ʘʨʛʫʤʝʥʪʫ 

x  ʧʨʠʨʽʩʪ xD(ʜʦʜʘʪʥʠʡ ʘʙʦ ʚʽʜôʻʤʥʠʡ). ʌʫʥʢʮʽʷ )(xfy=  ʦʜʝʨʞʠʪʴ ʧʨʠʨʽʩʪ 

).()( xfxxfy -D+=D  

     ʇʨʠ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʤʫ xD  ʧʨʠʨʽʩʪ yD  ʻ ʪʘʢʦʞ ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʠʡ. 

ɻʨʘʥʠʮʷ, ʜʦ ʷʢʦʾ ʧʨʷʤʫʻ ʚʽʜʥʦʰʝʥʥʷ 
x

y

D

D
 ʧʨʠ 0­Dx , ʷʢʱʦ ʚʦʥʘ ʽʩʥʫʻ, 

ʪʦʙʪʦ     
x

xfxxf

x D

-D+

­D

)()(
lim

0
  ʩʘʤʘ ʻ ʬʫʥʢʮʽʻʶ ʚʽʜ ʘʨʛʫʤʝʥʪʫ x. ʎʷ ʬʫʥʢʮʽʷ 

ʥʘʟʠʚʘʻʪʴʩʷ ʧʦʭʽʜʥʦʶ ʚʽʜ ʬʫʥʢʮʽʾ )(xf  ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ )(xf¡  ʘʙʦ y¡.  

ɺʠʟʥʘʯʝʥʥʷ. ʇʦʭʽʜʥʦʶ ʬʫʥʢʮʽʾ ʥʘʟʠʚʘʻʪʴʩʷ ʛʨʘʥʠʮʷ, ʜʦ ʷʢʦʾ     

ʧʨʷʤʫʻ ʚʽʜʥʦʰʝʥʥʷ ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ ʜʦ ʚʽʜʧʦʚʽʜʥʦʛʦ 

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʛʦ ʧʨʠʨʦʩʪʫ  ʘʨʛʫʤʝʥʪʫ (ʷʢʱʦ ʚʦʥʘ ʽʩʥʫʻ) 

                                 =¡=¡ )(xfy =
D

D

­D x

y

x 0
lim

x

xfxxf

x D

-D+

­D

)()(
lim

0
.                     (5.1) 

     ʅʝʭʘʡ -)(xf ʚʽʜʩʪʘʥʴ, ʧʨʦʡʜʝʥʘ ʤʘʪʝʨʽʘʣʴʥʦʶ ʪʦʯʢʦʶ ʟʘ ʯʘʩ x, ʪʦʜʽ ʟʘ 

ʯʘʩ xx D+  ʪʦʯʢʘ ʧʨʦʡʜʝ ʚʽʜʩʪʘʥʴ )( xxf D+  ( ʨʠʩ. 5.1)  
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ɿʘ ʯʘʩ xD  ʙʫʜʝ ʧʨʦʡʜʝʥʦ ʚʽʜʩʪʘʥʴ ).()( xfxxfy -D+=D  ʊʦʜʽ ʩʝʨʝʜʥʷ 

ʰʚʠʜʢʽʩʪʴ ʨʫʭʫ ʟʘ ʯʘʩ xD  ʜʦʨʽʚʥʶʻ 
x

y

D

D
, ʘ  -=

D

D

­D
.

0
lim ʤʠʪ
x

v
x

y
ʤʠʪʪʻʚʘ 

ʰʚʠʜʢʽʩʪʴ ʨʫʭʫ ʤʘʪʝʨʽʘʣʴʥʦʾ ʪʦʯʢʠ. 

 

 

 

 

 

                           

ʈʠʩ. 5. 1 

 

ɿ ʛʝʦʤʝʪʨʠʯʥʦʾ ʪʦʯʢʠ ʟʦʨʫ ʧʦʭʽʜʥʘ ʬʫʥʢʮʽʾ )(xf  ʚ ʪʦʯʮʽ x   ̒ʢʫʪʦʚʠʡ 

ʢʦʝʬʽʮʽʻʥʪ ʜʦʪʠʯʥʦʾ ʜʦ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ )(xf  ʚ ʪʦʯʮʽ x  (ʨʠʩ. 5. 2). 

 

 

 

 

 

 

 

 

ʈʠʩ. 5. 2 

 

     ɼʽʡʩʥʦ, ʽʟ MNPD  ʦʜʝʨʞʠʤʦ, ʱʦ ʪʘʥʛʝʥʩ ʢʫʪʘ ʥʘʭʠʣʫ  (ʢʫʪʦʚʠʡ 

ʢʦʝʬʽʮʽʻʥʪ) ʩʽʯʥʦʾ  MN ʜʦʨʽʚʥʶʻ    )( xtg
x

y

MP

NP
D=

D

D
= j .  

ɸʣʝ ʦʩʢʽʣʴʢʠ  ʧʨʠ  0­Dx  ʪʦʯʢʘ N ʧʨʷʤʫʻ  ʜʦ ʪʦʯʢʠ ʄ ʧʦ ʢʨʠʚʽʡ )(xfy= , ʘ 

ʩʽʯʥʘ MN ʟʘʡʤʘʻ ʧʦʣʦʞʝʥʥʷ ʜʦʪʠʯʥʦʾ ʜʦ ʢʨʠʚʦʾ ʚ ʪʦʯʮʽ ʄ , ʪʦ ʦʩʪʘʪʦʯʥʦ 

ʤʘʻʤʦ :         =
D

D

­D x

y

x 0
lim =D

­D
)(lim

0
xtg

x
j .)(lim

0
aj tgxtg

x
=D

­D
                              (5.2) 

 

5.3. ʇʦʭʽʜʥʽ ʜʝʷʢʠʭ ʧʨʦʩʪʽʰʠʭ ʬʫʥʢʮʽʡ 
 

1. ʇʦʭʽʜʥʘ ʩʪʘʣʦʾ ʜʦʨʽʚʥʶʻ ʥʫʣʶ: .0)( =¡ʉ   

ɼʽʡʩʥʦ: ;)()( Cxxfʉxf =D+Ý= Ý=-=-D+=D 0)()( CCxfxxfy  

=
D

D

­D x

y

x 0
lim 0

0
lim

0
=

D­D xx
. 

2. ʇʦʭʽʜʥʘ ʥʝʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ 
:1)( =¡x ;)()( xxxxfxxf D+=D+Ý=

 
ÝD=-D+=-D+=D xxxxxfxxfy )()(     =

D

D

­D x

y

x 0
lim .1lim

0
=

D

D

­D x

x

x
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     ɻʝʦʤʝʪʨʠʯʥʠʡ ʩʝʥʩ: ʢʫʪʦʚʠʡ ʢʦʝʬʽʮʽʻʥʪ ʧʨʷʤʦʾ xy=  ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. 

     ʌʽʟʠʯʥʠʡ ʩʝʥʩ: ʷʢʱʦ ʰʣʷʭ, ʧʨʦʡʜʝʥʠʡ ʪʽʣʦʤ, ʯʠʩʝʣʴʥʦ ʜʦʨʽʚʥʶʻ ʯʘʩʫ 

ʟʥʘʭʦʜʞʝʥʥʷ ʫ ʨʫʩʽ, ʪʦ ʰʚʠʜʢʽʩʪʴ ʯʠʩʝʣʴʥʦ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ. 

     ʋ ʥʘʩʪʫʧʥʠʭ ʧʨʠʢʣʘʜʘʭ ʙʫʜʝ ʚʠʢʦʨʠʩʪʘʥʦ ʚʠʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʦʾ, 

ʥʘʚʝʜʝʥʝ ʚ ʧ. 5.2. 

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ .2xy=  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʄʘʻʤʦ:   .2)2(lim
)(2

lim
)(

lim
0

222

0

22

0
xxx

x

xxxxx

x

xxx
y

xxx
=D+=

D

-D+DÖ+
=

D

-D+
=¡

­D­D­D
 

ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ xy sin=  (ʘʨʛʫʤʝʥʪ ʬʫʥʢʮʽʾ 

ʚʠʨʘʞʘʻʪʴʩʷ ʫ ʨʘʜʽʘʥʥʽʡ ʤʽʨʽ).  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

 ʇʨʠʨʽʩʪ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ: .
2

sin
2

cos2sin)sin(
xx

xxxxy
D

Öö
÷

õ
æ
ç

å D
+=-D+=D  

ʊʘʢʠʤ ʯʠʥʦʤ, ,cos

2

2
sin

lim
2

coslim
2

sin
2

cos2

lim
000

x
x

x
x

x
x

xx
x

y
xxx

=
D

D

Öö
÷

õ
æ
ç

å D
+=

D

D
Öö
÷

õ
æ
ç

å D
+

=¡
­D­D­D

 

(ʚʠʱʝ ʙʫʣʘ ʚʠʢʦʨʠʩʪʘʥʘ ʧʝʨʰʘ ʚʘʞʣʠʚʘ ʛʨʘʥʠʮʷ:1

2

2
sin

lim
0

=
D

D

­D x

x

x
).  

5.4. ɺʣʘʩʪʠʚʦʩʪʽ ʧʦʭʽʜʥʦʾ  

    

1. ʉʪʘʣʠʡ ʤʥʦʞʥʠʢ ʤʦʞʥʘ ʚʠʥʦʩʠʪʠ ʟʘ ʟʥʘʢ ʧʦʭʽʜʥʦʾ: [ ] ).()( xfaxaf ¡=
¡

 

2. ʇʦʭʽʜʥʘ ʚʽʜ ʘʣʛʝʙʨʘʾʯʥʦʾ ʩʫʤʠ ʜʝʢʽʣʴʢʦʭ ʬʫʥʢʮʽʡ ʜʦʨʽʚʥʶʻ 

ʘʣʛʝʙʨʘʾʯʥʽʡ ʩʫʤʽ ʾʭ ʧʦʭʽʜʥʠʭ:( ) vuvu ¡°¡=
¡

°  ʜʝ -== )(),( xvvxuu  ʮʝ 

ʬʫʥʢʮʽʾ ʘʨʛʫʤʝʥʪʫ .x  

3. ʇʦʭʽʜʥʘ ʜʦʙʫʪʢʫ ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: ( ) ,vuvuvu ¡+¡=
¡

Ö   

4. ʇʦʭʽʜʥʘ ʜʨʦʙʫ ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ ʬʦʨʤʫʣʦʶ: .
2v

vuvu

v

u ¡-¡
=

¡

ö
÷

õ
æ
ç

å
 

5. ʇʦʭʽʜʥʘ ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ ))(( xf j  ʜʦʨʽʚʥʶʻ ʧʦʭʽʜʥʽʡ ʬʫʥʢʮʽʾ ʧʦ 

ʜʦʧʦʤʽʞʥʦʤʫ ʘʨʛʫʤʝʥʪʫ j , ʧʦʤʥʦʞʝʥʽʡ ʥʘ ʧʦʭʽʜʥʫ ʚʽʜ ʮʴʦʛʦ 

ʘʨʛʫʤʝʥʪʫ ʧʦ ( ){ } .)(:
dx

d

d

df
xfx

j

j
j Ö=

¡
  

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʚʽʜ ʬʫʥʢʮʽʾ  

                    .22 xay -=   
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ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʄʘʻʤʦ ʩʢʣʘʜʥʫ ʬʫʥʢʮʽʶ, ʷʢʫ ʤʦʞʥʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʣʘʥʮʶʞʢʘ ʟ 

ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʾ:  ., 222

1

xay -== jj  ɺʽʜʧʦʚʽʜʥʦ ʧʨʘʚʠʣʫ, ʦʜʝʨʞʠʤʦ: 

.)2(
2

1

22

2

1

xa

x
xy

-

-
=-Ö=¡

-

j  

          ʅʘʚʝʜʝʤʦ ʪʘʙʣʠʮʶ ʧʦʭʽʜʥʠʭ ʦʩʥʦʚʥʠʭ ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʡ. 

 

5.5. ʊʘʙʣʠʮʷ ʧʦʭʽʜʥʠʭ ʦʩʥʦʚʥʠʭ ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʡ 

 

1. ( ) ,1-Ö=
¡ aa a xx  ʜʝ a ʤʦʞʝ ʧʨʠʡʤʘʪʠ ʙʫʜʴ-ʷʢʽ ʟʥʘʯʝʥʥʷ, 

2. ( ) () ,,ln xxxx eeaaa =
¡

=
¡

 ʜʝ -º> 71828,2,0 ea ʦʩʥʦʚʘ ʥʘʪʫʨʘʣʴʥʦʛʦ 

ʣʦʛʘʨʠʬʤʘ,  

3. ( ) ( )
x

x
ax

xa

1
ln,

ln

1
log =

¡
=
¡

  ( 0>a ), 

4. xx cos)(sin =¡ ,     5. xx sin)(cos -=¡ ,    6. 
x

tgx
2cos

1
)( =¡ , 

7. ,
sin

1
)(

2 x
ctgx -=¡   8. ,

1

1
)(arcsin

2x
x

-
=¡  9. ,

1

1
)(arccos

2x
x

-
-=¡  

10. ,
1

1
)(

2x
arctgx

+
=¡    11. .

1

1
)(

2x
arcctgx

+
-=¡  

 

ʗʢ ʙʫʣʦ ʚʽʜʟʥʘʯʝʥʦ ʚʠʱʝ, ʧʦʭʽʜʥʘ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ 

ʙʘʛʘʪʴʦʭ ʟʘʜʘʯ. ʈʦʟʛʣʷʥʝʤʦ ʟʘʜʘʯʫ ʧʨʦ ʜʦʪʠʯʥʫ. ʆʩʢʽʣʴʢʠ ʜʦʪʠʯʥʘ ʜʦ 

ʢʨʠʚʦʾ )(xfy=  - ʮʝ ʧʨʷʤʘ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ ʜʦʪʠʢʫ ),,( baM ʪʦ ʾʾ 

ʨʽʚʥʷʥʥʷ  ʤʘʻ ʚʠʛʣʷʜ ),( axkby -=-  ʜʝ ʢʫʪʦʚʠʡ ʢʦʝʬʽʮʽʻʥʪ ʚʠʨʘʞʘʻʪʴʩʷ 

ʯʝʨʝʟ ʧʦʭʽʜʥʫ ʚʽʜ ),(xf ʟʘʬʽʢʩʦʚʘʥʫ ʫ ʪʦʯʮʽ ʜʦʪʠʢʫ (ʚʽʜʧʦʚʽʜʥʦ ʟ 

ʛʝʦʤʝʪʨʠʯʥʠʤ ʩʝʥʩʦʤ ʧʦʭʽʜʥʦʾ). ʊʦʙʪʦ ʨʽʚʥʷʥʥʷ ʜʦʪʠʯʥʦʾ ʤʘʻ ʚʠʛʣʷʜ:  

                                        ).()( axafby -Ö¡=-                               (5.3) 

ʃʝʛʢʦ ʦʜʝʨʞʘʪʠ ʽ ʨʽʚʥʷʥʥʷ ʥʦʨʤʘʣ ̔(ʧʨʷʤʦʾ, ʱʦ ʧʨʦʭʦʜʠʪʴ ʯʝʨʝʟ ʪʦʯʢʫ 

ʜʦʪʠʢʫ ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦ ʜʦ ʜʦʪʠʯʥʦʾ). ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʫʤʦʚʫ 

ʧʝʨʧʝʥʜʠʢʫʣʷʨʥʦʩʪʽ ʧʨʷʤʠʭ, ʤʘʻʤʦ:  

                                      ).(
)(

1
ax

af
by -Ö

¡
=-                                    (5.4) 

ɿʨʦʟʫʤʽʣʦ, ʱʦ ʫʩʧʽʰʥʝ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʦʭʽʜʥʦʾ ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʟʘʜʘʯ,  

ʥʝʤʦʞʣʠʚʦ ʙʝʟ ʦʚʦʣʦʜʽʥʥʷ ʪʝʭʥʽʢʦʶ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ. ʈʦʟʛʣʷʥʝʤʦ ʮʝ 

ʧʠʪʘʥʥʷ.  

ʇʝʨʰ ʥʽʞ ʧʨʠʩʪʫʧʘʪʠ ʜʦ ʧʨʘʢʪʠʯʥʦʛʦ ʟʥʘʭʦʜʞʝʥʥʷ ʧʦʭʽʜʥʠʭ, ʪʨʝʙʘ 

ʤʘʪʠ ʥʘ ʫʚʘʟʽ, ʱʦ ʜʣʷ ʨʽʟʥʠʭ ʩʧʦʩʦʙʽʚ ʘʥʘʣʽʪʠʯʥʦʛʦ ʟʘʚʜʘʥʥʷ ʬʫʥʢʮʽʡ 

ʽʩʥʫʶʪʴ ʩʚʦʾ ʢʦʥʢʨʝʪʥʽ ʤʝʪʦʜʠ. ɸ ʩʘʤʝ: ʮʽ ʤʝʪʦʜʠ ʨʦʟʨʦʙʣʝʥʽ ʜʣʷ ʬʫʥʢʮʽʡ, 

ʟʘʜʘʥʠʭ ʷʚʥʦ, ʥʝʷʚʥʦ ʽ ʫ ʧʘʨʘʤʝʪʨʠʯʥʦʤʫ ʚʠʛʣʷʜʽ. ʇʦʯʥʝʤʦ ʟ ʬʫʥʢʮʽʡ, 
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ʟʘʜʘʥʠʭ ʷʚʥʦ, ʪʦʙʪʦ ʫ ʚʠʛʣʷʜʽ ).(xfy= ʇʨʝʜʩʪʘʚʣʷʻʪʴʩʷ ʢʦʨʠʩʥʦʶ ʪʘʙʣʠʮʷ, 

ʷʢʫ ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ ʽʟ ʥʘʚʝʜʝʥʦʾ ʚʠʱʝ, ʷʢʱʦ ʟʘʤʽʥʠʪʠ ʚ ʥʽʡ x  ʥʘ ʜʦʚʽʣʴʥʫ 

ʬʫʥʢʮʽʶ )(xj ʽ ʟʘʩʪʦʩʫʚʘʪʠ ʧʨʘʚʠʣʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ. 

ʇʨʠʚʝʜʝʤʦ ʮʶ ʪʘʙʣʠʮʶ ʽ ʥʘ ʜʝʷʢʠʭ ʧʨʠʢʣʘʜʘʭ ʧʝʨʝʢʦʥʘʻʤʦʩʴ ʫ ʧʝʨʝʚʘʛʘʭ, 

ʷʢʽ ʚʦʥʘ ʜʘʻ.  

 

5.6. ʊʘʙʣʠʮʷ ʧʦʭʽʜʥʠʭ ʜʣʷ ʩʢʣʘʜʥʠʭ ʬʫʥʢʮʽʡ 

 

1. ( ) ,))((())(( 1jjaj aa ¡Ö=
¡ -xx  ʜʝ a ʤʦʞʝ ʧʨʠʡʤʘʪʠ ʙʫʜʴ-ʷʢʽ ʟʥʘʯʝʥʥʷ, 

2. ( ) ( ) ,,ln )()()()( jj jjjj ¡=
¡

¡Ö=
¡ xxxx eeaaa  ʜʝ -> ea ,0 ʦʩʥʦʚʘ ʥʘʪʫʨʘʣʴʥʦʛʦ 

ʣʦʛʘʨʠʬʤʘ,  

3. ( ) ( ) j
j

jj
j

j ¡Ö=
¡

¡Ö=
¡

)(

1
)(ln,

ln)(

1
)(log

x
x

ax
xa   ( 0>a ), 

4. jjj ¡Ö=¡ )(cos))((sin xx ,    5. jjj ¡Ö-=¡ )(sin))((cos xx ,   

6. j
j

j ¡Ö=¡
)(cos

1
))((

2 x
xtg ,   7. ,

)(sin

1
))((

2
j

j
j ¡Ö-=¡

x
xctg  

8. ,
))((1

1
))((arcsin

2
j

j
j ¡Ö

-
=¡

x
x    9. ,

))((1

1
))((arccos

2
j

j
j ¡Ö

-

-
=¡

x
x  

10. ,
))((1

1
)((

2
j

j
j ¡Ö

+
=¡

x
xarctg    11. .

))((1

1
)((

2
j

j
j ¡Ö

+

-
=¡

x
xarcctg  

 

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ ( ).3

2
3 2 tgxxtgy ==  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʆʯʝʚʠʜʥʦ, ʜʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʧʦʭʽʜʥʦʾ ʪʨʝʙʘ ʚʠʢʦʨʠʩʪʘʪʠ ʬʦʨʤʫʣʫ 1 

ʦʩʪʘʥʥʴʦʾ ʪʘʙʣʠʮʽ. ɼʽʡʩʥʦ, ʫ ʥʘʰʦʤʫ ʚʠʧʘʜʢʫ 
3

2
,)( == aj tgxx . ʊʘʢʠʤ 

ʯʠʥʦʤ,    .
cos

1
)(

3

2
2

3

1

x
tgxy Ö=¡

-

 

ɼʣʷ ʪʦʛʦ, ʱʦʙ ʟʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ ʟʘʩʦʙʘʤʠ ʩʝʨʝʜʦʚʠʱʘ Mathcad 

ʥʝʦʙʭʽʜʥʦ ʚʚʝʩʪʠ ʬʫʥʢʮʽʶ,  ʷʢ ʮʝ ʧʦʢʘʟʘʥʦ ʥʘ ʨʠʩ 5.3,  ʚʩʪʘʚʠʪʠ ʰʘʙʣʦʥ 

ʧʦʭʽʜʥʦʾ 
dx

d
, ʷʢʠʡ ʨʦʟʪʘʰʦʚʘʥʠʡ ʥʘ ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ çCalculusè ʽ 

ʟʘʧʦʚʥʠʪʠ ʡʦʛʦ. ʅʝʦʙʭʽʜʥʦ ʚʽʜʟʥʘʯʠʪʠ, ʱʦ ʬʫʥʢʮʽʶ ʤʦʞʥʘ ʚʚʝʩʪʠ ʚ 

ʰʘʙʣʦʥ ʽ ʙʝʟʧʦʩʝʨʝʜʥʴʦ. ʇʽʩʣʷ ʮʴʦʛʦ, ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʨʝʟʫʣʴʪʘʪʫ, ʥʝʦʙʭʽʜʥʦ 

ʩʢʦʨʠʩʪʘʪʠʩʴ ʦʧʝʨʘʪʦʨʦʤ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ. 

ʅʠʞʯʝ ʥʘʚʝʜʝʥʦ ʨʦʟʚ'ʷʟʘʥʥʷ ʇʨʠʢʣʘʜʫ 1 ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad. 
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ʈʠʩ. 5.3 

ʇʽʩʣʷ ʝʣʝʤʝʥʪʘʨʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ʦʩʪʘʥʥʷ ʚʽʜʧʦʚʽʜʴ ʧʦʚʥʽʩʪʶ 

ʩʧʽʚʧʘʜʝ ʟ ʦʜʝʨʞʘʥʦʶ ʨʘʥʽʰʝ. 

ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ .
1

)ln2sin(
2+

Ö
=

x

x
y

x

 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʋ ʯʠʩʝʣʴʥʠʢʫ ʜʨʦʙʫ ï ʩʢʣʘʜʥʘ ʬʫʥʢʮʽʷ, ʧʨʠ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʽ ʷʢʦʾ 

ʧʦʪʨʽʙʥʝ ʚʠʢʦʨʠʩʪʘʥʥʷ ʬʦʨʤʫʣʠ 4. ʂʨʽʤ ʪʦʛʦ, ʘʨʛʫʤʝʥʪʦʤ ʫ ʩʠʥʫʩʘ ʻ 

ʜʦʙʫʪʦʢ ʜʚʦʭ ʬʫʥʢʮʽʡ. ʆʪʞʝ, ʥʘʤ ʱʝ ʧʦʪʨʽʙʥʽ ʧʨʘʚʠʣʘ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

ʜʦʙʫʪʢʫ ʽ ʜʨʦʙʫ. ʊʘʢʠʤ ʯʠʥʦʤ, ʦʜʝʨʞʠʤʦ 

.
)1(

)ln2sin(2)1())/1(2ln2ln2()ln2cos(

1

)ln2sin(
22

2

2 +

Ö-+ÖÖ+ÖÖÖ
=

¡

öö
÷

õ
ææ
ç

å

+

Ö
=¡

x

xxxxxx

x

x
y

xxxxx

 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ: 
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ʈʠʩ. 5.4 

ɸʥʘʣʽʟʫʶʯʠ ʦʜʝʨʞʘʥʫ ʚʽʜʧʦʚʽʜʴ ʥʘ ʨʠʩ. 5. 4, ʧʦʤʽʯʘʻʤʦ, ʱʦ ʫ 

ʩʝʨʝʜʦʚʠʱʽ Mathcad ʜʘʥʘ ʬʫʥʢʮʽʷ ʩʧʨʠʡʤʘʻʪʴʩʷ ʷʢ ʜʦʙʫʪʦʢ, ʘ ʩʘʤʝ: 

.
1

1
)ln2sin(

1

)ln2sin(
22 +

ÖÖ=

¡

öö
÷

õ
ææ
ç

å

+

Ö
=

x
x

x

x
y x

x

 

ʊʘʢʠʤ ʯʠʥʦʤ, ʚʠʢʦʨʠʩʪʘʥʦ ʧʨʘʚʠʣʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʜʦʙʫʪʢʫ, ʘ ʪʘʢʦʞ 

ʧʨʘʚʠʣʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ. 

     ɼʣʷ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʤʘʡʞʝ ʚʩʽʭ ʬʫʥʢʮʽʡ, ʟʘʜʘʥʠʭ ʷʚʥʦ, ʷʢ ʧʨʘʚʠʣʦ, 

ʜʦʩʪʘʪʥʴʦ ʛʨʘʤʦʪʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʪʘʙʣʠʮʶ ʧʦʭʽʜʥʠʭ ʽ ʚʽʜʧʦʚʽʜʥʽ 

ʧʨʘʚʠʣʘ ʾʭ ʟʥʘʭʦʜʞʝʥʥʷ. ɺʠʢʣʶʯʝʥʥʷʤ ʻ, ʪʘʢ ʟʚʘʥʽ, ʩʢʣʘʜʥʽ ʧʦʢʘʟʥʠʢʦʚʦ-

ʩʪʝʧʝʥʝʚʽ ʬʫʥʢʮʽʾ ʚʠʛʣʷʜʫ ( ) ,)(
)(xv

xuy=  ʜʣʷ ʷʢʠʭ ʽʩʥʫʻ ʩʧʝʮʽʘʣʴʥʝ ʧʨʘʚʠʣʦ, 

ʷʢʝ ʤʠ ʟʘʨʘʟ ʨʦʟʛʣʷʥʝʤʦ. 

 

5.7. ʇʨʘʚʠʣʦ ʣʦʛʘʨʠʬʤʽʯʥʦʛʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

 

     ɼʣʷ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʬʫʥʢʮʽʡ ʚʠʛʣʷʜʫ ( ) )(
)(

xv
xuy= ʥʝʜʦʩʪʘʪʥʴʦ ʪʽʣʴʢʠ 

ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ ʧʨʘʚʠʣ ʽ ʪʘʙʣʠʮʽ. ɸʣʝ ʩʠʪʫʘʮʽʷ ʤʘʻ ʨʦʟʚôʷʟʦʢ. ʇʨʠ ʮʴʦʤʫ 

ʤʦʞʥʘ ʡʪʠ  ʜʚʦʤʘ ʰʣʷʭʘʤʠ. ʇʝʨʰʠʡ ʧʦʣʷʛʘʻ ʫ ʚʠʢʦʨʠʩʪʘʥʥʽ ʦʩʥʦʚʥʦʾ 

ʣʦʛʘʨʠʬʤʽʯʥʦʾ ʪʦʪʦʞʥʦʩʪʽ NeN ln¹  ( NaaN
log

¹ ). ɼʣʷ ʩʧʨʦʱʝʥʥʷ ʚʠʢʣʘʜʦʢ 

ʦʧʫʩʪʠʤʦ ʚ ʥʠʭ ʘʨʛʫʤʝʥʪ x. ʇʨʝʜʩʪʘʚʠʤʦ ʜʘʥʫ ʬʫʥʢʮʽʶ ʫ ʚʠʛʣʷʜʽ 

( ) .)( lnln)( uvuvxv
eeuxuy

v Ö====  ʇʨʠ ʮʴʦʤʫ ʦʜʝʨʞʘʥʘ ʩʢʣʘʜʥʘ ʬʫʥʢʮʽʷ, ʷʢʫ ʤʠ 
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ʟʤʦʞʝʤʦ ʜʠʬʝʨʝʥʮʽʶʚʘʪʠ ʥʘ ʧʽʜʩʪʘʚʽ ʩʘʤʝ ʧʨʘʚʠʣ ʽ ʪʘʙʣʠʮʽ: 

( ) .lnlnln
ö
÷

õ
æ
ç

å ¡
Ö+¡Ö=

¡
=¡ ÖÖ

u

u
vuveey uvuv  

      ɼʨʫʛʠʡ ʰʣʷʭ ʧʦʣʷʛʘʻ ʫ ʪʦʤʫ, ʱʦ ʰʫʢʘʥʫ ʧʦʭʽʜʥʫ ʦʜʝʨʞʠʤʦ, 

ʜʠʬʝʨʝʥʮʽʶʶʯʠ ʥʝ ʩʘʤʫ ʬʫʥʢʮʽʶ, ʘ ʾʾ ʣʦʛʘʨʠʬʤ. ʈʦʟʛʣʷʥʝʤʦ ʮʝ 

ʜʝʪʘʣʴʥʽʰʝ: ( ) ).(ln)()(ln))(ln(
)(

xuxvxuxy
xv

Ö==  ɺ ʧʦʜʘʣʴʰʦʤʫ ʜʣʷ ʧʨʦʩʪʦʪʠ 

ʚʠʢʣʘʜʦʢ ʦʧʫʩʪʠʤʦ x. ɹʝʨʝʤʦ ʜʘʣʽ ʧʦʭʽʜʥʫ ʧʦ x  ʚʽʜ ʦʙʦʭ ʯʘʩʪʠʥ, ʪʦʙʪʦ 

( ) ( ).lnln
¡

Ö=
¡

uvy  ʇʨʠʡʤʘʶʯʠ ʜʦ ʫʚʘʛʠ, ʱʦ ʩʢʣʘʜʥʽ ʬʫʥʢʮʽʾ x  ʤʘʻʤʦ ʚ ʦʙʦʭ 

ʯʘʩʪʠʥʘʭ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ, ʦʜʝʨʞʠʤʦ:     .ln
u

u
vuv

y

y ¡
Ö+¡=

¡
 

ɿʘʣʠʰʘʻʪʴʩʷ ʦʜʥʦʯʘʩʥʦ ʧʦʤʥʦʞʠʪʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʥʘ vuy=  ʽ ʰʫʢʘʥʘ 

ʧʦʭʽʜʥʘ ʟʥʘʡʜʝʥʘ: .ln ö
÷

õ
æ
ç

å ¡
Ö+¡=¡

u

u
vuvuy v   

 ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ .)(sin cosxxy=   

ʈʦʟʚ'ʷʟʘʥʥʷ. 

 ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʤʝʪʦʜʫ ʣʦʛʘʨʠʬʤʽʯʥʦʛʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ, ʦʜʝʨʞʠʤʦ 

.sinlnsin
sin

cos
)(sin

sin

cos
cossinlnsin)()())((sin

2
cos

sinlncossinlncos)ln(sincos cos

öö
÷

õ
ææ
ç

å
Ö-=

=ö
÷

õ
æ
ç

å
Ö+Ö-=¡=¡=¡=¡ ÖÖ

xx
x

x
x

x

x
xxxeeexy

x

xxxxxx x

 

ʄʦʞʥʘ ʟʥʘʡʪʠ ʨʦʟʚôʷʟʦʢ, ʽʥʘʢʰʝ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʣʦʛʘʨʠʬʤ ʜʘʥʦʾ ʬʫʥʢʮʽʾ. 

.
sin

cos
cossinlnsin;sinlncos)ln(sinln cos

x

x
xxx

y

y
xxxy x Ö+Ö-=

¡
Ö==  

ʇʦʤʥʦʞʠʚʰʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ ʥʘ ,)(sin cosxxy= ʦʜʝʨʞʠʤʦ 

ʰʫʢʘʥʠʡ ʨʝʟʫʣʴʪʘʪ. 

 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʨʦʟʚôʷʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʚʠʛʣʷʜʘʻ ʪʘʢ: 

  

 
ʈʠʩ. 5.5 
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     ʂʦʨʠʩʥʦ ʚʽʜʤʽʪʠʪʠ, ʱʦ ʽʥʢʦʣʠ ʚʠʢʦʨʠʩʪʘʥʥʷ ʮʴʦʛʦ ʧʨʘʚʠʣʘ ʙʫʚʘʻ 

ʝʬʝʢʪʠʚʥʠʤ  ʥʝ ʪʽʣʴʢʠ ʜʣʷ ʨʦʟʛʣʷʥʫʪʠʭ ʚʠʱʝ ʬʫʥʢʮʽʡ, ʘ ʪʘʢʦʞ ʫ ʚʠʧʘʜʢʘʭ, 

ʢʦʣʠ ʜʘʥʘ ʬʫʥʢʮʽʷ ʷʚʣʷʻ ʩʦʙʦʶ ʛʨʦʤʽʟʜʢʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ, ʱʦ ʧʨʝʜʩʪʘʚʣʷʻ 

ʜʦʙʫʪʦʢ ʚʝʣʠʢʦʾ ʢʽʣʴʢʦʩʪʽ ʤʥʦʞʥʠʢʽʚ (ʘʙʦ ʜʨʽʙ, ʯʠʩʝʣʴʥʠʢ ʪʘ ʟʥʘʤʝʥʥʠʢ 

ʷʢʦʛʦ ʤʘʻ ʩʘʤʝ ʪʘʢʫ ʩʪʨʫʢʪʫʨʫ). ʈʦʟʛʣʷʥʝʤʦ ʮʝ ʥʘ ʧʨʠʢʣʘʜʽ. 

     ʇʨʠʢʣʘʜ 2.  ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ .sin 534 5 xexxy ÖÖ=  

 ʈʦʟʚ'ʷʟʘʥʥʷ. 

     ʄʦʞʥʘ, ʙʝʟʫʤʦʚʥʦ, ʰʫʢʘʪʠ ʧʦʭʽʜʥʫ ʮʽʻʾ ʬʫʥʢʮʽʾ, ʥʝ ʟʚʝʨʪʘʶʯʠʩʴ ʜʦ 

ʧʨʘʚʠʣʘ ʣʦʛʘʨʠʬʤʽʯʥʦʛʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ, ʘʣʝ ʡʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ 

ʜʦʧʦʤʦʞʝ ʩʫʪʪʻʚʦ ʩʧʨʦʩʪʠʪʠ ʚʠʢʣʘʜʢʠ. ɿʥʘʡʜʝʤʦ ʥʘʪʫʨʘʣʴʥʠʡ ʣʦʛʘʨʠʬʤ 

ʜʘʥʦʾ ʬʫʥʢʮʽʾ (ʚʠʙʽʨ ʩʘʤʝ ʥʘʪʫʨʘʣʴʥʦʛʦ ʣʦʛʘʨʠʬʤʘ ʥʝ ʻ ʚʠʧʘʜʢʦʚʠʤ: ʙʫʜʝ 

ʚʠʢʦʨʠʩʪʘʥʠʡ ʙʽʣʴʰ ʧʨʦʩʪʠʡ ʚʠʛʣʷʜ ʬʦʨʤʫʣʠ ʜʣʷ ʚʽʜʧʦʚʽʜʥʦʾ ʧʦʭʽʜʥʦʾ ). 

.
2

5
sinln

2

3
ln

8

5
)sinln(ln 534 5 ++=ÖÖ= xxexxy x

 

ɼʠʬʝʨʝʥʮʽʶʶʯʠ ʽ ʦʜʥʦʯʘʩʥʦ ʧʦʤʥʦʞʫʶʯʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʜʝʨʞʘʥʦʾ 

ʧʦʭʽʜʥʦʾ ʥʘ ,sin 534 5 xexxy ÖÖ=  ʤʘʻʤʦ:  

=ö
÷

õ
æ
ç

å
Ö+ÖÖÖ=¡

x

x

x
exxy x

sin

cos
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3

8

5
sin 534 5 .
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5
sin 534 5
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÷

õ
æ
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å
+ÖÖÖ tgx

x
exx x

 

  

ɺʽʜʧʦʚʽʜʴ, ʦʜʝʨʞʘʥʘ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad (ʨʠʩ. 5.6), ʚʢʘʟʫʻ ʥʘ ʪʝ, ʱʦ 

ʜʣʷ ʨʦʟʚôʷʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʘ ʧʨʘʚʠʣʦ ʣʦʛʘʨʠʬʤʽʯʥʦʛʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

ʙʫʣʦ ʧʨʦʽʛʥʦʨʦʚʘʥʦ. ɺʠʢʦʨʠʩʪʘʥʦ ʟʚʠʯʘʡʥʝ ʧʨʘʚʠʣʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ. ʈʝʟʫʣʴʪʘʪ ʙʫʚ ʦʪʨʠʤʘʥʠʡ ʫ ʚʠʛʣʷʜʽ ʜʦʙʫʪʢʫ ʧʦʭʽʜʥʦʾ ʚʽʜ 

ʢʚʘʜʨʘʪʥʦʛʦ ʢʦʨʝʥʷ ʽ ʧʦʭʽʜʥʦʾ ʚʽʜ ʜʦʙʫʪʢʫ ʪʨʴʦʭ ʩʢʣʘʜʥʠʭ ʬʫʥʢʮʽʡ, ʱʦ 

ʨʦʟʪʘʰʦʚʘʥʽ ʧʽʜ ʮʠʤ ʢʦʨʝʥʝʤ.  

ɸʣʝ ʦʩʢʽʣʴʢʠ ʮʝʡ ʨʝʟʫʣʴʪʘʪ ʤʘʻ ʜʦʩʠʪʴ ʛʨʦʤʽʟʜʢʠʡ ʚʠʛʣʷʜ ʽ ʧʦʪʨʝʙʫʻ 

ʜʦʜʘʪʢʦʚʦʛʦ ʯʘʩʫ ʥʘ ʚʠʢʦʥʘʥʥʷ ʧʝʨʝʪʚʦʨʝʥʴ, ʪʦ ʪʨʝʙʘ ʚʠʟʥʘʪʠ ʧʝʚʥʫ 

ʧʝʨʝʚʘʛʫ ʫ ʚʠʢʦʨʠʩʪʘʥʥʽ ʧʨʘʚʠʣʘ ʣʦʛʘʨʠʬʤʽʯʥʦʛʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʨʠ 

ʨʦʟʚ'ʷʟʘʥʥʽ ʮʴʦʛʦ ʢʣʘʩʫ ʟʘʜʘʯ ʫ ʧʦʨʽʚʥʷʥʥʽ ʽʟ ʟʚʝʨʥʝʥʥʷʤ ʜʦ Mathcad.  
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ʈʠʩ. 5.6 

 

 

5.8. ɼʠʬʝʨʝʥʮʽʡʦʚʘʥʽʩʪʴ ʬʫʥʢʮʽʡ 

 

 ɺʠʟʥʘʯʝʥʥʷ. ʌʫʥʢʮʽʷ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ 

ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʦʶ ʫ ʜʝʷʢʽʡ ʪʦʯʮʽ, ʷʢʱʦ ʚʦʥʘ ʫ ʮʽʡ ʪʦʯʮʽ 

ʤʘʻ ʧʦʭʽʜʥʫ, ʪʦʙʪʦ ʽʩʥʫʻ ʛʨʘʥʠʮʷ  ).(lim
0

xf
x

y

x
¡=

D

D

­D  

ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʪʝʦʨʝʤʠ  1 ʧ. 4.3   ,)( a+¡=
D

D
xf

x

y

 
ʜʝ a- ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʘ 

ʚʝʣʠʯʠʥʘ. ɿʚʽʜʩʠ ʧʨʠʨʽʩʪ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ      .)( xxxfy DÖ+DÖ¡=D a         (5.5) 

 

5.9. ɿʚôʷʟʦʢ ʤʽʞ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʽʩʪʶ ʽ  ʥʝʧʝʨʝʨʚʥʽʩʪʶ ʬʫʥʢʮʽʾ 

          

 ʊɽʆʈɽʄɸ.  ʗʢʱʦ ʬʫʥʢʮʽʷ )(xfy=  ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʫ ʜʝʷʢʠʡ ʪʦʯʮʽ,   

ʪʦ ʚʦʥʘ ʪʘʤ ʥʝʧʝʨʝʨʚʥʘ. 

          ɼʦʚʝʜʝʥʥʷ. ɼʽʡʩʥʦ, ʦʩʢʽʣʴʢʠ ʬʫʥʢʮʽʷ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʫ ʪʦʯʮʽ, ʪʦ 

ʤʘʻ ʤʽʩʮʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ (5.5): .)( xxxfy DÖ+DÖ¡=D a  

 ʇʝʨʝʭʦʜʷʯʠ ʜʦ ʛʨʘʥʠʮʽ, ʦʜʝʨʞʠʤʦ  
,0))((limlim

00
=DÖ+DÖ¡=D

­D­D
xxxfy

xx
a

 
ʘ ʮʝ ʽ ʻ ʚʠʟʥʘʯʝʥʥʷ ʥʝʧʝʨʝʨʚʥʦʩʪʽ. ɿʚʦʨʦʪʥʝ ʪʚʝʨʜʞʝʥʥʷ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʥʝ 

ʚʠʢʦʥʫʻʪʴʩʷ, ʪʦʙʪʦ  ʟ ʥʝʧʝʨʝʨʚʥʦʩʪʽ  ʥʝ ʚʠʧʣʠʚʘʻ  ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʽʩʪʴ 

ʬʫʥʢʮʽʾ. 



157 
 

                   5.10. ɼʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ 

 

     ʅʝʭʘʡ ʬʫʥʢʮʽʷ)(xfy=   ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʫ ʜʝʷʢʠʡ ʪʦʯʮʽ, ʘ ʾʾ ʧʨʠʨʽʩʪ ʫ 

ʮʽʡ ʪʦʯʮʽ ʤʘʻ ʚʠʛʣʷʜ (5.5):  .)( xxxfy DÖ+DÖ¡=D a  

ʆʯʝʚʠʜʥʦ, ʱʦ ʧʝʨʰʠʡ ʜʦʜʘʥʦʢ ʮʽʻʾ ʩʫʤʠ çʚʥʦʩʠʪʴè ʦʩʥʦʚʥʠʡ ʚʢʣʘʜ ʫ 

ʧʨʠʨʽʩʪ ʬʫʥʢʮʽʾ, ʪʦʤʫ ʱʦ ʚʽʥ ʣʽʥʽʡʥʠʡ ʱʦʜʦ,xD  ʪʦʜʽ ʷʢ ʜʨʫʛʠʡ ʜʦʜʘʥʦʢ ʻ 

ʥʝʩʢʽʥʯʝʥʥʦ ʤʘʣʦʶ ʚʝʣʠʯʠʥʦʶ ʚʠʱʦʛʦ ʧʦʨʷʜʢʫ, ʥʽʞ .xD   

 ɺʠʟʥʘʯʝʥʥʷ. ɼʠʬʝʨʝʥʮʽʘʣʦʤ ʬʫʥʢʮʽʾ)(xfy= ʥʘʟʠʚʘʻʪʴʩʷ 

ʛʦʣʦʚʥʘ ʯʘʩʪʠʥʘ ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ, ʣʽʥʽʡʥʘ ʚʽʜʥʦʩʥʦxD . 

ʇʦʟʥʘʯʝʥʥʷ ʜʣʷ ʜʠʬʝʨʝʥʮʽʘʣʫ  ʪʘʢʝ:    .)( xyxxfdy DÖ¡=DÖ¡=  
ɼʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ )(xfy=  ʛʨʘʬʽʯʥʦ ʟʦʙʨʘʞʫʻʪʴʩʷ ʧʨʠʨʦʱʝʥʥʷʤ 

ʦʨʜʠʥʘʪʠ ʜʦʪʠʯʥʦʾ (ʨʠʩ.5.7).  

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ.5.7 

 

      ʈʝʟʫʣʴʪʘʪ ʣʝʛʢʦ ʦʜʝʨʞʘʪʠ, ʨʦʟʛʣʷʥʫʚʰʠ ʧʨʷʤʦʢʫʪʥʠʡ ʪʨʠʢʫʪʥʠʢ MPKD  

(ʦʜʥʘ ʟ ʚʝʨʰʠʥ ʷʢʦʛʦ (ʄ) ʟʥʘʭʦʜʠʪʴʩʷ ʫ ʪʦʯʮʽ ʜʦʪʠʢʫ) ʟ ʢʘʪʝʪʘʤʠ, 

ʧʘʨʘʣʝʣʴʥʠʤʠ ʦʩʷʤ ʢʦʦʨʜʠʥʘʪ (ʦʜʠʥ ʟ ʥʠʭ ʜʦʨʽʚʥʶʻ xD  ʽ ʧʘʨʘʣʝʣʴʥʠʡ ʦʩʽ 

ʘʙʩʮʠʩ), ʛʽʧʦʪʝʥʫʟʘ ʄʂï ʮʝ ʚʽʜʨʽʟʦʢ ʜʦʪʠʯʥʦʾ ʜʦ ʢʨʠʚʦʾ, ʜʣʷ ʷʢʦʾ ʪʘʥʛʝʥʩ 

ʢʫʪʘ ʥʘʭʠʣʫ ʜʦ ʦʩʽ ʘʙʩʮʠʩ ʜʦʨʽʚʥʶʻ )(xf¡ , ʜʨʫʛʠʡ ʢʘʪʝʪ ʜʦʨʽʚʥʶʻ 

dyxxfMPtgKP =DÖ¡== )(a  .  

                 

5.11. ɼʠʬʝʨʝʥʮʽʘʣʠ ʜʝʷʢʠʭ ʧʨʦʩʪʽʰʠʭ ʬʫʥʢʮʽʡ 

 

 1. ɼʠʬʝʨʝʥʮʽʘʣ ʩʪʘʣʦʾ ʜʦʨʽʚʥʶʻ ʥʫʣʶ: 0=dʉ  ( ).00)( =Ö=¡= dxdxCdʉ  

 2. ɼʠʬʝʨʝʥʮʽʘʣ ʥʝʟʘʣʝʞʥʦʾ ʟʤʽʥʥʦʾ ʜʦʨʽʚʥʶʻ ʾʾ ʧʨʠʨʦʩʪʫ: xdx D=  

         ).,)(( xxxxydxdyxxfy D=D¡=D¡====  

 3. ɺʟʘʛʘʣʽ ʜʠʬʝʨʝʥʮʽʘʣ ʣʽʥʽʡʥʦʾ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ ʾʾ ʧʨʠʨʦʩʪʫ: 

.)()( xabaxbaxd D=+D=+  

     ɼʣʷ ʽʥʰʠʭ ʬʫʥʢʮʽʡ ʜʠʬʝʨʝʥʮʽʘʣ ʽ ʧʨʠʨʽʩʪ ʥʝ ʨʽʚʥʽ ʦʜʥʝ ʦʜʥʦʤʫ (ʚʦʥʠ 

ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʥʘ ʚʝʣʠʯʠʥʫ ʚʠʱʦʛʦ ʧʦʨʷʜʢʫ ʤʘʣʦʩʪʽ ʚʽʜʥʦʩʥʦ xD ). 
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5.12. ɺʣʘʩʪʠʚʦʩʪʽ ʜʠʬʝʨʝʥʮʽʘʣʘ 

 

1. ʇʦʩʪʽʡʥʠʡ ʤʥʦʞʥʠʢ ʤʦʞʥʘ ʚʠʥʦʩʠʪʠ ʟʘ ʟʥʘʢ ʜʠʬʝʨʝʥʮʽʘʣʘ:  

[ ] [ ])()( xfdaxafd Ö= . 

2. ɼʠʬʝʨʝʥʮʽʘʣ ʘʣʛʝʙʨʘʾʯʥʦʾ ʩʫʤʠ ʥʝʟʤʽʥʥʦʾ ʢʽʣʴʢʦʩʪʽ ʬʫʥʢʮʽʡ 
ʜʦʨʽʚʥʶʻ ʘʣʛʝʙʨʘʾʯʥʽʡ ʩʫʤʽ ʾʭ ʜʠʬʝʨʝʥʮʽʘʣʽʚ: 
[ ] [ ] [ ] [ ].)()()()()()( 321321 xfdxfdxfdxfxfxfd -+=-+  

3. ʇʦʭʽʜʥʘ ʚʽʜ ʬʫʥʢʮʽʾ y  ʧʦ ʘʨʛʫʤʝʥʪʫ x  ʜʦʨ̔ʚʥʶʻ ʚʽʜʥʦʰʝʥʥʶ 

ʜʠʬʝʨʝʥʮʽʘʣʘ ʟʤʽʥʥʦʾ y  ʜʦ ʜʠʬʝʨʝʥʮʽʘʣʫ ʟʤʽʥʥʦʾ x : .
dx

dy
y =¡  

4. ɼʠʬʝʨʝʥʮʽʘʣ ʜʦʙʫʪʢʫ: .)( vduudvvud +=Ö  

5. ɼʠʬʝʨʝʥʮʽʘʣ ʜʨʦʙʫ: .
2v

udvvdu

v

u
d

-
=ö
÷

õ
æ
ç

å
 

 

5.13. ɿʘʩʪʦʩʫʚʘʥʥʷ ʜʠʬʝʨʝʥʮʽʘʣʘ 

 

ʂʦʨʠʩʪʫʶʯʠʩʴ ʟʚôʷʟʢʦʤ ʤʽʞ ʧʦʭʽʜʥʦʶ ʽ ʜʠʬʝʨʝʥʮʽʘʣʦʤ, ʤʦʞʥʘ 

ʟʘʧʠʩʘʪʠ ʪʘʙʣʠʮʶ ʜʠʬʝʨʝʥʮʽʘʣʽʚ, ʷʢʫ, ʜʦ ʨʝʯʽ, ʩʫʪʪʻʚʦ ʟʘʩʪʦʩʦʚʫʶʪʴ ʧʨʠ 

ʧʦʙʫʜʦʚʽ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ.  

1. ( ) ,1dxxxd -Ö= aa a  ʜʝ a ʤʦʞʝ ʧʨʠʡʤʘʪʠ ʙʫʜʴ-ʷʢʽ ʟʥʘʯʝʥʥʷ, 

2. ( ) () ,,ln dxeedadxaad xxxx ==  ʜʝ -º> 71828,2,0 ea ʦʩʥʦʚʘ 

ʥʘʪʫʨʘʣʴʥʦʛʦ ʣʦʛʘʨʠʬʤʘ,  

3. ( ) ( ) dx
x

xddx
ax

xd a

1
ln,

ln

1
log =

¡
=   ( 0>a ), 

4. xdxxd cos)(sin = ,   5. ,sin)(cos xdxxd -=    6. dx
x

tgxd
2cos

1
)( = , 

7. ,
sin

1
)(

2
dx

x
ctgxd -=    8. ,

1

1
)(arcsin

2
dx

x
xd

-
=   

 9. ,
1

1
)(arccos

2
dx

x
xd

-
-=  10. ,

1

1
)(

2
dx

x
arctgxd

+
=   

11. .
1

1
)(

2
dx

x
arcctgxd

+
-=  

 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʩʪʦʩʫʚʘʥʥʷ ʜʠʬʝʨʝʥʮʽʘʣʘ ʜʦ ʥʘʙʣʠʞʝʥʠʭ 

ʦʙʯʠʩʣʝʥ.ɹ ʏʘʩʪʦ ʚʠʥʠʢʘʻ ʩʠʪʫʘʮʽʷ, ʢʦʣʠ ʜʦʩʠʪʴ ʣʝʛʢʦ ʦʙʯʠʩʣʠʪʠ ʟʥʘʯʝʥʥʷ 

ʬʫʥʢʮʽʾ )(xf ʽ ʾʾ ʧʦʭʽʜʥʦʾ ʧʨʠ 0xx= , ʪʦʙʪʦ ʧʨʠ ʟʥʘʯʝʥʥʷʭ x, ʙʣʠʟʴʢʠʭ ʜʦ 

xxa D+= 0 , ʘ ʙʝʟʧʦʩʝʨʝʜʥʻ ʦʙʯʠʩʣʝʥʥʷ ʬʫʥʢʮʽʾ ʧʨʠ ax=  ʟʨʦʙʠʪʠ ʚʘʞʢʦ. 

ʊʦʜʽ ʢʦʨʠʩʪʫʶʪʴʩʷ ʥʘʙʣʠʞʝʥʦʶ ʬʦʨʤʫʣʦʶ      

 

                                .)()()( 000 xxfxfxxf DÖ¡+ºD+                         (5.6) 
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ɺʦʥʘ ʚʠʨʘʞʘʻ, ʱʦ ʧʨʠʨʽʩʪ ʬʫʥʢʮʽʾ )(xf  ʧʨʠ ʤʘʣʠʭ xD  ʧʨʠʙʣʠʟʥʦ 

ʜʦʨʽʚʥʶʻ ʾʾ ʜʠʬʝʨʝʥʮʽʘʣʫ: ÝºD dyy  .)()()( 000 xxfxfxxf DÖ¡º-D+  

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʙʝʟ ʪʘʙʣʠʮʴ .46Atg  

ʈʦʟʚôʷʟʘʥʥʷ. 

ʅʝʭʘʡ 0175,01,45,)( 0 ==D== AA xxtgxxf  ʨʘʜʽʘʥʘ, ʪʦʜʽ ʤʘʻʤʦ 

.2
45cos

1
)(

20 ==¡
A

xf  ʊʘʢʠʤ ʯʠʥʦʤ, .0350,10175,02146 =Ö+ºAtg  ʗʢʱʦ 

ʧʦʜʠʚʠʪʠʩʴ ʫ ʪʘʙʣʠʮʶ, ʨʦʟʭʦʜʞʝʥʥʷ ʟ ʥʝʶ ï ʪʽʣʴʢʠ ʚ ʦʩʪʘʥʥʴʦʤʫ ʟʥʘʢʫ 

ʧʽʩʣʷ ʢʦʤʠ: .0355,146 =Atg   

 

5.14. ʆʙʝʨʥʝʥʘ ʬʫʥʢʮʽʷ. ʇʦʭʽʜʥʘ ʦʙʝʨʥʝʥʦʾ ʬʫʥʢʮʽʾ 

 

ʗʢʱʦ ʽʟ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ )(xfy=  ʚʠʧʣʠʚʘʻ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ  )(yx j= , 

ʪʦ ʬʫʥʢʮʽʷ )(yj  ʥʘʟʠʚʘʻʪʴʩʷ ʦʙʝʨʥʝʥʦʶ (ʚʽʜʥʦʩʥʦ ʬʫʥʢʮʽʾ )(xf ). 

ɼʝʷʢʽ ʟ ʚʟʘʻʤʥʦ ʦʙʝʨʥʝʥʠʭ ʬʫʥʢʮʽʡ ʜʦʙʨʝ ʟʥʘʡʦʤʽ ʟ ʰʢʽʣʴʥʦʛʦ ʢʫʨʩʫ 

ʤʘʪʝʤʘʪʠʢʠ. ʅʘʧʨʠʢʣʘʜ, ʜʣʷ ʧʦʢʘʟʥʠʢʦʚʦʾ ʬʫʥʢʮʽʾ xey=  ʦʙʝʨʥʝʥʦʶ ʻ 

ʣʦʛʘʨʠʬʤʽʯʥʘ ,ln yx=  ʘʙʦ, ʷʢʱʦ ʧʦʚʝʨʥʫʪʠʩʴ ʜʦ ʪʨʘʜʠʮʽʡʥʠʭ ʧʦʟʥʘʯʝʥʴ 

(ʜʣʷ ʘʨʛʫʤʝʥʪʫ ,x  ʘ ʜʣʷ ʬʫʥʢʮʽʾ  -  ),y  ʪʦ .ln xy=  (ʂʦʨʠʩʥʦ ʥʘʛʘʜʘʪʠ, ʱʦ 

ʛʨʘʬʽʢʠ ʚʟʘʻʤʥʦ ʦʙʝʨʥʝʥʠʭ ʬʫʥʢʮʽʡ ʩʠʤʝʪʨʠʯʥʽ ʚʽʜʥʦʩʥʦ ʙʽʩʝʢʪʨʠʩʠ 

ʧʝʨʰʦʛʦ ʽ ʪʨʝʪʴʦʛʦ ʢʦʦʨʜʠʥʘʪʥʠʭ ʢʫʪʽʚ). 

ʇʦʭʽʜʥʘ ʦʙʝʨʥʝʥʦʾ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ ʦʜʠʥʠʮʽ, ʧʦʜʽʣʝʥʦʾ ʥʘ ʧʦʭʽʜʥʫ 

ʜʘʥʦʾ ʬʫʥʢʮʽʾ, ʪʦʙʪʦ                 
.

1

dx

dydy

dx
=

                                                    (5.7) 

ɺʘʞʣʠʚʽʩʪʴ ʮʴʦʛʦ ʨʝʟʫʣʴʪʘʪʫ ʜʫʞʝ ʚʝʣʠʢʘ: ʧʦ-ʧʝʨʰʝ, ʥʝ ʪʨʝʙʘ ʙʫʜʫʚʘʪʠ 

ʦʙʝʨʥʝʥʫ ʬʫʥʢʮʽʶ (ʘ ʮʷ ʟʘʜʘʯʘ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʥʝ ʟʘʚʞʜʠ ʤʘʻ ʨʦʟʚ'ʷʟʦʢ), 

ʷʢʱʦ ʥʘʤ ʧʦʪʨʽʙʥʘ ʪʽʣʴʢʠ ʾʾ ʧʦʭʽʜʥʘ, ʧʦ-ʜʨʫʛʝ, ʩʘʤʝ ʮʷ ʬʦʨʤʫʣʘ 

ʙʘʛʘʪʦʨʘʟʦʚʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʘʩʴ ʧʨʠ  ʚʠʚʝʜʝʥʥʽ ʬʦʨʤʫʣ ʪʘʙʣʠʮʽ ʧʦʭʽʜʥʠʭ, 

ʤʘʻ ʚʦʥʘ ʽ ʽʥʰʽ ʟʘʩʪʦʩʫʚʘʥʥʷ. 

 

5.15. ɼʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʥʝʷʚʥʠʭ ʬʫʥʢʮʽʡ 

 

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʧʦʭʽʜʥʦʾ ʥʝʷʚʥʦʾ ʬʫʥʢʮʽʾ ʥʝ ʪʨʝʙʘ ʧʝʨʝʪʚʦʨʶʚʘʪʠ ʾʾ 

ʥʘ ʷʚʥʫ (ʮʶ ʦʧʝʨʘʮʽʶ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʚʜʘʻʪʴʩʷ ʨʝʘʣʽʟʫʚʘʪʠ ʥʝ ʟʘʚʞʜʠ!).  

ʇʨʘʚʠʣʦ ʜʦʩʠʪʴ ʧʨʦʩʪʝ: ʟʥʘʭʦʜʠʤʦ ʜʠʬʝʨʝʥʮʽʘʣ ʜʘʥʦʾ ʬʫʥʢʮʽʾ ʽ ʟ 

ʦʪʨʠʤʘʥʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʚʠʨʘʞʘʻʤʦ .
dx

dy

 

     
 ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜ.  

ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ 0sin32 =-+ yxyx   
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 ʈʦʟʚôʷʟʘʥʥʷ. 

ɼʠʬʝʨʝʥʮʽʘʣ  ʜʘʥʦʾ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ:   

.0cos32 23 =Ö-Ö++ dyydyyxdxyxdx  

ɿʚʽʜʩʠ   .
3cos

2
2

3

yy

yx

dx

dy

-

+
=  

ʄʦʞʣʠʚʦ ʪʘʢʦʞ ʚʠʢʦʨʠʩʪʘʥʥʷ ʜʝʱʦ ʽʥʰʦʛʦ ʰʣʷʭʫ: ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ, ʷʢʝ 

ʟʘʜʘʻ ʥʝʷʚʥʫ ʬʫʥʢʮʽʶ, ʜʠʬʝʨʝʥʮʽʶʻʤʦ ʧʦ x, ʤʘʶʯʠ ʥʘ ʫʚʘʟʽ, ʱʦ y  ʻ 

ʟʘʣʝʞʥʘ ʚʽʜ x  ʬʫʥʢʮʽʷ (ʽ ʪʨʝʙʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʨʘʚʠʣʦ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

ʩʢʣʘʜʥʦʾ ʬʫʥʢʮʽʾ,  ʷʢʱʦ ʤʘʻʤʦ ʩʧʨʘʚʫ ʟ y, ʘʙʦ ʪʽʻʶ ʯʘʩʪʠʥʦʶ ʥʝʷʚʥʦʾ 

ʬʫʥʢʮʽʾ, ʱʦ ʟʘʜʘʻʪʴʩʷ ʯʝʨʝʟ y). ʊʘʢʠʤ ʯʠʥʦʤ, ʧʦʭʽʜʥʘ ʜʦʨʽʚʥʶʻ: 

.0cos32 23 =¡Ö-¡Ö++ yyyyxyx  

ʆʜʝʨʞʘʥʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʟʘʚʞʜʠ ʣʽʥʽʡʥʦ ʤʽʩʪʠʪʴ y¡. ʊʦʙʪʦ ʟʘʣʠʰʘʻʪʴʩʷ 

ʨʦʟʚôʷʟʘʪʠ ʡʦʛʦ ʚʽʜʥʦʩʥʦ ʧʦʭʽʜʥʦʾ. ʆʪʞʝ   .
3cos

2
2

3

yy

yx
y

-

+
=¡  

5.16. ɼʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʬʫʥʢʮʽʡ, ʷʢʽ ʟʘʜʘʥʽ ʧʘʨʘʤʝʪʨʠʯʥʦ 

 

 ʅʘʨʝʰʪʽ ʨʦʟʛʣʷʥʝʤʦ ʬʫʥʢʮʽʾ ʚʠʛʣʷʜʫ 
í
ì
ë

=

=

).(

),(

ty

tx

y

j
 ɰʾ ʧʦʭʽʜʥʘ ʜʦʨʽʚʥʶʻ 

                                               .
)(

)(

t

t

dt

dx
dt

dy

dx

dy

y

j

¡

¡
==                                            (5.8)   

 ʇʨʠʢʣʘʜ 1.  ɿʥʘʡʪʠ ʧʦʭʽʜʥʫ ʬʫʥʢʮʽʾ  
í
ì
ë

=

=

.sin

,cos

tay

tax
   

 ʈʦʟʚôʷʟʘʥʥʷ.  

     ʂʦʣʠ ʧʘʨʘʤʝʪʨ t  ʧʨʦʙʽʛʘʻ ʟʥʘʯʝʥʥʷ ʚʽʜ 0=t  ʜʦ  p2=t , ʪʦʯʢʘ ʟ 

ʢʦʦʨʜʠʥʘʪʘʤʠ ),( yx  ʦʧʠʩʫʻ ʢʦʣʦ (ʜʦ ʨʝʯʽ, ʚʠʢʣʶʯʘʶʯʠ ʧʘʨʘʤʝʪʨ t, ʣʝʛʢʦ 

ʦʜʝʨʞʠʤʦ ʟʥʘʡʦʤʝ ʨʽʚʥʷʥʥʷ ʢʦʣʘ. ɸʣʝ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʚʠʢʣʶʯʝʥʥʷ 

ʧʘʨʘʤʝʪʨʘ ʥʝ ʟʘʚʞʜʠ ʤʦʞʣʠʚʦ). ɿʘ ʬʦʨʤʫʣʦʶ ʤʘʻʤʦ: .
sin

cos
ctgt

ta

ta

dx

dy
-=

-
=  

 

5.17. ʇʦʚʪʦʨʥʝ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

 

     ʇʦʭʽʜʥʦʶ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʬʫʥʢʮʽʾ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʝʨʰʘ ʧʦʭʽʜʥʘ 

ʚʽʜ ʾʾ ʧʝʨʰʦʾ ʧʦʭʽʜʥʦʾ: .)( ¡¡=¡¡ yy  ɺʟʘʛʘʣʽ ʧʦʭʽʜʥʦʶ n -ʦʛʦ ʧʦʨʷʜʢʫ ʬʫʥʢʮʽʾ 

)(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʝʨʰʘ ʧʦʭʽʜʥʘ ʚʽʜ ʾʾ ʧʦʭʽʜʥʦʾ  )1( -n -ʦʛʦ  ʧʦʨʷʜʢʫ )1( -ny : 

.)( )1()( ¡= -nn yy  
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ʄʠ ʙʫʜʝʤʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʧʦʭʽʜʥʫ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ 

ʬʫʥʢʮʽʾ. 

     ʈʦʟʛʣʷʥʝʤʦ ʤʝʭʘʥʽʯʥʠʡ ʩʝʥʩ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ. ʅʝʭʘʡ ʪʦʯʢʘ ʨʫʭʘʻʪʴʩʷ 

ʧʨʷʤʦʣʽʥʽʡʥʦ ʽ, ʧʨʦʡʰʦʚʰʠ ʰʣʷʭ S ʟʘ ʯʘʩ t, ʦʜʝʨʞʘʣʘ ʰʚʠʜʢʽʩʪʴ v. ʅʝʭʘʡ 

ʮʷ ʰʚʠʜʢʽʩʪʴ ʟʤʽʥʶʻʪʴʩʷ ʽ ʟʘ ʧʨʦʤʽʞʦʢ ʯʘʩʫ ),( ttt D+  ʦʜʝʨʞʫʻ ʧʨʠʨʽʩʪ .vD  

ʊʦʜʽ ʚʽʜʥʦʰʝʥʥʷ 
t

v

D

D
 ʜʘʻ ʟʤʽʥʫ ʰʚʠʜʢʦʩʪʽ, ʱʦ ʧʨʠʭʦʜʠʪʴʩʷ ( ʫ ʩʝʨʝʜʥʴʦʤʫ) 

ʥʘ ʦʜʠʥʠʮʶ ʯʘʩʫ ʽ ʥʘʟʠʚʘʻʪʴʩʷ ʩʝʨʝʜʥʽʤ ʧʨʠʩʢʦʨʝʥʥʷʤ. ʎʝ ʚʽʜʥʦʰʝʥʥʷ 

ʭʘʨʘʢʪʝʨʠʟʫʻ ʰʚʠʜʢʽʩʪʴ ʟʤʽʥʠ ʰʚʠʜʢʦʩʪʽ ʫ ʤʦʤʝʥʪ t  ʪʠʤ ʪʦʯʥʽʰʝ, ʯʠʤ 

ʤʝʥʰʝ tD. ʊʦʤʫ ʧʨʠʩʢʦʨʝʥʥʷʤ (ʫ ʤʦʤʝʥʪ t) ʥʘʟʠʚʘʶʪʴ ʛʨʘʥʠʮʶ 

ʚʽʜʥʦʰʝʥʥʷ 
t

v

D

D
 ʧʨʠ 0­Dt , ʪʦʙʪʦ ʧʦʭʽʜʥʫ 

dt

dv
. ɸʣʝ ʽ ʩʘʤʘ ʰʚʠʜʢʽʩʪʴ v  ʻ 

ʧʦʭʽʜʥʘ 
dt

dS
. ʆʪʞʝ,  ʧʨʠʩʢʦʨʝʥʥʷ ʻ ʜʨʫʛʘ ʧʦʭʽʜʥʘ ʚʽʜ ʰʣʷʭʫ ʧʦ ʯʘʩʫ. ʊʦʙʪʦ 

.
2

2

dt

Sd

dt

dS

dt

d

dt

dv
=ö
÷

õ
æ
ç

å
=  

 

5.18. ɿʘʛʘʣʴʥʝ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʡ ʽ ʧʦʙʫʜʦʚʘ ʛʨʘʬʽʢʽʚ  

 

ɼʦʩʣʽʜʠʪʠ ʬʫʥʢʮʽʶ ï ʮʝ ʚʠʚʯʠʪʠ  ʾʾ ʧʦʚʝʜʽʥʢʫ ʧʨʠ ʟʤʽʥʽ  ʘʨʛʫʤʝʥʪʫ x ʥʘ 

ʦʙʣʘʩʪʽ ʾʾ ʚʠʟʥʘʯʝʥʥʷ. ɼʣʷ ʧʦʙʫʜʦʚʠ ʛʨʘʬʽʢʘ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴ ʨʝʟʫʣʴʪʘʪʠ 

ʜʦʩʣʽʜʞʝʥʥʷ, ʧʨʦʚʝʜʝʥʦʛʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʟʘʩʦʙʽʚ ʚʠʱʦʾ ʤʘʪʝʤʘʪʠʢʠ. 

ɿʘʛʘʣʴʥʘ ʩʭʝʤʘ ʜʦʩʣʽʜʞʝʥʥʷ ʚʢʣʶʯʘʻ ʪʘʢʽ ʤʦʤʝʥʪʠ: 

1. ɿʥʘʭʦʜʠʤʦ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʜʘʥʦʾ ʬʫʥʢʮʽʾ )(xfy= . 

2. ʗʢʱʦ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʝʩʢʽʥʯʝʥʥʘ, ʰʫʢʘʻʤʦ 

ʛʦʨʠʟʦʥʪʘʣʴʥʽ ʡ ʧʦʭʠʣʽ ʘʩʠʤʧʪʦʪʠ. ʋ ʨʘʟʽ ʥʘʷʚʥʦʩʪʽ ʪʦʯʦʢ ʨʦʟʨʠʚʫ 

ʚʠʟʥʘʯʘʻʤʦ ʾʭ ʪʠʧ ʽ ʟʥʘʭʦʜʠʤʦ ʚʝʨʪʠʢʘʣʴʥʽ ʘʩʠʤʧʪʦʪʠ. 

3. ʇʝʨʝʚʽʨʷʻʤʦ, ʯʠ ʻ ʜʘʥʘ ʬʫʥʢʮʽʷ ʧʘʨʥʦʶ (ʥʝʧʘʨʥʦʶ).  

4. ʇʝʨʝʚʽʨʷʻʤʦ, ʯʠ ʻ ʜʘʥʘ ʬʫʥʢʮʽʷ ʧʝʨʽʦʜʠʯʥʦʶ. ʅʘʷʚʥʽʩʪʴ 

ʧʝʨʽʦʜʠʯʥʦʩʪʽ ʜʦʟʚʦʣʷʻ ʙʫʜʫʚʘʪʠ ʬʫʥʢʮʽʶ ʪʽʣʴʢʠ ʥʘ ʦʜʥʦʤʫ ʟ ʾʾ 

ʧʝʨʽʦʜʽʚ, ʘ ʧʦʪʽʤ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʮʶ ʚʣʘʩʪʠʚʽʩʪʴ, ʧʦʰʠʨʠʪʠ 

ʛʨʘʬʽʢ ʥʘ ʚʩʶ ʦʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ. 

5. ɼʦʩʣʽʜʞʫʻʤʦ ʬʫʥʢʮʽʶ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʝʨʰʦʾ ʧʦʭʽʜʥʦʾ. ʇʨʠ ʮʴʦʤʫ 
ʟʥʘʭʦʜʠʤʦ ʝʢʩʪʨʝʤʫʤʠ ʬʫʥʢʮʽʾ (ʪʦʙʪʦ ʾʾ ʤʘʢʩʠʤʫʤʠ ʽ ʤʽʥʽʤʫʤʠ), 

ʷʢʱʦ ʚʦʥʠ ʻ, ʘ ʪʘʢʦʞ ʽʥʪʝʨʚʘʣʠ ʾʾ ʤʦʥʦʪʦʥʥʦʩʪʽ (ʪʦʙʪʦ ʽʥʪʝʨʚʘʣʠ, 

ʥʘ ʷʢʠʭ ʬʫʥʢʮʽʷ ʟʨʦʩʪʘʻ ʘʙʦ ʩʧʘʜʘʻ). 

6. ɼʦʩʣʽʜʞʫʻʤʦ ʬʫʥʢʮʽʶ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ. ʇʨʠ ʮʴʦʤʫ 

ʟʥʘʭʦʜʠʤʦ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ ʬʫʥʢʮʽʾ, ʷʢʱʦ ʚʦʥʠ ʻ, ʽ ʽʥʪʝʨʚʘʣʠ ʾʾ 

ʦʧʫʢʣʦʩʪʽ ʽ ʫʛʥʫʪʦʩʪʽ. ʋ ʮʽʣʦʤʫ ʮʝ ʻ ʜʦʩʣʽʜʞʝʥʥʷ ʢʨʠʚʠʟʥʠ ʢʨʠʚʦʾ. 

  ʇʨʠ ʥʝʦʙʭʽʜʥʦʩʪʽ ʫʪʦʯʥʶʻʤʦ ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʰʣʷʭʦʤ 

ʙʝʟʧʦʩʝʨʝʜʥʴʦʛʦ ʟʥʘʭʦʜʞʝʥʥʷ ʦʢʨʝʤʠʭ ʪʦʯʦʢ. 

ʈʦʟʛʣʷʥʝʤʦ ʜʝʪʘʣʴʥʽʰʝ ʚʩʽ ʘʩʧʝʢʪʠ ʜʦʩʣʽʜʞʝʥʥʷ. 
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5.18.1. ʅʫʣʽ ʬʫʥʢʮʽʾ, ʟʥʘʢ ʬʫʥʢʮʽʾ 

 

ɺʠʟʥʘʯʝʥʥʷ. ɿʥʘʯʝʥʥʷ x, ʧʨʠ ʷʢʦʤʫ ʬʫʥʢʮʽʷ y ʜʦʨʽʚʥʶʻ  

ʥʫʣʶ, ʥʘʟʠʚʘʻʪʴʩʷ ʥʫʣʝʤ ʬʫʥʢʮʾʾ, ʪʦʙʪʦ 0xx= - ʥʫʣʴ ʬʫʥʢʮʾʾ  

)(xfy= , ʷʢʱʦ 0)( 0 =xf . ʗʢʱʦ ʟʥʘʢ ʫ ʬʫʥʢʮʾʾ ʜʦʜʘʪʥʠʡ ʫ 

ʜʝʷʢʦʤʫ ʽʥʪʝʨʚʘʣʽ ʦʩʽ OX, ʪʦ ʛʨʘʬʽʢ ʬʫʥʢʮʾʾ ʨʦʟʪʘʰʦʚʘʥʠʡ  

ʚʠʱʝ ʦʩʽ ʆʍ (ʨʠʩ. 5.4); ʷʢʱʦ ʚʽʜôʻʤʥʠʡ -  ʥʠʞʯʝ. ʋ ʥʫʣʽ 

ʬʫʥʢʮʽʾ ʛʨʘʬʢ̔ ʤʘʻ ʩʧʽʣʴʥʫ ʪʦʯʢʫ   ʟ ʚʽʩʩʶ   ʆʍ 

                      

 

 

 

 

 

                 

 

 

 

 

 

ʈʠʩ. 5. 8 

 

5.18.2. ʇʘʨʥʽʩʪʴ ʪʘ ʥʝʧʘʨʥʽʩʪʴ ʬʫʥʢʮʽʾ 

 

           ɺʠʟʥʘʯʝʥʥʷ. ʌʫʥʢʮʽʷ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʧʘʨʥʦʶ, ʷʢʱʦ 

ʚʦʥʘ ʥʝ ʟʤʽʥʶʻʪʴʩʷ, ʢʦʣʠ ʟʥʘʢ  ʾʾ ʘʨʛʫʤʝʥʪʫ x ʟʤʽʥʠʪʠ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ, ʪʦʙʪʦ ).()( xfxf =-    ʌʫʥʢʮʽʷ )(xfy=  

ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʧʘʨʥʦʶ, ʷʢʱʦ ʚʦʥʘ ʟʤʽʥʶʻ ʟʥʘʢ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ, ʢʦʣʠ  ʟʥʘʢ  ʾʾ ʘʨʛʫʤʝʥʪʘ x ʧʦʤʽʥʷʪʠ ʥʘ 

ʧʨʦʪʠʣʝʞʥʠʡ, ʪʦʙʪʦ ).()( xfxf -=-  

ʇʨʠʢʣʘʜ 1.  ɺʩʪʘʥʦʚʠʪʠ, ʱʦ ʜʘʥʘ   ʬʫʥʢʮʽʷ 2)( xxfy == ʻ ʧʘʨʥʦʶ. 

ʈʦʟʚôʷʟʘʥʥʷ. 

 ʄʘʻʤʦ ).()()( 22 xfxxxf ==-=-  ʊʘʢʠʤ ʯʠʥʦʤ, ʬʫʥʢʮʽʷ 2xy= ʻ ʧʘʨʥʦʶ  

(ʨʠʩ. 5. 9).  

 

 

 

 

 

 

ʈʠʩ.5.9 
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     ʇʨʠʢʣʘʜ 2. ɺʩʪʘʥʦʚʠʪʠ, ʱʦ  ʬʫʥʢʮʽʷ 3)( xxfy ==   ̒    ʥʝʧʘʨʥʦʶ.       

             ʈʦʟʚôʷʟʘʥʥʷ. ʄʘʻʤʦ ).()1()()( 333 xfxxxf -=-=-=-    

 

 

 

 

 

 

 

ʈʠʩ. 5.10 

ʊʘʢʠʤ ʯʠʥʦʤ, ʬʫʥʢʮʽʷ 3xy= ʻ  ʥʝʧʘʨʥʦʶ (ʨʠʩ. 5.10). 

     ʅʝʦʙʭʽʜʥʦ ʟʥʘʪʠ,  ʱʦ ʛʨʘʬʽʢ ʧʘʨʥʦʾ ʬʫʥʢʮʾʾ ʻ ʩʠʤʝʪʨʠʯʥʠʡ  ʚʽʜʥʦʩʥʦ ʦʩʽ 

ʆʋ, ʘ ʛʨʘʬʽʢ ʥʝʧʘʨʥʦʾ ʬʫʥʢʮʽʾ ʻ ʩʠʤʝʪʨʠʯʥʠʤ  ʚʽʜʥʦʩʥʦ ʧʦʯʘʪʢʫ   

ʢʦʦʨʜʠʥʘʪ ( ʨʠʩ. 5. 9  ʪʘ  ʨʠʩ. 5. 10 ).                                 

     ʗʢʱʦ ʫʤʦʚʠ ʧʘʨʥʦʩʪʽ ʘʙʦ ʥʝʧʘʨʥʦʩʪʽ ʥʝ ʚʠʢʦʥʫʶʪʴʩʷ, ʪʦ ʬʫʥʢʮʽʷ ʥʝ ̒ 

ʧʘʨʥʦʶ ʯʠ ʥʝʧʘʨʥʦʶ, ʘ   ʛʨʘʬʽʢ ʪʘʢʦʾ ʬʫʥʢʮʾʾ ʥʝ ʙʫʜʝ ʩʠʤʝʪʨʠʯʥʠʤ. 

 

5.18.3. ʇʝʨʽʦʜʠʯʥʽʩʪʴ ʬʫʥʢʮʽʾ 

 

ɺʠʟʥʘʯʝʥʥʷ. ʌʫʥʢʮʽʷ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ        ʧʝʨʽʦʜʠʯʥʦʶ, 

ʷʢʱʦ ʽʩʥʫʻ ʪʘʢʝ ʜʦʜʘʪʥʝ  ʯʠʩʣʦ ʊ, ʱʦ ʥʘʟʠʚʘʻʪʴʩʷ ʧʝʨʽʦʜʦʤ,  

ʜʣʷ ʷʢʦʛʦ ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ    ʟʥʘʯʝʥʥʽ  ʭ ʚʠʢʦʥʫʻʪʴʩʷ ʨʽʚʥʽʩʪʴ        
).()( xfTxf =+  

ʄʦʞʥʘ ʫʟʘʛʘʣʴʥʠʪʠ ʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ ʫ  ʚʠʛʣʷʜʽ: ),()( xfnTxf =+  

ʜʝ n ï ʙʫʜʴ-ʷʢʝ ʮʽʣʝ ʯʠʩʣʦ. ʊʦʙʪʦ    ʢʽʣʴʢʽʩʪʴ ʧʝʨʽʦʜʽʚ ʬʫʥʢʮʽʾ ʥʝʦʙʤʝʞʝʥʘ. 

ʋ ʷʢʦʩʪʽ ʧʨʠʢʣʘʜʫ ʤʦʞʥʘ ʥʘʚʝʩʪʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʾʾ 

).(,,);2(,cos,sin pp ====== TctgxytgxyTxyxy  ʋ ʜʫʞʢʘʭ ʚʢʘʟʘʥʦ 

ʥʘʡʤʝʥʰʽ ʧʝʨʽʦʜʠ ʮʠʭ ʬʫʥʢʮʽʡ. ɸʣʝ ʟʨʦʟʫʤʽʣʦ, ʱʦ ʾʭ ʧʝʨʽʦʜʘʤʠ ʤʦʞʥʘ 

ʚʚʘʞʘʪʠ ʟʥʘʯʝʥʥʷ, ʱʦ ʻ ʢʨʘʪʥʠʤʠ ʜʦ ʥʘʡʤʝʥʰʠʭ ʧʝʨʽʦʜʽʚ. 

 

5.18.4. ɿʨʦʩʪʘʥʥʷ, ʩʧʘʜʘʥʥʷ (ʤʦʥʦʪʦʥʥʽʩʪʴ) ʬʫʥʢʮʽʾ 

 

ɺʠʟʥʘʯʝʥʥʷ. ʌʫʥʢʮʽʷ )(xfy=  ʟʨʦʩʪʘʻ  (ʩʧʘʜʘʻ) ʥʘ ʜʝʷʢʦʤʫ 

ʽʥʪʝʨʚʘʣʽ, ʷʢʱʦ ʙʽʣʴʰʠʤ ʟʥʘʯʝʥʥʷʤ ʘʨʛʫʤʝʥʪʫ ʚʽʜʧʦʚʽʜʘʶʪʴ 

ʙʽʣʴʰʽ (ʤʝʥʰʽ) ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ: ʪʦʙʪʦ ʷʢʱʦ  ʧʨʠ 2x > 1x  

ʤʘʻʤʦ )()( 12 xfxf ² ,ʪʦ ʬʫʥʢʮʽʷ )(xfy=  ʟʨʦʩʪʘʻ, ʷʢʱʦ ʧʨʠ  

2x > 1x  ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ )()( 12 xfxf ¢ , ʪʦ ʬʫʥʢʮʽʷ 

)(xfy=  ʩʧʘʜʘʻ ( ʨʠʩ. 5. 11). 
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ɯʥʪʝʨʚʘʣ ʟʥʘʯʝʥʴ x, ʥʘ ʷʢʦʤʫ  ʬʫʥʢʮʽʷ    ʟʨʦʩʪʘʻ (ʩʧʘʜʘʻ), ʥʘʟʠʚʘʻʪʴʩʷ 

ʽʥʪʝʨʚʘʣʦʤ  ʤʦʥʦʪʦʥʥʦʩʪʽ  (ʟʨʦʩʪʘʥʥʷ (ʩʧʘʜʘʥʥʷ))  ʬʫʥʢʮʽʾ. ɼʦʩʣʽʜʞʝʥʥʷ  

ʤʦʥʦʪʦʥʥʦʩʪʽ ʬʫʥʢʮʽʾ ʥʘ ʙʘʟʽ ʾʾ  ʚʠʟʥʘʯʝʥʥʷ  ʻ ʜʦʩʠʪʴ ʚʘʞʢʘ ʟʘʜʘʯʘ.        

  

 

 
ʈʠʩ. 5.11 

 

ɸʣʝ ʽʩʥʫʻ ʟʚôʷʟʦʢ  ʤʽʞ ʤʦʥʦʪʦʥʥʽʩʪʶ ʬʫʥʢʮʾʾ ʥʘ ʜʝʷʢʦʤʫ ʽʥʪʝʨʚʘʣʽ ʪʘ  

ʚʣʘʩʪʠʚʦʩʪʷʤʠ ʧʦʭʽʜʥʦʾ ʮʽʻʾ ʬʫʥʢʮʽʾ ʥʘ ʜʘʥʦʤʫ ʽʥʪʝʨʚʘʣʽ.  ʎʝʡ ʟʚôʷʟʦʢ  

ʚʠʟʥʘʯʘʻʪʴʩʷ ʦʟʥʘʢʘʤʠ  ʤʦʥʦʪʦʥʥʦʩʪʽ ʬʫʥʢʮʽʾ. 

 

5.18.5. ʅʝʦʙʭʽʜʥʘ ʦʟʥʘʢʘ ʤʦʥʦʪʦʥʥʦʩʪʽ 

 

     ʗʢʱʦ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʬʫʥʢʮʽʷ )(xfy=  ʟʨʦʩʪʘʻ (ʩʧʘʜʘʻ) ʥʘ ʜʝʷʢʦʤʫ 

ʽʥʪʝʨʚʘʣʽ, ʪʦ ʧʦʭʽʜʥʘ ʮʽʻʾ ʬʫʥʢʮʽʾ ʻ ʥʝʚʽʜôʻʤʥʘ   (ʥʝʜʦʜʘʪʥʘ) ʥʘ ʮʴʦʤʫ 

ʽʥʪʝʨʚʘʣʽ,  ʪʦʙʪʦ:[ ].,)0)((0)( baxxfxf Í"¢¡²¡  

 

5.18.6. ɼʦʩʪʘʪʥʷ ʦʟʥʘʢʘ ʤʦʥʦʪʦʥʥʦʩʪʽ 

 

 ʗʢʱʦ ʬʫʥʢʮʽʷ )(xfy=  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʜʝʷʢʦʤʫ ʽʥʪʝʨʚʘʣʽ,  

ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʫ ʚʩʽʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʢʘʭ ʮʴʦʛʦ ʠʥʪʝʨʚʘʣʫ ʽ 

)(xf¡ >0 ( )bax ,Í" ( )(xf¡ <0 ( )bax ,Í" ), ʪʦ ʬʫʥʢʮʽʷ ʟʨʦʩʪʘʻ (ʩʧʘʜʘʻ) ʥʘ ʮʴʦʤʫ 

ʽʥʪʝʨʚʘʣʽ (ʨʠʩ. 5. 11). 

ʉʣʽʜ ʧʽʜʢʨʝʩʣʠʪʠ, ʱʦ ʧʦʭʽʜʥʘ ʤʦʥʦʪʦʥʥʦʾ ʬʫʥʢʮʽʾ ʫ ʜʝʷʢʠʭ ʪʦʯʢʘʭ 

ʽʥʪʝʨʚʘʣʫ ʤʦʞʝ ʦʙʝʨʪʘʪʠʩʴ ʫ ʥʫʣʴ: )(xf¡ =0. ʊʘʢ̔ ʪʦʯʢʠ ʥʘʟʠʚʘʶʪʴʩʷ 

ʩʪʘʮʽʦʥʘʨʥʠʤʠ ʘʙʦ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ (ʜʠʚ. ʜʘʣʽ). 

 

5.18.7. ɽʢʩʪʨʝʤʫʤ ʬʫʥʢʮʽʾ 

 

ʆʩʦʙʣʠʚʫ ʨʦʣʴ ʧʨʠ ʜʦʩʣʽʜʞʝʥʥʽ ʬʫʥʢʮʽʾ ʛʨʘʶʪʴ ʟʥʘʯʝʥʥʷ  ʭ, ʱʦ 

ʚʽʜʜʽʣʷʶʪʴ ʽʥʪʝʨʚʘʣʠ ʟʨʦʩʪʘʥʥʷ ʚʽʜ  ʽʥʪʝʨʚʘʣʽʚ ʩʧʘʜʘʥʥʷ ʪʘ ʥʘʚʧʘʢʠ, ʪʦʤʫ 

ʱʦ ʫ ʮʠʭ ʪʦʯʢʘʭ ʬʫʥʢʮʽʷ )(xfy=  ʟʤʽʥʶʻ ʭʘʨʘʢʪʝʨ ʩʚʦʻʾ ʧʦʚʝʜʽʥʢʠ. 
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ɺʠʟʥʘʯʝʥʥʷ. ʊʦʯʢʘ 0x  ʥʘʟʠʚʘʻʪʴʩʷ  ʪʦʯʢʦ ʁʤʘʢʩʠʤʫʤʫ 

(ʤ̔ʥ̔ʤʫʤʫ) ʬʫʥʢʮʽʾ )(xfy= , ̫ ʢʱʦ)( 0xf  - ʥʘʡʙʽʣʴʰʝ (ʥʘʡʤʝʥʰʝ) 

ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ )(xfy=  ʫ  ʜʝʷʢʦʤʫ ʦʢʦʣʽ ʪʦʯʢʠ 0x . 

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 5.12 

 

ʌʫʥʢʮʽʷ ʥʘ ʜʘʥʦʤʫ ʽʥʪʝʨʚʘʣʽ ʤʦʞʝ  ʤʘʪʠ ʜʝʢʽʣʴʢʘ ʝʢʩʪʨʝʤʫʤʽʚ 

(ʤʘʢʩʠʤʫʤʽʚ ʽ ʤʽʥʽʤʫʤʽʚ), ʜʦ ʨʝʯʽ, ʤʽʥʽʤʫʤ ʟʘ ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ 

ʤʦʞʝ ʙʫʪʠ ʙʽʣʴʰʝ, ʥʽʞ ʤʘʢʩʠʤʫʤ (ʨʠʩ.5.12). ʊʦʤʫ ʨʦʟʨʽʟʥʷʶʪʴ 

ʝʢʩʪʨʝʤʫʤʠ, ʱʦ ʤʘʶʪʴ ʚʽʜʥʦʩʥʠʡ ʭʘʨʘʢʪʝʨ (ʣʦʢʘʣʴʥʠʡ ʝʢʩʪʨʝʤʫʤ), 

ʥʘʡʙʽʣʴʰʝ ʡ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʽʥʪʝʨʚʘʣʽ,  ʘʙʩʦʣʶʪʥʠʡ 

ʤʘʢʩʠʤʫʤ ʪʘ ʤʽʥʽʤʫʤ. 

ɿʘʫʚʘʞʝʥʥʷ. ʉʣʽʜ ʚʽʜʤʽʪʠʪʠ, ʱʦ ʝʢʩʪʨʝʤʫʤʠ ʤʦʞʫʪʴ ʤʘʪʠ ʚʠʛʣʷʜ, 

ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʨʠʩ. 5. 13. 

 

 

 

 

 

 

ʈʠʩ. 5.13 

ʊʦʯʢʠ ʝʢʩʪʨʝʤʫʤʽʚ ʪʘʢʦʛʦ ʚʠʛʣʷʜʫ ʤʽʩʪʷʪʴʩʷ ʩʝʨʝʜ ʪʠʭ ʪʦʯʦʢ ʦʙʣʘʩʪʽ 

ʚʠʟʥʘʯʝʥʥʷ, ʫ ʷʢʠʭ ʬʫʥʢʮʽ̫  )(xfy=  ʥʝ ʤʘʻ ʧʦʭʽʜʥʦʾ. 

     ʉʬʦʨʤʫʣʶʻʤʦ ʥʝʦʙʭʽʜʥʫ ʫʤʦʚʫ ʽʩʥʫʚʘʥʥʷ ʝʢʩʪʨʝʤʫʤʫ. 

ʗʢʱʦ ʬʫʥʢʮʽʷ)(xfy=  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʜʝʷʢʦʤʫ                     

ʽʥʪʝʨʚʘʣʽ ʪʘ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʘ ʚ ʫʩʽʭ ʚʥʫʪʨʽʰʥʽʭ ʪʦʯʢʘʭ ʮʴʦʛʦ 

ʽʥʪʝʨʚʘʣʫ, ʫ ʪʦʯʮʽ 0x  ʜʦʩʷʛʘʻ ʝʢʩʪʨʝʤʫʤʫ, ʪʦ ʾʾ ʧʦʭʽʜʥʘ ʚ ʮʽʡ 

ʪʦʯʮʽ  ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʪʦʙʪʦ  .0)( =¡xf  

 ʉʣʽʜ ʱʝ ʨʘʟ ʧʽʜʢʨʝʩʣʠʪʠ, ʱʦ ʜʘʥʘ ʫʤʦʚʘ ʻ  ʥʝʦʙʭʽʜʥʦʶ, ʪʦʙʪʦ 

ʚʠʢʦʥʘʥʥʷ ʫʤʦʚʠ 0)( =¡xf  ʱʝ ʥʝ ʦʟʥʘʯʘʻ, ʱʦ 0x - ʪʦʯʢʘ ʝʢʩʪʨʝʤʫʤʫ. ʊʦʤʫ ʮʽ 

ʪʦʯʢʠ ʱʝ  ʥʘʟʠʚʘʶʪʴ ʪʦʯʢʘʤʠ ʤʦʞʣʠʚʦʛʦ ʝʢʩʪʨʝʤʫʤʫ, ʘʙʦ ʢʨʠʪʠʯʥʠʤʠ 

ʪʦʯʢʘʤʠ. 
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 ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʬʫʥʢʮʽʾ 3)( xxfy == , ʟʦʙʨʘʞʝʥʽʡ ʥʘ ʨʠʩ. 5. 10. 

0)(,3)( 2 =¡=¡=¡ xfxxfy , ʧʨʠ ,0=x  ʘʣʝ ʪʦʯʢʘ 0=x  ʥʝ ̒ ʪʦʯʢʦʶ ʝʢʩʪʨʝʤʫʤʫ 

ʆʪʞʝ, ʚʠʢʦʥʘʥʥʷ ʪʽʣʴʢʠ ʥʝʦʙʭʽʜʥʦʾ ʫʤʦʚʠ ʝʢʩʪʨʝʤʫʤʫ ʥʝ ʛʘʨʘʥʪʫʻ ʡʦʛʦ 

ʽʩʥʫʚʘʥʥʷ. ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʜʦʩʪʘʪʥʽʭ ʫʤʦʚ ʽʩʥʫʚʘʥʥʷ ʝʢʩʪʨʝʤʫʤʫ. 

 

5.18.8. ʇʝʨʰʘ ʜʦʩʪʘʪʥʷ ʦʟʥʘʢʘ ʝʢʩʪʨʝʤʫʤʫ  

 

ʊɽʆʈɽʄɸ. ʊʦʯʢʘ 0x  ʻ ʪʦʯʢʦʶ ʝʢʩʪʨʝʤʫʤʫ ʬʫʥʢʮʽʾ )(xfy= , 

ʷʢʱʦ ʧʨʠ ʧʝʨʝʭʦʜʽ ʟʥʘʯʝʥʥʷ ʘʨʛʫʤʝʥʪʫ ʭ  ʯʝʨʝʟ 0x  ʧʦʭʽʜʥʘ  

ʬʫʥʢʮʽʾ )(xf¡  ʟʤʽʥʶʻ ʟʥʘʢ (ʧʨʠ ʟʤʽʥʽ ñ+ò ʥʘ ñ-ñ ʪʦʯʢʘ 0x  ʻ 

ʪʦʯʢʦʶ ʤʘʢʩʠʤʫʤʫ; ʧʨʠ ʟʤʽʥʽ ò-ñ ʥʘñ+ò- ʪʦʯʢʦʶ ʤʽʥʽʤʫʤʫ ). 

 

ɿʘʫʚʘʞʝʥʥʷ. ʉʣʽʜ ʤʘʪʠ ʥʘ ʫʚʘʟʽ, ʱʦ ʫ ʩʘʤʽʡ ʪʦʯʮʽ 0x  ʬʫʥʢʮʽ̫ )(xfy=   

ʧʦʚʠʥʥʘ ʙʫʪʠ  ʦʙʦʚôʷʟʢʦʚʦ ʥʝʧʝʨʝʨʚʥʦʶ. ʋ ʧʨʦʪʠʣʝʞʥʦʤʫ ʚʠʧʘʜʢʫ ʧʦʭʽʜʥʘ  

ʬʫʥʢʮʽʾ     ʤʦʞʝ ʟʤʽʥʶʚʘʪʠ  ʟʥʘʢ ʧʨʠ ʧʝʨʝʭʦʜʽ  ʭ ʯʝʨʝʟ 0x , ʘʣʝ 0x  ʥʝ ʙʫʜʝ 

ʪʦʯʢʦ ʁʝʢʩʪʨʝʤʫʤʫ (ʨʠʩ. 5.14). 

 

 

 

 

 

ʈʠʩ. 5. 14 

ɼʽʡʩʥʦ,  
2

1

x
y= . .

2
3x

y -=¡  ʇʨʠ x<0 y¡<0, ʧʨʠ x>0, y¡>0. ʆʜʥʘʢ ʪʦʯʢʘ x=0 ʥʝ 

 ̒ ʪʦʯʢʦʶ ʝʢʩʪʨʝʤʫʤʫ ( ʫ ʪʦʯʮʽ x=0 ʬʫʥʢʮʽʷ 
2

1

x
y=   ʤʘʻ ʥʝʩʢʽʥʯʝʥʥʠʡ 

ʨʦʟʨʠʚ). 

 

5.18.9. ɼʨʫʛʘ ʜʦʩʪʘʪʥʷ ʦʟʥʘʢʘ ʝʢʩʪʨʝʤʫʤʫ 

 

ʊɽʆʈɽʄɸ. ʊʦʯʢʘ 0x  ʻ ʪʦʯʢʦʶ ʝʢʩʪʨʝʤʫʤʫ ʬʫʥʢʮʽʾ )(xfy= , 

ʷʢʱʦ ʧʨʠ    0)( 0 =¡xf  ,0)( 0 ¸¡¡xf  ʧʨʠʯʦʤʫ, ʷʢʱʦ,0)( 0 >¡¡xf ʪʦ 0x  

ʻ ʪʦʯʢʦʶ ʤʽʥʽʤʫʤʫ, ʷʢʱʦ,0)( 0 <¡¡xf ʪʦ0x  ʻ ʪʦʯʢʦʶ ʤʘʢʩʠʤʫʤʫ. 

 

 

 

 

 

 

ʈʠʩ. 5. 15 
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     ʅʘʧʨʠʢʣʘʜ, .22 xxy += --=Ý=+Ý+=¡ 102222 xxxy ʪʦʯʢʘ ʤʦʞʣʠʚʦʛʦ 

ʝʢʩʪʨʝʤʫʤʫ, 2=¡¡y >0 ï ʫ ʪʦʯʮ ̔x = - 1 ʤʘʻʤʦ ʤ̔ʥ̔ʤʫʤ (ʨʠʩ. 5.15). 

     ʅʘʚʝʜʝʤʦ ʦʜʥʫ ʟ ʤʦʞʣʠʚʠʭ ʩʭʝʤ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʝʢʩʪʨʝʤʫʤ ʪʘ 

ʨʦʟʰʫʢʫ ʥʘʡʙʽʣʴʰʦʛʦ ʡ ʥʘʡʤʝʥʰʦʛʦ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ,  ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʦʾ 

ʥʘ ʜʝʷʢʦʤʫ  ʽʥʪʝʨʚʘʣʽ: 

1. ɿʥʘʭʦʜʠʤʦ ʧʦʭʽʜʥʫ ).(xf¡  

2. ʐʫʢʘʻʤʦ ʪʦʯʢʠ ʤʦʞʣʠʚʦʛʦ ʝʢʩʪʨʝʤʫʤʫ. ɼʦ ʨʝʯʽ, ʮʝ ʪʦʯʢʠ, ʫ ʷʢʠʭ 

ʧʦʭʽʜʥʘ ʘʙʦ ʜʦʨʽʚʥʶʻ ʥʫʣʶ, ʘʙʦ ʨʦʟʨʠʚʥʘ, ʘʙʦ ʥʝʚʠʟʥʘʯʝʥʘ. ʋʩʽ ʮʽ 

ʟʥʘʯʝʥʥʷ ʥʘʟʠʚʘʶʪʴ ʽʥʘʢʰʝ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ ʧʦʭʽʜʥʦʾ. 

 3. ɺʽʜʦʤʦ, ʱʦ ʧʦʭʽʜʥʘ ʥʝ ʟʤʽʥʶʻ ʟʥʘʢ ʫ ʧʨʦʤʽʞʢʘʭ ʤʽʞ ʩʚʦʾʤʠ ʩʫʩʽʜʥʽʤʠ 

ʢʨʠʪʠʯʥʠʤʠ ʟʥʘʯʝʥʥʷʤʠ. ʊʦʤʫ ʥʘʤ ʟʘʣʠʰʘʻʪʴʩʷ ʧʨʦʩʣʽʜʠʪʠ ʟʘ ʟʤʽʥʦʶ 

ʟʥʘʢʽʚ ʧʦʭʽʜʥʦʾ ʧʨʠ ʧʝʨʝʭʦʜʽ ʯʝʨʝʟ ʢʨʠʪʠʯʥʽ ʪʦʯʢʠ. ɸ ʜʣʷ ʮʴʦʛʦ ʜʦʩʪʘʪʥʴʦ 

ʟʥʘʡʪʠ ʟʥʘʯʝʥʥʷ ʧʦʭʽʜʥʦʾ ʫ ʙʫʜʴ-ʷʢʠʭ ʪʦʯʢʘʭ ʤʽʞ ʩʫʩʽʜʥʽʤʠ ʢʨʠʪʠʯʥʠʤʠ 

ʪʦʯʢʘʤʠ.  

4. ɼʣʷ ʦʜʝʨʞʘʥʥʷ ʦʨʜʠʥʘʪ ʝʢʩʪʨʝʤʘʣʴʥʠʭ ʪʦʯʦʢ ʦʙʯʠʩʣʶʻʤʦ ʟʥʘʯʝʥʥ̫  

ʬʫʥʢʮʽʾ )(xfy=  ʫ ʢʦʞʥʽʡ  ʢʨʠʪʠʯʥʽʡ ʪʦʯʮʽ ʧʦʭʽʜʥʦʾ, ʜʝ  ʤʘʣʘ ʤʽʩʮʝ ʟʤʽʥʘ ʾʾ 

ʟʥʘʢʘ.ʆʜʝʨʞʘʥʫ ʽʥʬʦʨʤʘʮʽʶ ʤʦʞʥʘ  ʦʬʦʨʤʠʪʠ ʫ ʚʠʛʣʷʜʽ  ʪʘʙʣʠʮ.̔ 

 ʇʨʠʢʣʘʜ 1. ɼʦʩʣʽʜʠʪʠ ʬʫʥʢʮʽʁ  132
3

2
3

++-= xx
x

y  ʥʘ ʝʢʩʪʨʝʤʫʤ. 

ɿʥʘʡʪʠ ʾʾ ʥʘʡʙʽʣʴʰʝ ʡ ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʥʘ ʚʽʜʨʽʟʢʫ [ ].5,0  

 ʈʦʟʚôʷʟʘʥʥʷ 

 ɼʘʥʘ ʬʫʥʢʮʽ̫  ʚʠʟʥʘʯʝʥʘ  ʥʘ ʚʩʽʡ ʯʠʩʣʦʚʽʡ ʦʩ̔. 

1. .342 +-=¡ xxy   2.  .3,1034 21

2 ==Ý=+-=¡ xxxxy  

 ɯʥʰʠʭ ʢʨʠʪʠʯʥʠʭ ʟʥʘʯʝʥʴ ʧʦʭʽʜʥʘ ʥʝ ʤʘʻ. ɹʫʜʫʻʤʦ ʪʘʙʣʠʮ:ʁ 

3)0( =¡y >0 ï ʬʫʥʢʮʽ̫  ʟʨʦʩʪʘʻ ʥʘ ̔ʥʪʝʨʚʘʣʽ )1,(-¤ . 

13242)2( 2 -=+Ö-=¡y <0 ï ʬʫʥʢʮʽ̫  ʩʧʘʜʘʻ ʥʘ ̔ʥʪʝʨʚʘʣʽ )3,1( . 

ʊʘʢʠʤ ʯʠʥʦʤ, ʫ ʪʦʯʮ ̔ 1=x  ʚʠʢʦʥʫʻʪʴʩʷ  ʧʝʨʰʘ  ʜʦʩʪʘʪʥʷ ʫʤʦʚʘ (ʘʙʦ 

ʦʟʥʘʢʘ) ʽʩʥʫʚʘʥʥʷ   ʝʢʩʪʨʝʤʫʤʫ, ʘ ʪʦʯʢʘ 1=x   ʻ ʪʦʯʢʦʶ ʤʘʢʩʠʤʫʤʫ, ʷʢʠʡ  

ʜʦʨʽʚʥʶʻ .
3

7
11312

3

1
)1( 2

3

=+Ö+Ö-=y 33444)4( 2 =+Ö-=¡y >0, ʪʦʙʪʦ ʬʫʥʢʮʽʷ 

ʟʨʦʩʪʘʻ ʥʘ ̔ʥʪʝʨʚʘʣ ̔ ),3( ¤ . ʊʦʯʢʘ 3=x   ̒ ʪʦʯʢʦ ʁ ʤʽʥʽʤʫʤʫ: 

.111332
3

3
)3( 2

3

=+Ö+Ö-=y  

x  )1,(-¤  1=x  )3,1(  3=x  ),3( ¤  

)(xf¡  
+ 0 

 

0 + 

 
)(xf  

 max 

 
 min 

 

 

3
7  1 
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ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʥʘʡʙʽʣʴʰʦʛʦ ʡ ʥʘʡʤʝʥʰʦʛʦ ʟʥʘʯʝʥʴ ʬʫʥʢʮʽʾ ʥʘ ʜʘʥʦʤʫ 

ʚʽʜʨʽʟʢʫ ʪʨʝʙʘ ʧʦʨʽʚʥʷʪʠ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʢʽʥʮʷʭ ʚʽʜʨʽʟʢʘ ʟʽ ʟʥʘʯʝʥʥʷʤʠ 

ʬʫʥʢʮʽʾ ʫ ʝʢʩʪʨʝʤʘʣʴʥʠʭ ʪʦʯʢʘʭ.   ɿʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʥʘ ʢʽʥʮʷʭ ʽʥʪʝʨʚʘʣʫ 

ʜʦʨʽʚʥʶʶʪʴ:     .110302
3

0
)0( 2

3

=+Ö+Ö-=y .
3

23
15352

3

5
)5( 2

3

=+Ö+Ö-=y
 

 
 

ʈʠʩ.5.16 

 

     ʊʘʢʠʤ ʯʠʥʦʤ, ʥʘʡʤʝʥʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ  ʦʜʠʥʠʮʽ, ʘ 

ʥʘʡʙʽʣʴʰʝ  ʩʪʘʥʦʚʠʪʴ .
3

2
7

3

23
=  

     ʈʦʟʚ'ʷʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 5.17. 

ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʢʨʠʪʠʯʥʠʭ ʪʦʯʦʢ ʧʦʭʽʜʥʫ ʜʘʥʦʾ ʬʫʥʢʮʽʾ ʧʨʠʨʽʚʥʶʻʤʦ ʜʦ  

ʥʫʣʷ. ɼʣʷ ʨʦʟʚ'ʷʟʘʥʥʷ ʦʪʨʠʤʘʥʦʛʦ ʨʽʚʥʷʥʥʷ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʚʙʫʜʦʚʘʥʠʡ 

ʫ ʩʝʨʝʜʦʚʠʱʝ Mathcad ʥʘ ʧʘʥʝʣʽ çSimbolicè ʦʧʝʨʘʪʦʨ solve. ʇʨʠ ʮʴʦʤʫ ʫ 

ʰʘʙʣʦʥ ʮʴʦʛʦ ʦʧʝʨʘʪʦʨʘ ʟʣʽʚʘ ʚʚʦʜʠʪʴʩʷ ʨʽʚʥʷʥʥʷ, ʘ ʧʨʘʚʦʨʫʯ - ʟʤʽʥʥʘ. ɼʣʷ 

ʚʠʟʥʘʯʝʥʥʷ ʨʝʟʫʣʴʪʘʪʫ ʩʣʽʜ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʦʧʝʨʘʪʦʨ ʩʠʤʚʦʣʴʥʠʭ 

ʧʝʨʝʪʚʦʨʝʥʴ (­). 

 

   5.18.10. ʆʧʫʢʣʽʩʪʴ ʪʘ ʫʛʥʫʪʽʩʪʴ ʬʫʥʢʮʽʾ 

 ɺʠʟʥʘʯʝʥʥʷ. ʂʨʠʚʘ )(xfy=  ʥʘʟʠʚʘʻʪʴʩʷ ʦʧʫʢʣʦʶ (ʫʛʥʫʪʦʶ) 

ʥʘ ʜʝʷʢʦʤʫ ʽʥʪʝʨʚʘʣʽ),,( ba ʷʢʱʦ ʚʩʽ ʪʦʯʢʠ ʢʨʠʚʦʾ ʣʝʞʘʪʴ 

ʥʠʞʯʝ (ʚʠʱʝ) ʙʫʜʴ-ʷʢʦʾ ʜʦʪʠʯʥʦʾ ʜʦ ʮʽʻʾ ʢʨʠʚʦʾ ʥʘ ʜʘʥʦʤʫ 

ʽʥʪʝʨʚʘʣʽ.     

     ʆʧʫʢʣʽʩʪʴ, ʫʛʥʫʪʽʩʪʴ ʢʦʨʦʪʢʦ ʥʘʟʠʚʘʶʪʴ ʢʨʠʚʠʟʥʦʶ ʢʨʠʚʦʾ ʽ ʚʦʥʘ ʻ 

ʚʘʞʣʠʚʦʶ ʭʘʨʘʢʪʝʨʠʩʪʠʢʦʶ ʾʾ ʬʦʨʤʠ. 

     ɼʦʩʣʽʜʞʝʥʥʷ ʦʧʫʢʣʦʩʪʽ ʪʘ ʫʛʥʫʪʦʩʪʽ ʛʨʘʬʽʢʘ ʬʫʥʢʮʽʾ ʥʘ ʜʝʷʢʦʤʫ 

ʽʥʪʝʨʚʘʣʽ ʥʘ ʦʩʥʦʚʽ ʚʠʟʥʘʯʝʥʥʷ ʤʦʞʥʘ ʟʘʤʽʥʠʪʠ ʥʘ ʜʦʩʣʽʜʞʝʥʥʷ ʟʥʘʢʘ 

ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ ʮʽʻʾ ʬʫʥʢʮʽʾ. 
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ʈʠʩ. 5.17 

  

ʊɽʆʈɽʄɸ. ʗʢʱʦ ʫ ʚʩʽʭ ʪʦʯʢʘʭ ʽʥʪʝʨʚʘʣʫ ),( ba ʜʨʫʛʘ 

ʧʦʭʽʜʥʘ ʬʫʥʢʮʽʾ ʚʽʜôʻʤʥʘ  (ʜʦʜʘʪʥʘ), ʪʦʙʪʦ)(xf ¡¡ <0 

( )(xf ¡¡ >0),  ʪʦ ʢʨʠʚʘ )(xfy=  ʦʧʫʢʣʘ  (ʫʛʥʫʪʘ) ʥʘ ʮʴʦʤʫ 

ʥ̔ʪʝʨʚʘʣ.̔ 

  

 ɺʠʟʥʘʯʝʥʥʷ. ʊʦʯʢʘ, ʱʦ ʚʽʜʜʽʣʷʻ ʦʧʫʢʣʫ ʯʘʩʪʠʥʫ ʥʝʧʝʨʝʨʚʥʦʾ 

ʢʨʠʚʦʾ ʚʽʜ ʫʛʥʫʪʦʾ ʯʘʩʪʠʥʠ (ʽ ʥʘʚʧʘʢʠ), ʥʘʟʠʚʘʻʪʴʩʷ ʪʦʯʢʦʶ 

ʧʝʨʝʛʠʥʫ. 

     ʆʯʝʚʠʜʥʦ, ʱʦ ʫ ʩʘʤʽʡ ʪʦʯʮʽ ʧʝʨʝʛʠʥʫ ʜʦʪʠʯʥʘ, ʷʢʱʦ ʚʦʥʘ ʽʩʥʫʻ, 

ʧʝʨʝʪʠʥʘʻ ʢʨʠʚʫ (ʨʠʩ. 5.18). 

ɯʟ ʚʠʟʥʘʯʝʥʥʷ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ   ʚʠʧʣʠʚʘʻ, ɦ ʦ ʫ ʪʦʯʮʽ 0x  0)( 0 =¡¡xf . 
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ʈʽʚʥʽʩʪʴ ʥʫʣʶ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ ï ʮʝ ʥʝʦʙʭʽʜʥʘ ʫʤʦʚʘ ʽʩʥʫʚʘʥʥʷ ʪʦʯʢʠ 

ʧʝʨʝʛʠʥʫ. 

 
ʈʠʩ. 5.18 

 

     ʊʦʯʢʠ, ʫ ʷʢʠʭ ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʦʙʭʽʜʥʘ ʫʤʦʚʘ, ʥʘʟʠʚʘʶʪʴʩʷ ʪʦʯʢʘʤʠ 

ʤʦʞʣʠʚʦʛʦ ʧʝʨʝʛʠʥʫ, ʘʙʦ ʢʨʠʪʠʯʥʠʤʠ ʪʦʯʢʘʤʠ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ. 

 

 

 

 

 

 

ʈʠʩ. 5.19 

 

     ʉʣʽʜ ʧʽʜʢʨʝʩʣʠʪʠ, ʱʦ ʮʷ ʫʤʦʚʘ ʥʝ ʻ ʜʦʩʪʘʪʥʴʦʶ. 

ʅʘʧʨʠʢʣʘʜ, 00;124 0

234 =Ý=¡¡=¡¡Ý=¡Ý= xyxyxyxy - ʪʦʯʢʘ, ʫ ʷʢʦʾ ʚʠʢʦʥʫʻʪʴʩʷ 

ʥʝʦʙʭʽʜʥʘ ʫʤʦʚʘ, ʦʜʥʘʢ ʧʝʨʝʛʠʥʫ ʫ ʮʽʻʾ ʪʦʯʮʽ ʥʝʤʘʻ (ʨʠʩ. 5.19). 

                                                                                                              

 

                  5.18.11. ɼʦʩʪʘʪʥʷ ʫʤʦʚʘ ʽʩʥʫʚʘʥʥʷ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ             

 

 ɺʠʟʥʘʯʝʥʥʷ. ʊʦʯʢʘ ))(( 0,0 xfx ʻ  ʪʦʯʢʦʶ ʧʝʨʝʛʠʥʫ ʣʽʥʽʾ 

)(xfy= , ̫ ʢʱʦ  )(xf ¡¡  ʤʽʥʷʻ ʟʥʘʢ ʧʨʠ ʧʝʨʝʭʦʜ ̔x  ʯʝʨʝʟ 0x (ʟ 

ñ+ò ʥʘ ñ-ñ ï ʦʧʫʢʣʽʩʪʴ ʟʤʽʥʶʻʪʴʩʷ ʥʘ ʫʛʥʫʪʽʩʪʴ; ʟ ò-ñ ʥʘ 

ñ+ò- ʥʘʚʧʘʢʠ  (ʨʠʩ. 5.18). 

 

 ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ ʪʘ ʚʠʟʥʘʯʠʪʠ ʥ̔ʪʝʨʚʘʣʠ ʦʧʫʢʣʦʩʪʽ 

 ̔ʫʛʥʫʪʦʩʪʽ ʢʨʠʚʦʾ .
2xey -=  

 ʈʦʟʚôʷʟʘʥʥʷ. 

 ʐʫʢʘʻʤʦ ʧʝʨʰʫ ʽ ʜʨʫʛʫ ʧʦʭʽʜʥʽ, ʘ ʪʘʢʦʞ ʢʨʠʪʠʯʥʽ ʟʥʘʯʝʥʥʷ y¡¡. 

.0)24()2(222 22222

=-=Ö-ÖÖ-Ö-=¡¡ÝÖ-=¡ ---- xeexxeyexy xxxx
 

ɿʚʽʜʩʠ ʤʘʻʤʦ 
.2

1

2

1
024 2,1

22 °=Ý=Ý=- xxx  

ʆʜʝʨʞʘʥʫ ʽʥʬʦʨʤʘʮʽʶ ʨʦʟʤʽʩʪʠʤʦ ʫ ʪʘʙʣʠʮʽ:  
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x  )
2

1,( --¤  
2

1-=x  )
2

1,
2

1(-  
2

1=x  ),
2

1( ¤  

)(xf ¡¡  + 0 - 0 + 

 Ç 
ʊʦʯʢʘ 

ʧʝʨʝʛʠʥʫ 
Æ 

ʊʦʯʢʘ 

ʧʝʨʝʛʠʥʫ 
Ç 

 

,0)1( >-¡¡f  ʪʦʙʪʦ, ʬʫʥʢʮʽ̫   ʫʛʥʫʪʘ ʥʘ ̔ʥʪʝʨʚʘʣ ̔ )
2

1,( --¤ , 

,0),0( <¡¡f  ʪʦʙʪʦ, ʬʫʥʢʮʽ̫ ʦʧʫʢʣʘ ʥʘ ̔ʥʪʝʨʚʘʣ ̔ )
2

1,
2

1(- . 

ʊʘʢʠʤ ʯʠʥʦʤ, ʪʦʯʢʘ 
2

1
0 -=x   ̒ʪʦʯʢʦ ʁʧʝʨʝʛʠʥʫ. 

,0)1( <¡¡f  ʬʫʥʢʮʽ̫  
2xey -= - ʫʛʥʫʪʘ ʥʘ ̔ʥʪʝʨʚʘʣ ̔ ),

2
1( ¤   ̔ʪʦʯʢʘ 

2
1

0 =x  

ʪʘʢʦʞ ʻ ʪʦʯʢʦ ʁʧʝʨʝʛʠʥʫ. 

 
  

 ʈʠʩ. 5. 20 

 

ɺʠʟʥʘʯʝʥʥʷ ʪʦʯʦʢ ʧʝʨʝʛʠʥʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʧʦʚôʷʟʘʥʝ ʟ 

ʚʠʟʥʘʯʝʥʥʷʤ ʧʦʭʽʜʥʠʭ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ ʚʽʜ ʟʘʜʘʥʠʭ ʬʫʥʢʮʽʡ. ʎʽ ʧʦʭʽʜʥʽ ʽ 

ʧʦʭʽʜʥʽ ʙʽʣʴʰ ʚʠʩʦʢʠʭ ʧʦʨʷʜʢʽʚ ʚʠʟʥʘʯʘʶʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ  

n

n

dx

d
 ʥʘ ʧʘʥʝʣʽ çCalculusè, ʷʢʠʡ ʜʦʟʚʦʣʷʻ ʚʩʪʘʚʠʪʠ ʫ ʜʦʢʫʤʝʥʪ ʰʘʙʣʦʥ, ʜʝ 

ʢʨʽʤ ʬʫʥʢʮʽʾ, ʷʢʘ ʜʠʬʝʨʝʥʮʽʶʻʪʴʩʷ, ʽ ʟʤʽʥʥʦʾ, ʧʦ ʷʢʽʡ ʚʠʢʦʥʫʻʪʴʩʷ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ, ʚʢʘʟʫʻʪʴʩʷ ʧʦʨʷʜʦʢ ʧʦʭʽʜʥʦʾ (ʜʠʚ. ʨʠʩ. 5.21). ʋ ʜʘʥʦʤʫ 

ʧʨʠʢʣʘʜʽ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʪʦʯʦʢ ʧʝʨʝʛʠʥʫ ʪʘʢʦʞ ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʘʩʴ ʬʫʥʢʮʽʷ 

solve, ʫ ʷʢʽʡ ʟʣʽʚʘ ʚʚʝʜʝʥʦ ʣʠʰʝ ʽʤôʷ ʨʽʚʥʷʥʥʷ, ʘ ʥʝ ʚʦʥʦ ʩʘʤʝ, ʱʦ ʩʪʚʦʨʶʻ 

ʜʦʜʘʪʢʦʚʽ ʟʨʫʯʥʦʩʪʽ ʧʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ. 

 

 5.18.12. ɸʩʠʤʧʪʦʪʠ ʬʫʥʢʮʽʾ   

 

 ʗʢʱʦ ʪʨʝʙʘ ʚʠʚʯʠʪʠ ʬʫʥʢʮʽʁ  ʧʨʠ ʥʝʦʙʤʝʞʝʥʦʤʫ ʟʨʦʩʪʘʥʥʽ 

ʘʨʛʫʤʝʥʪʫ, ʘʙʦ ʧʦʙʣʠʟʫ ʪʦʯʦʢ ʨʦʟʨʠʚʫ , ʪʦ ʜʦʚʦʜʠʪʴʩʷ ʤʘʪʠ ʩʧʨʘʚʫ ʽʟ, ʪʘʢ 

ʟʚʘʥʠʤʠ,  ʥʝʩʢʽʥʯʝʥʥʠʤʠ ʛʽʣʢʘʤʠ ʛʨʘʬʢ̔ʘ. ʇʦʰʫʢ ʥʝʩʢʽʥʯʝʥʥʠʭ ʛʽʣʦʢ ʻ 

ʥʝʦʙʭʽʜʥʠʤ, ɦ ʦʙ ʧʨʘʚʠʣʴʥʦ ʫʷʚʠʪʠ ʩʦʙʽ ʬʦʨʤʫ ʛʨʘʬʽʢʘ ʚ ʮʽʣʦʤʫ. 
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ʈʠʩ. 5.21 

 

 

ɺʠʟʥʘʯʝʥʥʷ. ʇʨʷʤʘ ʣʽʥʽʷ ʥʘʟʠʚʘʻʪʴʩʷ ʘʩʠʤʧʪʦʪʦʶ ʢʨʠʚʦʾ 

)(xfy= , ʷʢʱʦ ʚʽʜʩʪʘʥʴ ʪʦʯʦʢ ʢʨʠʚʦʾ  ʜʦ ʮʽʻʾ ʧʨʷʤʦʾ ʧʨʷʤʫʻ 

ʜʦ ʥʫʣʷ, ʘʣʝ ʥʽʢʦʣʠ ʚ ʥʫʣʴ ʥʝ    ʦʙʝʨʪʘʻʪʴʩʷ (ʨʠʩ.5.22). 

ɼʦ ʨʝʯʽ, ʩʣʦʚʦ çʘʩʠʤʧʪʦʪʘè - ʛʨʝʮʴʢʦʛʦ ʧʦʭʦʜʞʝʥʥʷ  ( -asymptotosʥʝ 

ʩʧʽʚʧʘʜʘʶʯʠʡ).  ɺ   ʧʦʜʘʣʴʰʦʤʫ ʙʫʜʝʤʦ ʚʽʜʨʽʟʥʷʪʠ   ʚʝʨʪʠʢʘʣʴʥʽ,   

ʧʦʭʠʣʽ  ʽ  ʛʦʨʠʟʦʥʪʘʣʴʥʽ  (ʧʨʘʚʽ ʡ ʣʽʚʽ)  ʘʩʠʤʧʪʦʪʠ. 

          

 

 

 

 

 

 

ʈʠʩ. 5. 22 

 

 1. ʗʢʱʦ ʽʩʥʫʻ ʯʠʩʣʦ 0x  ʪʘʢʝ, ɦ ʦ ,)(lim
00

°¤=
°­

xf
xx

  ʪʦ ʧʨʷʤʘ 0xx= - 

ʚʝʨʪʠʢʘʣʴʥʘ ʘʩʠʤʧʪʦʪʘ ʜʣʷ ʬʫʥʢʮʽʾ )(xfy= , ʧʨʠ ʮʴʦʤʫ ʪʦʯʢʘ 0x  ʤʦʞʝ ʥʝ 
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ʥʘʣʝʞʘʪʠ ʜʦ ʦʙʣʘʩʪ ̔ʚʠʟʥʘʯʝʥʥʷ  ʬʫʥʢʮʽʾ ʘʙʦ ʥʘʣʝʞʘʪʠ, ʘʣʝ ʧʨʠ ʮʴʦʤʫ ʙʫʪʠ 

ʪʦʯʢʦ ʁʨʦʟʨʠʚʫ. 

2. ʗʢʱʦ ʽʩʥʫʶʪʴ ʛʨʘʥʠʮʽ 2,1

)(
lim k

x

xf

x
=

°¤­
( -1k ʧʨʠ -+¤­ 2; kx  ʧʨʠ -¤­x )  ̔ 

[ ] 2,12,1)(lim bkxf
x

=-
°¤­

 ( -1b ʧʨʠ -+¤­ 2; bx ʧʨʠ -¤­x ), ʪʦ ʧʨʷʤ ̔ 2,12,1 bxky +Ö=  

 ̒ʧʨʘʚʦ ʁʪʘ ʣ̔ʚʦʁ ʧʦʭʠʣʠʤʠ  ʘʩʠʤʧʪʦʪʘʤʠ ʜʣʷ ʬʫʥʢʮʽʾ )(xfy= (ʧʨʠ 02,1 =k  

ʤʘʻʤʦ ʛʦʨʠʟʦʥʪʘʣʴʥ ̔ʘʩʠʤʧʪʦʪʠ 2,1by= ). 

 

5.18.13. ʇʨʠʢʣʘʜʠ ʟʘʛʘʣʴʥʦʛʦ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʡ ʪʘ ʧʦʙʫʜʦʚʠ 

ʛʨʘʬʽʢʽʚ 

 

     ʇʨʠʢʣʘʜ 1. ɼʦʩʣʽʜʠʪʠ ʬʫʥʢʮʽʶ 
1

2

+
=

x

x
y  ʽ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʛʨʘʬʽʢ. 

     ʈʦʟʚôʷʟʘʥʥʷ. 

     ʆʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʮʽʻʾ ʬʫʥʢʮʽʾ:  ).,1()1,( +¤-Ç--¤Íx  ʊʦʯʢʘ 1-=x   ̒

ʪʦʯʢʦ ʁʨʦʟʨʠʚʫ: .
1

lim
2

01
°¤=

+°-­ x

x

x
 ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʷʤʘ 1-=x   ̒ʚʝʨʪʠʢʘʣʴʥʦ ʁ

ʘʩʠʤʧʪʦʪʦ,ʁ ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʜʦ ʪʦʯʢʠ  1-=x  ʩʧʨʘʚʘ ʬʫʥʢʮʽ̫    ʥʝʩʢʽʥʯʝʥʥʦ 

ʟʨʦʩʪʘʻ ( +¤­y  ʧʨʠ 01+-­x ); ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʟʣʽʚʘ ï ʥʝʩʢʽʥʯʝʥʥʦ ʩʧʘʜʘʻ 

 ( -¤­y ʧʨʠ 01--­x ). 

      ɼʦʩʣʽʜʠʤʦ  ʜʘʥʫ ʬʫʥʢʮʽʶ ʥʘ ʥʘʷʚʥʽʩʪʴ ʧʦʭʠʣʠʭ ʘʩʠʤʧʪʦʪ.   ɼʣʷ ʮʴʦʛʦ 

ʟʥʘʡʜʝʤʦ ʛʨʘʥʠʮʽ:  

.11
1

1

1
limlimlim1lim

22

2

2

2

2

2

2

=Ý=

+

=

+

=
+

=+
°¤­°¤­°¤­°¤­

k

xx

x

x

x

x

x

xx

x

x

x

x

xxxx

 

.11
1

lim
1

lim)1
1

(lim
222

-=Ý-=
+

-
=

+

--
=Ö-

+ °¤­°¤­°¤­
b

x

x

x

xxx
x

x

x

xxx
 

ʇʨʷʤʘ  1-=xy   ̒ ʧʦʭʠʣʦʶ ʘʩʠʤʧʪʦʪʦ ʁ ʬʫʥʢʮʽʾ .
1

2

+
=

x

x
y  ɻʨʘʬʽʢ ʜʘʥʦʾ 

ʬʫʥʢʮʽʾ ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʨʠʩ. 5.23. 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ.5.23 
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     ʇʨʠʢʣʘʜ 2. ɼʦʩʣʽʜʠʪʠ ʬʫʥʢʮʽʶ ʪʘ ʧʦʙʫʜʫʚʘʪʠ ʾʾ ʛʨʘʬʽʢ: .
)1( 2

3

-
=

x

x
y  

     ʈʦʟʚôʷʟʘʥʥʷ. 

     ʆʙʣʘʩʪʴ ʚʠʟʥʘʯʝʥʥʷ ʮʽʻʾ ʬʫʥʢʮʽʾ:,1̧x  ʘʙʦ ).,1()1,( +¤Ç-¤Íx ʊʦʯʢʘ 

ʨʦʟʨʠʚʫ .1=x ʊʘʢʠʤ ʯʠʥʦʤ, ʽʥʪʝʨʚʘʣʠ ʥʝʧʝʨʝʨʚʥʦʩʪʽ:).,1()1,( +¤Ç-¤           

ʇʨʠ +¤­
-

°­
2

3

)1(
,01

x

x
x , ʪʦʙʪʦ ʧʨʠ ʥʘʙʣʠʞʝʥʥʽ ʜʦ ʪʦʯʢʠ 1=x  ʬʫʥʢʮʽʷ  

ʥʝʩʢʽʥʯʝʥʥʦ ʟʨʦʩʪʘʻ (+¤=
-°­ 2

3

01 )1(
lim

x

x

x
). ɿʚʽʜʩʠ ʚʠʧʣʠʚʘʻ, ʱʦ ʧʨʷʤʘ 1=x  ʻ 

ʚʝʨʪʠʢʘʣʴʥʦʶ ʘʩʠʤʧʪʦʪʦʶ ʬʫʥʢʮʽʾ 
2

3

)1( -
=

x

x
y . 

ɿʥʘʡʜʝʤʦ ;11
2
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)1(
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3

2
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=Ý=
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=
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xxx
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è
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xxxx
x

x

x

xx
= .22
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2
lim

2
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=Ý=
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-

°¤­
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xx
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     ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʷʤʘ    2+=xy  ʻ ʧʦʭʠʣʦʶ ʘʩʠʤʧʪʦʪʦʶ ʜʘʥʦʾ ʬʫʥʢʮʽʾ; 

ʇʝʨʝʚʽʨʠʤʦ, ʯʠ ʻ ʜʘʥʘ ʬʫʥʢʮʽʷ ʧʘʨʥʦʶ ʘʙʦ ʥʝʧʘʨʥʦʶ: 

î
î

í

î
î

ì

ë

-
-̧

-
¸

+
-=
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-
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,
)1(

)1(
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2
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2
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x
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x

x

x
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xf

 

ʪʦʙʪʦ ʬʫʥʢʮʽʷ ʥʝ ʻ ʧʘʨʥʦʶ ʯʠ ʥʝʧʘʨʥʦʶ (ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ 
2

3

)1( -
=

x

x
y  ʥʝ ʙʫʜʝ 

ʩʠʤʝʪʨʠʯʥʠʤ). 

     ʌʫʥʢʮʽʷ ʥʝ ʻ ʧʝʨʽʦʜʠʯʥʦʶ, ʪʦʤʫ ʱʦ ʜʦ ʾʾ ʩʢʣʘʜʫ ʥʝ ʚʭʦʜʷʪʴ ʧʝʨʽʦʜʠʯʥʽ 

ʬʫʥʢʮʽʾ. ʊʦʯʢʠ ʧʝʨʝʪʠʥʫ ʟ ʦʩʷʤʠ ʢʦʦʨʜʠʥʘʪ ʟʥʘʭʦʜʠʤʦ, ʧʦʢʣʘʜʘʶʯʠ 

.00 =Ý= yx  ʊʘʢʠʤ ʯʠʥʦʤ, ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʧʝʨʝʪʠʥʘʻ ʦʩʽ ʢʦʦʨʜʠʥʘʪ ʫ ʪʦʯʮʽ 

ʆ(0,0).  ɿʥʘʭʦʜʠʤʦ ʢʨʠʪʠʯʥʽ  ʪʦʯʢʠ ʧʝʨʰʦʾ ʧʦʭʽʜʥʦʾ:  

.
)1(

3

)1(

233

)1(

)1(2)1(3
3

23

3

323

4

322

-

-
=

-

--
=

-

-Ö--Ö
=¡

x

xx

x

xxx

x

xxxx
y  

3;00)3(030 223 ==Ý=-ÖÝ=-Ý=¡ xxxxxxy . ɼʘʣʽ ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ  ʦʟʥʘʢʠ 

ʤʦʥʦʪʦʥʥʦʩʪ ̔ ʪʘ ʜʦʩʪʘʪʥʶ ʫʤʦʚʫ ʽʩʥʫʚʘʥʥʷ ʝʢʩʪʨʝʤʫʤʫ. ʆʜʝʨʞʘʥʫ 

ʽʥʬʦʨʤʘʮʽʶ ʟʘʥʝʩʝʤʦ ʜʦ ʪʘʙʣʠʮ:̔ 

 

x  )0,(-¤  0=x  )1,0(  1=x  )3,1(  3=x  ),3( +¤ 

)(xf¡  + 0 + ¤ - 0 + 

 
)(xf  

 ʅʝʤʘʻ 

ʝʢʩʪʨ. 
 ʅʝ 

ʽʩʥʫʻ 

 min  

8
27  
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ɼʦʩʣʽʜʠʤʦ ʬʫʥʢʮʽʶ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʨʫʛʦʾ ʧʦʭʽʜʥʦʾ. ɿʥʘʭʦʜʠʤʦ 

.
)1(

6

)1(

)1(3)3()1()63(
46

22332

-
=

-

-Ö---Ö-
=¡¡

x

x

x

xxxxxx
y  

-=Ý=Ý=¡¡ 0060 xxy ʪʦʯʢʘ ʤʦʞʣʠʚʦʛʦ ʧʝʨʝʛʠʥʫ. 

ɼʘʣʽ ʢʦʨʠʩʪʫʻʤʦʩʴ ʟʚôʷʟʢʦʤ  ʤʽʞ ʦʧʫʢʣʽʩʪʶ ʡ ʫʛʥʫʪʽʩʪʶ ʬʫʥʢʮʽʾ ʪʘ ʟʥʘʢʦʤ 

ʧʦʭʽʜʥʦʾ ʜʨʫʛʦʛʦ ʧʦʨʷʜʢʫ, ʘ ʪʘʢʦʞ ʜʦʩʪʘʪʥʴʦʶ ʫʤʦʚʦʶ ʽʩʥʫʚʘʥʥʷ ʪʦʯʢʠ 

ʧʝʨʝʛʠʥʫ. ɺʩʶ ʦʜʝʨʞʘʥʫ ʽʥʬʦʨʤʘʮʽʶ ʟʘʥʦʩʠʤʦ ʜʦ ʪʘʙʣʠʮʽ. 

 

 

 

 

 

 

 ʆʪʞʝ, ʛʨʘʬʽʢ ʬʫʥʢʮʽʾ ʟʦʙʨʘʞʝʥʠʡ ʥʘ ʨʠʩ. 5. 24. 

        

            

 

 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 5.24 

 

ɼʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʾ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʝ ʥʘ ʨʠʩ. 5.25. 

 

5.19. ʇʨʘʚʠʣʦ ʃʦʧʽʪʘʣʷ ʨʦʟʢʨʠʪʪʷ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ ʚʠʛʣʷʜʫ ö
÷

õ
æ
ç

å

0

0
 ʽ ö
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õ
æ
ç

å

¤

¤
  

ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʪʨʝʙʘ ʟʥʘʡʪʠ ʛʨʘʥʠʮʶ 
)(

)(
lim

xg

xf

ax­
 ʽ ʚʽʜʦʤʦ, ʱʦ .0)()( == agaf  

ʃʦʧʽʪʘʣʴ ʚʩʪʘʥʦʚʠʚ, ʱʦ ʤʘʻ ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ:.
)(

)(
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axax ¡

¡
=
­­

 

ɼʦʚʝʜʝʤʦ ʮʝʡ ʨʝʟʫʣʴʪʘʪ.  
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x  ( )0,¤-  0=x  (0 , 1) 1=x  ),1( +¤ 

)(xf ¡¡  - 0 + ¤ + 

)(xf  Æ 
ʊʦʯʢʘ 

ʧʝʨʝʛʠʥʫ 
Ç 

ʅʝ ̔ʩʥʫʻ Ç 
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ʆʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ ʨʝʘʣʽʟʘʮʽʾ ʮʴʦʛʦ ʧʨʘʚʠʣʘ ʪʨʝʙʘ, ʱʦʙ ʬʫʥʢʮʽʾ )(xf  ʽ  )(xg  

ʙʫʣʠ ʚʠʟʥʘʯʝʥʽ ʽ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʽ. ɸʥʘʣʦʛʽʯʥʠʡ ʨʝʟʫʣʴʪʘʪ ʤʘʻ ʤʽʩʮʝ ʜʣʷ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʚʠʛʣʷʜʫ .ö
÷

õ
æ
ç

å

¤

¤
 

 

 

 
 

ʈʠʩ. 5.25 

 

ʋ ʥʘʩʪʫʧʥʠʭ ʧʨʠʢʣʘʜʘʭ ʪʨʝʙʘ ʟʥʘʡʪʠ ʛʨʘʥʠʮʽ ʬʫʥʢʮʽʡ. 

 

     ʇʨʠʢʣʘʜ 1. 
)12ln(

)1sin(
lim

1 -

-

­ x

x

x
.  

     ʈʦʟʚôʷʟʘʥʥʷ. ʊʠʧ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ  -  ö
÷

õ
æ
ç

å

0

0
. 
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 ɺʠʢʦʨʠʩʪʘʻʤʦ ʧʨʘʚʠʣʦ ʃʦʧʽʪʘʣʷ:  .
2

1

2
12

1

)1cos(
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)12ln(

)1sin(
lim

11
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Ö
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-
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-

-

­­

x

x

x

x

xx
 

ɿʚʝʨʥʝʤʦʩʴ ʜʦ  ʩʝʨʝʜʦʚʠʱʘ Mathcad. 

 

 
ʈʠʩ. 5.26 

 

     ʇʨʠʢʣʘʜ 2. 
)ln(

)3ln(
lim

33 ee

x
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-

­
. 

     ʈʦʟʚôʷʟʘʥʥʷ.  ʄʘʻʤʦ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ .ö
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ɿʘ ʧʨʘʚʠʣʦʤ ʃʦʧʽʪʘʣʷ: .
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ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʯʠʩʝʣʴʥʠʢʘ ʽ ʟʥʘʤʝʥʥʠʢʘ, ʘ ʪʘʢʦʞ ʚʠʢʦʥʘʥʥʷ 

ʧʝʨʝʪʚʦʨʝʥʴ ʦʜʝʨʞʘʥʘ ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʪʠʧʫ ö
÷

õ
æ
ç
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0

0
. ʑʝ ʨʘʟ ʟʘʩʪʦʩʫʻʤʦ 

ʧʨʘʚʠʣʦ ʃʦʧʽʪʘʣʷ:  .1
2

1
lim

)3(
lim

)3(
lim

33

3

3
=

-
=

+-
=

-

-

­­­ xexe

e

xe

ee

xxx

x

xx

x

x
 

       ʊʘʢʠʤ ʯʠʥʦʤ, ʷʢʱʦ ʪʨʝʙʘ, ʮʝ ʧʨʘʚʠʣʦ ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

ʙʘʛʘʪʦʨʘʟʦʚʦ. ʇʨʠ ʮʴʦʤʫ ʙʘʞʘʥʦ ʨʦʙʠʪʠ ʪʦʪʦʞʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ ʜʣʷ 
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ʩʧʨʦʱʝʥʴ, ʘ ʪʘʢʦʞ ʦʙʦʚôʷʟʢʦʚʦ ʥʘ ʧʨʦʤʽʞʥʠʭ ʝʪʘʧʘʭ ʩʣʽʜ ʧʝʨʝʚʽʨʷʪʠ ʪʠʧʠ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ.  

 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad (ʨʠʩ. 5.27): 

 

 
 

ʈʠʩ. 5.27 

 

5.20. ʅʝʚʠʟʥʘʯʝʥʦʩʪʽ ʚʠʛʣʷʜʫ ( ) )(,0 ¤-¤¤Ö  

 

 ɿʘʩʪʦʩʦʚʫʚʘʪʠ ʧʨʘʚʠʣʦ ʃʦʧʽʪʘʣʷ ʙʝʟʧʦʩʝʨʝʜʥʴʦ ʜʦ ʮʠʭ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ ʥʝ ʤʦʞʥʘ, ʘʣʝ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʝʨʝʪʚʦʨʝʥʴ ʚʜʘʻʪʴʩʷ ʟʚʝʩʪʠ 

ʾʭ ʜʦ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ ʪʠʧʫ  ö
÷
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  ̔ .ö
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 ʆʩʢʽʣʴʢʠ ʧʠʪʘʥʥʷ, ʧʦʚôʷʟʘʥʝ ʟ 

ʧʝʨʝʪʚʦʨʝʥʥʷʤ ʪʠʧʽʚ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ, ʚʞʝ ʨʦʟʛʣʷʜʘʣʦʩʴ ʫ ʨʦʟʜʽʣʽ 

çɻʨʘʥʠʮʷ ʬʫʥʢʮʽʾè, ʟʚʝʨʥʝʤʦʩʴ ʜʦ ʧʨʠʢʣʘʜʽʚ. 

     ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ .
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          ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ:  

 

 
 

ʈʠʩ. 5.28 

 

     ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ  .
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     ʈʦʟʚôʷʟʘʥʥʷ. 
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 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ ( ʨʠʩ.5. 29): 

  

 
 

ʈʠʩ. 5.29 
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5.21. ʅʝʚʠʟʥʘʯʝʥʦʩʪʽ ʚʠʛʣʷʜʫ ()()( )00 ,0,1 ¤¤  

 

 ʎʽ ʪʠʧʠ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ ʤʦʞʫʪʴ ʚʠʥʠʢʥʫʪʠ ʧʨʠ ʨʦʟʛʣʷʜʘʥʥʽ ʛʨʘʥʠʮʽ 

ʬʫʥʢʮʽʾ )())((( xgxf  ʧʨʠ ʧʨʷʤʫʚʘʥʥʽ )(),( xgxf  ʜʦ ʚʽʜʧʦʚʽʜʥʠʭ ʟʥʘʯʝʥʴ. ɼʦ 

ʨʝʯʽ, ʧʨʠ ʚʠʚʯʝʥʥʽ ʜʨʫʛʦʾ ʚʘʞʣʠʚʦʾ ʛʨʘʥʠʮʽ ʤʠ ʚʞʝ ʤʘʣʠ ʩʧʨʘʚʫ ʽʟ ().1¤ ɺʩʽ 

ʮʽ ʥʝʚʠʟʥʘʯʝʥʦʩʪʽ ʤʦʞʥʘ ʨʦʟʢʨʠʪʠ, ʷʢʱʦ ʰʫʢʘʪʠ  ʛʨʘʥʠʮʶ ʥʝ ʩʘʤʦʾ 

ʬʫʥʢʮʽʾ, ʘ ʾʭ ʣʦʛʘʨʠʬʤʘ. ʈʝʟʫʣʴʪʘʪ ʦʜʝʨʞʠʤʦ, ʚʠʢʦʥʘʚʰʠ ʧʦʪʝʥʮʽʶʚʘʥʥʷ 

ʦʜʝʨʞʘʥʦʾ ʛʨʘʥʠʮʽ ʣʦʛʘʨʠʬʤʘ ʬʫʥʢʮʽʾ. ʊʦʙʪʦ: 

 

( ) .ln,)(lim
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AaeAxf axg

ax
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­
 

   ʇʨʠʢʣʘʜ 1. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ  ( ) ().1lim
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   ʈʦʟʚôʷʟʘʥʥʷ. ʅʝʭʘʡ ( ).lim
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x
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­
ʇʨʦʣʦʛʘʨʠʬʤʫʻʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʮʽʻʾ 

ʨʽʚʥʦʩʪʽ: ( ) ( ) .
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ʊʘʢʠʤ ʯʠʥʦʤ, ʦʩʪʘʥʥʷ  ʥʝʚʠʟʥʘʯʝʥʽʩʪʴ ʚʞʝ ʜʦʧʫʩʢʘʻ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʨʘʚʠʣʘ 

ʃʦʧʽʪʘʣʷ: .2
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 ʐʫʢʘʥʘ ʛʨʘʥʠʮʷ ʜʦʨʽʚʥʶʻ 

.2eA=  

     ʇʨʠʢʣʘʜ 2. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ ( ) ().0sinlim 0

0
=

­

tgx

x
x  

     ʈʦʟʚôʷʟʘʥʥʷ. ʅʝʭʘʡ ( ) .sinlim
0

tgx

x
xA

­
=   

ʇʨʦʣʦʛʘʨʠʬʤʫʻʤʦ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʮʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʽ ʧʝʨʝʪʚʦʨʠʤʦ  ʜʦ 

ʚʠʛʣʷʜʫ, ʱʦ ʜʦʧʫʩʢʘʻ ʚʠʢʦʨʠʩʪʘʥʥʷ ʧʨʘʚʠʣʘ ʃʦʧʽʪʘʣʷ. 
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     ʇʨʠʢʣʘʜ 3. ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʬʫʥʢʮʽʾ ( ).lim 0
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x  

     ʈʦʟʚôʷʟʘʥʥʷ. ʅʝʭʘʡ .lim

1

x
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¤­
=  ɼʘʣʽ ʢʦʨʠʩʪʫʻʤʦʩʴ ʩʪʘʥʜʘʨʪʥʦʶ ʩʭʝʤʦʶ. 
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   ʆʩʪʘʪʦʯʥʦ: .1lim
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¤­
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x
xA   

ʇʨʠ ʟʥʘʭʦʜʞʝʥʥʽ ʛʨʘʥʠʮʴ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʝʦʙʭʽʜʥʦ ʤʘʪʠ ʥʘ 

ʫʚʘʟʽ, ʱʦ ʤʦʞʣʠʚʦʩʪʽ ʩʝʨʝʜʦʚʠʱʘ ʜʦʟʚʦʣʷʶʪʴ ʦʙʯʠʩʣʠʪʠ ʛʨʘʥʠʮʽ ʜʣʷ 

ʨʽʟʥʦʤʘʥʽʪʥʠʭ ʪʠʧʽʚ ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ, ʥʝ ʚʠʢʦʥʫʶʯʠ ʛʨʦʤʽʟʜʢʠʭ 
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ʧʝʨʝʪʚʦʨʝʥʴ, ʜʦ ʷʢʠʭ ʜʦʚʦʜʠʪʴʩʷ ʚʜʘʚʘʪʠʩʷ ʧʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ ʧʨʘʚʠʣʘ 

ʃʦʧʽʪʘʣʷ, ʘ ʪʘʢʦʞ ʫ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʚʠʥʠʢʘʻ ʥʝʦʙʭʽʜʥʽʩʪʴ ʟʤʽʥʶʚʘʪʠ ʪʠʧʠ 

ʥʝʚʠʟʥʘʯʝʥʦʩʪʝʡ, ʪʨʘʥʩʬʦʨʤʫʶʯʠ ʾʭ ʜʦ ʚʠʛʣʷʜʫ, ʱʦ ʜʦʟʚʦʣʷʻ ʮʝ ʧʨʘʚʠʣʦ 

ʨʝʘʣʽʟʫʚʘʪʠ. ʈʦʟʛʣʷʥʝʤʦ ʨʦʟʚ'ʷʟʘʥʥʷ ʦʩʪʘʥʥʽʭ ʪʨʴʦʭ ʥʘʚʝʜʝʥʠʭ ʚʠʱʝ 

ʧʨʠʢʣʘʜʽʚ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad: 

 

 
 

ʈʠʩ. 5.30 

 

5.22. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

 (ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, ʪʘʢ 

ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad). 

 

ɿʥʘʡʪʠ ʧʦʭʽʜʥʽ ʬʫʥʢʮʽʡ  

1. y = ln x + 
1

x
 ;      2. y = 

Cos 3x

x(1 - Sin 3x)
  ;      3. y = (5 - 3x)

4
; 

5. y = 7
ln(x2 - 1)

;     6.  y = Cos
2
( x + 3);           7. x

3
 + 2xy - 3y

2
 = 0 ;      

8. y = (x
2
 + 3)

1/x
;        9. y = 2

3
x - 6

4
x + 5 ;    10. y = 10

x
 ctg x ;     

11. y = Sin x
2
 - 1 ;        12. y = 

Sin x

1 + tg
2
x
 ;    13. y = e

-Sin2x
; 
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14. y = (2x + 1) tg
3
2x;     15. x

2
y + arctg 

y

x
 = 0;       16. y = 

x
arctg x; 

17. ;
2arccos

)1arcsin( 2
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       19.  .
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ʇʨʦʚʝʩʪʠ ʧʦʚʥʝ ʜʦʩʣʽʜʞʝʥʥʷ ʬʫʥʢʮʽʡ ʽ ʧʦʙʫʜʫʚʘʪʠ ʾʭ ʛʨʘʬ̔ʢʠ: 
 

1. ;
2

x

e
y

x

=      2. ;
2xxey -=     3.  ;

1
2x

x
y

-
=   4. ;

2

3
2x

x
y

-
=     5. ;

32-
=

x

x
y  

 

ɿʥʘʡʪʠ ʝʢʩʪʨʝʤʫʤʠ ʬʫʥʢʮʽʡ: 

 

1. .32 23 xxy -=   2. ).1ln( 2xxy +-=  

 

ɿʥʘʡʪʠ ʪʦʯʢʠ ʧʝʨʝʛʠʥʫ ʪʘ ʽʥʪʝʨʚʘʣʠ ʦʧʫʢʣʦʩʪʽ  ̔ʫʛʥʫʪʦʩʪ ̔ʛʨʘʬ̔ʢʘ 

ʬʫʥʢʮʽʾ: 

 

1. ).1ln( 2xy +=   2. .535 23 -+-= xxxy  

 

ɿʥʘʡʪʠ ʛʨʘʥʠʮʶ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʨʘʚʠʣʘ ʃʦʧʽʪʘʣʷ: 
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6. ʅɽɺʀɿʅɸʏɽʅʀʁ ɯʅʊɽɻʈɸʃ  

6.1.ɺʩʪʫʧ 

     ɯʩʪʦʨʠʯʥʽ ʚʽʜʦʤʦʩʪʽ. ɯʥʪʝʛʨʘʣʴʥʝ ʯʠʩʣʝʥʥʷ ʚʠʥʠʢʣʦ ʽʟ ʧʦʪʨʝʙʠ 

ʩʪʚʦʨʝʥʥʷ ʟʘʛʘʣʴʥʦʛʦ ʤʝʪʦʜʫ ʨʦʟʰʫʢʫ ʧʣʦʱ, ʦʙôʻʤʽʚ ʽ ʮʝʥʪʨʽʚ ʚʘʛʠ. ɺ 

ʜʦʩʠʪʴ ʜʘʣʝʢʦʤʫ ʤʠʥʫʣʦʤʫ ʱʝ ɸʨʭʽʤʝʜ ʥʘʤʘʛʘʚʩʷ ʚʠʢʦʨʠʩʪʘʪʠ ʟʘʯʘʪʢʠ 

ʮʴʦʛʦ ʤʝʪʦʜʫ. ɸʣʝ  ʪʽʣʴʢʠ ʫ 17 ʩʪʦʣʽʪʪʽ ʙʫʣʠ ʦʜʝʨʞʘʥʽ ʩʫʪʪʻʚʽ ʨʝʟʫʣʴʪʘʪʠ. 

ʎʷ ʧʨʦʙʣʝʤʘ ʟʘʡʤʘʣʘ ʫʤʠ ʪʘʢʠʭ ʚʠʜʘʪʥʠʭ ʚʯʝʥʠʭ, ʷʢ ʂʘʚʘʣʴʻʨʽ, ʊʦʨʠʯʝʣʣʽ, 

ʌʝʨʤʘ, ʇʘʩʢʘʣʷ. ʋ 1659 ʨʦʮʽ ʚʯʠʪʝʣʴ ʅʴʶʪʦʥʘ - ɯʩʘʘʢ  ɹʘʨʨʦʫ - ʚʩʪʘʥʦʚʠʚ 

ʟʚ'ʷʟʦʢ ʤʽʞ ʟʘʜʘʯʘʤʠ ʧʨʦ ʟʥʘʭʦʜʞʝʥʥʷ ʧʣʦʱʽ ʽ ʜʦʪʠʯʥʦʾ.  

ʅʴʶʪʦʥ ʽ ʃʝʡʙʥʽʮ ʫ 70ï̔  ʨʦʢʠ 17 ʩʪʦʣʽʪʪʷ ʨʦʟʛʣʷʥʫʣʠ ʮʶ ʧʨʦʙʣʝʤʫ ʫ 

ʙʽʣʴʰ ʰʠʨʦʢʦʤʫ ʧʣʘʥʽ, ʥʝ ʦʙʤʝʞʫʶʯʠʩʴ ʪʽʣʴʢʠ ʛʝʦʤʝʪʨʠʯʥʠʤʠ ʟʘʜʘʯʘʤʠ. 

ʊʘʢʠʤ ʯʠʥʦʤ, ʙʫʣʦ ʚʩʪʘʥʦʚʣʝʥʦ ʟʚôʷʟʦʢ ʤʽʞ ʜʠʬʝʨʝʥʮʽʘʣʴʥʠʤ ʽ 

ʽʥʪʝʛʨʘʣʴʥʠʤ ʯʠʩʣʝʥʥʷʤ. ʎʝʡ ʟʚôʷʟʦʢ ʙʫʚ ʚʠʢʦʨʠʩʪʘʥʠʡ ʜʣʷ ʨʦʟʚʠʪʢʫ 

ʪʝʭʥʽʢʠ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʉʚʦʛʦ ʨʦʟʚʠʪʢʫ ʮʽ ʤʝʪʦʜʠ ʥʘʙʫʣʠ ʫ ʨʦʙʦʪʘʭ ɽʡʣʝʨʘ, 

ʆʩʪʨʦʛʨʘʜʩʴʢʦʛʦ, ʏʝʙʠʰʝʚʘ ʽ ʽʥʰʠʭ ʚʯʝʥʠʭ. 

 

6.2. ʇʝʨʚʽʩʥʘ ʬʫʥʢʮʽʷ 

 

ɺʠʟʥʘʯʝʥʥʷ. ʅʝʭʘʡ ʬʫʥʢʮʽʷ)(xf ʻ ʧʦʭʽʜʥʘ ʚʽʜ )(xF  
))()(( xfxF =¡ , ʪʦʙʪʦ dxxf )(  ʻ ʜʠʬʝʨʝʥʮʽʘʣ ʬʫʥʢʮʽʾ )(xF : 

).()()( xdFdxxFdxxf =¡= ʊʦʜʽ ʬʫʥʢʮʽʷ )(xF  ʻ ʧʝʨʚʽʩʥʘ ʚʽʜ 

ʬʫʥʢʮʽʾ )(xf . 

     ʅʘʧʨʠʢʣʘʜ, ʬʫʥʢʮʽʷ 23x  ʻ ʧʦʭʽʜʥʘ ʚʽʜ 3x , ʪʦʙʪʦ dxx23  ʻ ʜʠʬʝʨʝʥʮʽʘʣ ʚʽʜ 

ʬʫʥʢʮʽʾ 
3x : ).(3 32 xddxx =  ɿʘ ʚʠʟʥʘʯʝʥʥʷʤ ʬʫʥʢʮʽʷ 3x  ʻ ʧʝʨʚʽʩʥʘ ʜʣʷ 

ʬʫʥʢʮʽʾ 
23x . 

ɹʫʜʴ-ʷʢʘ ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ)(xf  ʤʘʻ ʙʝʟʣʽʯ ʧʝʨʚʽʩʥʠʭ.  

ʗʢʱʦ )(xF  ʻ ʦʜʥʘ ʟ ʥʠʭ, ʪʦ ʙʫʜʴ-ʷʢʘ  ʽʥʰʘ ʚʠʟʥʘʯʘʻʪʴʩʷ ʚʠʨʘʟʦʤ  )(xF +ʉ, 

ʜʝ  ʉ ï ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ.  

6.3. ʅʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ 

ɺʠʟʥʘʯʝʥʥʷ.   ʅʝʚʠʟʥʘʯʝʥʠʤ  ʽʥʪʝʛʨʘʣʦʤ ʜʘʥʦʾ ʬʫʥʢʮʽʾ ()xf  

(ʘʙʦ ʜʘʥʦʛʦ ʜʠʬʝʨʝʥʮʽʘʣʘ ʬʫʥʢʮʽʾ ()dxxf ) ʥʘʟʠʚʘʻʪʴʩʷ                               

ʩʫʢʫʧʥʽʩʪʴ ʫʩʽʭ ʾʾ ʧʝʨʚʽʩʥʠʭ  

                                            ñ += ,)()( CxFdxxf
                  (6.1) 

ʜʝ ʉ - ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ.  

ʇʨʠ ʮʴʦʤʫ ()dxxf  ʥʘʟʠʚʘʻʪʴʩʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʠʤ ʚʠʨʘʟʦʤ, ʬʫʥʢʮʽʷ ()xf  - 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʶ ʬʫʥʢʮʽʻʶ, ʟʤʽʥʥʘ x  - ʟʤʽʥʥʦʶ ʽʥʪʝʛʨʫʚʘʥʥʷ. 
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 ʆʩʥʦʚʥʘ ʟʘʜʘʯʘ ʽʥʪʝʛʨʘʣʴʥʦʛʦ ʯʠʩʣʝʥʥʷ ʧʦʣʷʛʘʻ ʚ ʪʦʤʫ, ʱʦʙ 

ʚʽʜʥʦʚʠʪʠ ʬʫʥʢʮʽʶ ʧʦ ʜʘʥʦʤʫ ʚʠʨʘʟʫ ʾʾ ʜʠʬʝʨʝʥʮʽʘʣʘ. 

 

6.4. ɺʣʘʩʪʠʚʦʩʪʽ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

 

1. ɼʠʬʝʨʝʥʮʽʘʣ ʚʽʜ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʦʨʽʚʥʶʻ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʤʫ 

ʚʠʨʘʟʫ:      .)()( dxxfdxxfdñ =  

     ɯʥʘʢʰʝ ʢʘʞʫʯʠ, ʧʦʭʽʜʥʘ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʜʦʨʽʚʥʶʻ   

ʧʽʜʽʥʪʝʛʨʘʣʴʥʽʡ    ʬʫʥʢʮʽʾ. ɼʦ ʨʝʯʽ, ʩʘʤʝ  ʪʘʢ ʧʝʨʝʚʽʨʷʶʪʴ ʧʨʘʚʠʣʴʥʽʩʪʴ 

ʚʠʢʦʥʘʥʥʷ ʦʧʝʨʘʮʽʾ ʽʥʪʝʛʨʫʚʘʥʥʷ 

 2. ʉʪʘʣʠʡ ʤʥʦʞʥʠʢ ʤʦʞʥʘ ʚʠʥʦʩʠʪʠ ʟʘ ʟʥʘʢ ʽʥʪʝʛʨʘʣʘ:  ñ ñ= .)()( dxxfadxxaf  

 3. ɿʥʘʢ ʽʥʪʝʛʨʘʣʘ ʧʝʨʝʜ ʟʥʘʢʦʤ ʜʠʬʝʨʝʥʮʽʘʣʘ ʟʥʠʱʫʻ ʦʩʪʘʥʥʽʡ, ʘʣʝ ʧʨʠ 

ʮʴʦʤʫ ʚʚʦʜʠʪʴʩʷ ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ: ñ += .)()( CxFxFd  

 4. ɯʥʪʝʛʨʘʣ ʘʣʛʝʙʨʘʾʯʥʦʾ ʩʫʤʠ ʜʦʨʽʚʥʶʻ ʩʫʤʽ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ ʢʦʞʥʦʛʦ ʯʣʝʥʘ 

ʩʫʤʠ ʦʢʨʝʤʦ: ( ) .)()()()()()( 321321 ññ ññ -+=-+ dxxfdxxfdxxfdxxfxfxf  

 

6.5. ʊʘʙʣʠʮʷ ʽʥʪʝʛʨʘʣʽʚ 

 

     ɿ ʢʦʞʥʦʾ ʬʦʨʤʫʣʠ ʪʘʙʣʠʮʽ ʜʠʬʝʨʝʥʮʽʘʣʽʚ, ʦʙʝʨʪʘʶʯʠ ʾʾ, ʤʦʞʥʘ 

ʦʜʝʨʞʘʪʠ ʚʽʜʧʦʚʽʜʥʫ ʬʦʨʤʫʣʫ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ (ʚʣʘʩʪʠʚʽʩʪʴ 3, ʧ. 6. 4). 

ʅʘʧʨʠʢʣʘʜ, ʚʽʜʦʤʦ, ʱʦ  .c o ss i n x d xxd =  ɿʚʽʜʩʠ ñ ñ +== .sinsincos Cxxdxdx  

ɸʥʘʣʦʛʽʯʥʦ ʦʜʝʨʞʠʤʦ ʽʥʰʽ ʬʦʨʤʫʣʠ ʦʩʥʦʚʥʦʾ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ: 

 1. )1(
1

1

-̧+
+

=
+

ñ a
a

a
a C

x
dxx . 

 2. ,ln Cx
x

dx
+=ñ  

 3. ,
ln

C
a

a
dxa

x
x +=ñ  

 3ʘ. ,Cedxe xx +=ñ  

 4. ñ +-= ,cossin Cxxdx  

 5. ñ += ,sincos Cxxdx  

 6. ,
sin2

Cctgx
x

dx
+-=ñ  

 7. ,
cos2

Ctgx
x

dx
+=ñ  

 8. ,arccosarcsin
1 2

CxCx
x

dx
+-=+=

-
ñ  

 8ʘ. ,arccosarcsin
22

C
a

x
C

a

x

xa

dx
+-=+=

-
ñ  
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 9. ,
1

1
2

CarcctgxCarctgxdx
x

+-=+=
+ñ

 

 9ʘ. ,
111

22
C

a

x
arcctg

a
C

a

x
arctg

a
dx

xa
+-=+=

+ñ
 

 10. .ln 22

22
Caxx

ax

dx
+°+=

°
ñ  

ɿʘʫʚʘʞʝʥʥʷ. ʂʨʽʤ ʽʥʪʝʛʨʘʣʽʚ ʦʩʥʦʚʥʦʾ ʪʘʙʣʠʮʽ ʽʩʥʫʻ ʨʷʜ ʽʥʪʝʛʨʘʣʽʚ, ʷʢʽ 

ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʦʩʥʦʚʥʫ ʪʘʙʣʠʮʶ ʽ ʜʝʷʢʽ ʜʦʧʦʤʽʞʥʽ 

ʟʘʩʦʙʠ. ʆʩʢʽʣʴʢʠ ʮʽ ʽʥʪʝʛʨʘʣʠ ʜʫʞʝ ʯʘʩʪʦ  ʚʠʥʠʢʘʶʪʴ ʧʨʠ ʨʦʟʚôʷʟʫʚʘʥʥʽ 

ʟʘʜʘʯ, ʢʦʨʠʩʥʦ ʾʭ ʟʘʧʘʤôʷʪʘʪʠ ʨʘʟʦʤ ʟ ʬʦʨʤʫʣʘʤʠ ʦʩʥʦʚʥʦʾ ʪʘʙʣʠʮʽ. ʄʠ 

ʤʘʻʤʦ ʥʘ ʫʚʘʟʽ ʪʘʢʽ ʽʥʪʝʛʨʘʣʠ: 

 11.  Cxtgxdx +-=ñ cosln  (ʜʠʚ. ʧ. 6.6), 

 12.  Cxctgxdx +=ñ sinln   (ʜʠʚ. ʧ. 6.6), 

 13.  C
x

tg
x

dx
+=ñ 2

ln
sin

     (ʜʠʚ. ʧ. 6.15), 

 14.  C
x

tg
x

dx
+ö
÷

õ
æ
ç

å
+=ñ 42

ln
cos

p
   (ʜʠʚ. ʧ. 6.15), 

 15.  .ln
2

1
22

C
ax

ax

aax

dx
+

+

-
=

-ñ
 

6.6. ʊʝʦʨʝʤʘ ʧʨʦ ʽʥʚʘʨʽʘʥʪʥʽʩʪʴ ʬʦʨʤʫʣ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ɺʘʞʣʠʚʝ ʤʽʩʮʝ ʩʝʨʝʜ ʽʥʰʠʭ ʨʝʟʫʣʴʪʘʪʽʚ, ʱʦ ʟʘʩʪʦʩʦʚʫʶʪʴʩʷ ʫ 

ʽʥʪʝʛʨʘʣʴʥʦʤʫ ʯʠʩʣʝʥʥʽ ʥʘʣʝʞʠʪʴ ʪʝʦʨʝʤʽ ʧʨʦ ʽʥʚʘʨʽʘʥʪʥʽʩʪʴ ʬʦʨʤʫʣ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ʊɽʆʈɽʄɸ. ʗʢʱʦ ʤʘʻ ʤʽʩʮʝ ʬʦʨʤʫʣʘ ,)()(ñ += CxFdxxf  ʪʦ ʚʦʥʘ    

ʟʘʣʠʰʘʻʪʴʩʷ ʩʧʨʘʚʝʜʣʠʚʦʶ ʫ ʚʠʧʘʜʢʫ, ʷʢʱʦ ʟʤʽʥʥʫ  

                     ̔ ʥʪʝʛʨʫʚʘʥʥʷ x  ʟʘʤʽʥʠʪʠ ʜʝʷʢʦʶ ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʦʶ  

                     ʬʫʥʢʮʽʻʶ )(xj , ʪʦʙʪʦ [ ] () [ ]ñ += CxFxdxf )()( jjj . 

ɼʽʡʩʥʦ, ʷʢʱʦ ,
4

4
3

ñ += C
x

dxx  ʪʦʜʽ ñ += C
x

xdx
4

sin
sinsin

4
3 . 

ʂʦʨʠʩʥʠʤʠ ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʢʦʥʢʨʝʪʥʠʭ ʧʨʠʢʣʘʜʽʚ ʻ ʬʦʨʤʫʣʠ, ʷʢʽ 

ʚʠʧʣʠʚʘʶʪʴ ʟ ʪʝʦʨʝʤʠ ʧʨʦ ʽʥʚʘʨʽʘʥʪʥʽʩʪʴ ʬʦʨʤʫʣ ʽʥʪʝʛʨʫʚʘʥʥʷ: 

16. ,C)x(flndx
)x(f

)x(f
+=

¡
ñ  

ʅʘʧʨʠʢʣʘʜ:      Cxdx
x

x
dx

x

x
tgxdx +-=

-
-==ñ ññ cosln

cos

sin

cos

sin
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17. Cxfdx
xf

xf
+=

¡
ñ )(2

)(

)(
, 

18. ñ += ,)(
1

)( CaxF
a

dxaxf  

     19. ñ ++=+ ,)()( CbxFdxbxf  

           20. ñ ++=+ .)(
1

)( CbaxF
a

dxbaxf  

6.7. ʅʘʡʧʨʦʩʪʽʰʽ ʧʨʠʡʦʤʠ ʽ ʤʝʪʦʜʠ ʽʥʪʝʛʨʫʚʘʥʥʷ 

     ɼʦ ʥʘʡʧʨʦʩʪʽʰʠʭ ʧʨʠʡʦʤʽʚ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʥʘ ʚʽʜʥʝʩʪʠ ʪʘʢʽ, ʧʨʠ ʷʢʠʭ 

ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʤʦʞʥʘ  ʟʚʝʩʪʠ ʜʦ ʪʘʙʣʠʯʥʠʭ ʽʥʪʝʛʨʘʣʽʚ, ʢʦʨʠʩʪʫʶʯʠʩʴ 

ʜʝʷʢʠʤʠ ʪʦʪʦʞʥʠʤʠ ʧʝʨʝʪʚʦʨʝʥʥʷʤʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʛʦ ʚʠʨʘʟʫ. 

     ʊʨʝʙʘ ʟʘʫʚʘʞʠʪʠ, ʱʦ ʽʩʥʫʶʪʴ ʽʥʪʝʛʨʘʣʠ, ʷʢʽ ʥʝ ʙʝʨʫʪʴʩʷ ʫ 

ʝʣʝʤʝʥʪʘʨʥʠʭ ʬʫʥʢʮʽʷʭ, ʘʣʝ ʪʘʢʽ ʚʠʧʘʜʢʠ ʤʠ ʨʦʟʛʣʷʜʘʪʠ ʥʝ ʙʫʜʝʤʦ, 

ʦʩʢʽʣʴʢʠ ʾʭ ʚʠʚʯʝʥʥʷ ʟʥʘʭʦʜʠʪʴʩʷ ʟʘ ʤʝʞʘʤʠ ʥʘʰʦʾ ʧʨʦʛʨʘʤʠ. 

     ʈʦʟʛʣʷʥʝʤʦ ʜʝʢʽʣʴʢʘ ʧʨʠʢʣʘʜʽʚ. 

ʇʨʠʢʣʘʜ 1.    
( )
ñ
-

dx
xx

x
2

1
. 

ʈʦʟʚ'ʷʟʘʥʥʷ.  ʗʢʱʦ ʧʽʜʥʝʩʪʠ ʜʦ ʢʚʘʜʨʘʪʘ ʯʠʩʝʣʴʥʠʢ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ  

ʬʫʥʢʮʽʾ, ʘ ʦʜʝʨʞʘʥʠʡ ʨʝʟʫʣʴʪʘʪ ʧʦʯʣʝʥʥʦ ʧʦʜʽʣʠʪʠ ʥʘ ʟʥʘʤʝʥʥʠʢ, 

ʦʜʝʨʞʠʤʦ ʪʨʠ ʽʥʪʝʛʨʘʣʠ, ʢʦʞʥʠʡ ʟ ʷʢʠʭ ʻ ʪʘʙʣʠʯʥʠʤ: 

.
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2
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2

3

2
4222
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3
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3

2
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+-=
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ñ ñ ñ ññ
 

     ʎʝʡ ʩʘʤʠʡ ʧʨʠʢʣʘʜ ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ, ʟʚʝʨʥʫʚʰʠʩʴ ʜʦ Mathcad. 
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ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʟʘʩʦʙʠ 

ʩʝʨʝʜʦʚʠʱʘ Mathcad, ʥʝʦʙʭʽʜʥʦ ʥʘ ʧʘʥʝʣʽ çCalculusè ʚʠʙʨʘʪʠ ʦʧʝʨʘʪʦʨ 

ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʽ ʚʩʪʘʚʠʪʠ ʡʦʛʦ ʰʘʙʣʦʥ  ʫ ʜʦʢʫʤʝʥʪ. ʋ ʚʠʜʽʣʝʥʽ 

ʧʦʟʠʮʽʾ ʥʝʦʙʭʽʜʥʦ ʚʚʝʩʪʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʫ ʬʫʥʢʮʽʶ ʽ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, 

ʧʽʩʣʷ ʯʦʛʦ ʩʢʦʨʠʩʪʘʪʠʩʴ ʢʥʦʧʢʦʶ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ (ç­è) ʥʘ 

ʧʘʥʝʣʽ çEvaluationè. ʇʝʨʚʽʩʥʘ ʙʫʜʝ ʚʽʜʦʙʨʘʞʝʥʘ ʩʧʨʘʚʘ ʚʽʜ ʩʪʨʽʣʢʠ 

ʦʧʝʨʘʪʦʨʘ ʧʝʨʝʪʚʦʨʝʥʴ (ʨʠʩ. 6.1). ɿʘʫʚʘʞʠʤʦ, ʱʦ ʜʦʚʽʣʴʥʘ ʩʪʘʣʘ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʥʝ ʟʘʧʠʩʫʻʪʴʩʷ. ʋ ʨʦʙʦʯʽʡ ʯʘʩʪʠʥʽ ʜʦʢʫʤʝʥʪʘ ʚʠʚʦʜʷʪʴʩʷ 

ʧʘʥʝʣʽ ʽʥʩʪʨʫʤʝʥʪʽʚ, ʷʢʽ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ. 

ʇʨʠʢʣʘʜ 2. dxx 999)1( +ñ . 

 ʈʦʟʚ'ʷʟʘʥʥʷ. ɺʠʢʦʨʠʩʪʘʥʥʷ ʙʽʥʦʤʘ ʅʴʶʪʦʥʘ ʜʣʷ ʧʝʨʝʪʚʦʨʝʥʥʷ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʥʝʜʦʮʽʣʴʥʦ. ʆʙʝʨʝʤʦ ʽʥʰʠʡ ʰʣʷʭ: ʨʦʟʛʣʷʥʝʤʦ 

ʣʘʥʮʶʞʦʢ ʦʯʝʚʠʜʥʠʭ ʨʽʚʥʦʩʪʝʡ .,)( constadxdadxaxddx ==°=°=   

ʊʘʢʠʤ ʯʠʥʦʤ, ʧʽʜ ʟʥʘʢʦʤ ʜʠʬʝʨʝʥʮʽʘʣʘ ʤʦʞʥʘ ʜʦʜʘʚʘʪʠ ʘʙʦ ʚʽʜʥʽʤʘʪʠ 

ʙʫʜʴ-ʷʢʫ ʩʪʘʣʫ. ʗʢʱʦ ʚʚʘʞʘʪʠ, ʱʦ ʟʤʽʥʥʦʶ ʽʥʪʝʛʨʫʚʘʥʥʷ ʻ ),1( +x  ʪʦ, 

ʜʦʜʘʚʰʠ ʫ ʜʘʥʦʤʫ ʧʨʠʢʣʘʜʽ ʧʽʜ ʟʥʘʢʦʤ ʜʠʬʝʨʝʥʮʽʘʣʘ ʦʜʠʥʠʮʶ, ʦʜʝʨʞʠʤʦ 

ʪʘʙʣʠʯʥʠʡ ʽʥʪʝʛʨʘʣ:  ñ ñ +
+

=++=+ .
1000

)1(
)1()1()1(

1000
999999 C

x
xdxdxx  

      ɼʦ ʨʝʯʽ, ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʨʝʟʫʣʴʪʘʪʫ ʤʦʞʥʘ ʙʫʣʦ ʙ ʧʨʦʩʪʦ ʚʠʢʦʨʠʩʪʘʪʠ 

ʪʘʙʣʠʮʶ ʽʥʪʝʛʨʘʣʽʚ (ʬʦʨʤ.19 ʽ ʬʦʨʤ.1):  .
1000

)1(
)1(

1000
999 C

x
dxx +

+
=+ñ  

ʅʘʨʝʰʪʽ,  ʤʦʞʣʠʚʠʡ ʱʝ ʦʜʠʥ ʧʽʜʭʽʜ:  ʚʚʝʜʝʤʦ ʟʘʤʽʥʫ, ʧʦʢʣʘʚʰʠ 

  ,1+=xz  ʪʦʜʽ dxdz= . 

ɺʠʢʦʨʠʩʪʦʚʫʶʯʠ ʦʩʪʘʥʥʽ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʽ ʪʘʙʣʠʮʶ ʽʥʪʝʛʨʘʣʽʚ (ʬʦʨʤ.1), 

ʤʘʻʤʦ 

.
1000

)1(

1000
)1(

10001000
999999 C

x
C

z
dzzdxx +

+
=+==+ ññ  

   ʉʭʝʤʘ ʨʦʟʚôʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʥʘʚʝʜʝʥʘ ʥʘ ʨʠʩ. 6.2. 

ɼʦʜʘʤʦ, ʱʦ ʧʽʜ ʟʥʘʢ ʜʠʬʝʨʝʥʮʽʘʣʘ ʤʦʞʥʘ ʚʚʦʜʠʪʠ ʩʪʘʣʠʡ  ʤʥʦʞʥʠʢ, 

ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʫ ʙʫʜʴ-ʷʢʦʤʫ ʩʪʝʧʝʥʶ, ʘ ʪʘʢʦʞ ʨʽʟʥʽ ʬʫʥʢʮʽʾ. ʇʨʠ 

ʮʴʦʤʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʽʜʙʫʚʘʻʪʴʩʷ ʥʝ ʧʦ x, ʘ ʧʦ ʜʝʷʢʽʡ ʬʫʥʢʮʽʾ ()xz j=  (ʟʘ 

ʪʝʦʨʝʤʦʶ ʧʨʦ ʽʥʚʘʨʽʘʥʪʥʽʩʪʴ (ʥʝʟʤʽʥʥʽʩʪʴ) ʬʦʨʤʫʣ ʽʥʪʝʛʨʫʚʘʥʥʷ). 

ʅʘʧʨʠʢʣʘʜ, ʧʝʨʰʘ ʬʦʨʤʫʣʘ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ ʟʘʣʠʰʘʻʪʴʩʷ ʫ ʩʠʣʽ, ʷʢʱʦ 

ʽʥʪʝʛʨʘʣ ʤʘʻ ʚʠʛʣʷʜ: 

( ) ( ) .
1

))((

1
))(()()()(

11

C
n

x

n

z
dzzxdxdxxx

nn
n

nn

+
+

=
+

===¡
++

ñññ
j

jjjj  

ɸʥʘʣʦʛʽʯʥʦ ʤʦʞʥʘ ʧʝʨʝʧʠʩʘʪʠ ʽʥʰʽ ʬʦʨʤʫʣʠ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ, 

ʟʘʤʽʥʠʚʰʠ x  ʥʘ ).(xj  ʎʝ  ʜʫʞʝ ʚʘʞʣʠʚʠʡ ʨʝʟʫʣʴʪʘʪ, ʟʘʚʜʷʢʠ ʷʢʦʤʫ ʤʦʞʥʘ 

ʟʥʘʭʦʜʠʪʠ ʚʝʣʠʢʫ ʢʽʣʴʢʽʩʪʴ ʽʥʪʝʛʨʘʣʽʚ. ʋ ʨʦʣʽ ()xj  ʤʦʞʝ ʚʠʩʪʫʧʘʪʠ ʷʢ 

ʣʽʥʽʡʥʘ ʬʫʥʢʮʽʷ, ʪʘʢ ʽ ʙʫʜʴ-ʷʢʘ ʽʥʰʘ ʝʣʝʤʝʥʪʘʨʥʘ ʬʫʥʢʮʽʷ 
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ʈʠʩ. 6.2 

. 

    ʇʨʠʢʣʘʜ 3.  ñ - dxx53 . 

ʈʦʟʚ'ʷʟʘʥʥʷ.  

ɺʽʜʧʦʚʽʜʴ ʤʦʞʥʘ ʟʥʘʡʪʠ ʜʝʢʽʣʴʢʦʤʘ ʰʣʷʭʘʤʠ. ʇʦ-ʧʝʨʰʝ, ʟ ʪʘʙʣʠʮʽ 

ʽʥʪʝʛʨʘʣʽʚ (ʬʦʨʤ. 1, 20) ʚʠʧʣʠʚʘʻ  

.)53(
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2

1
2

1

)53(

5

1
)53( 3

1
2

1

2

1

Cx
x

dxx +--=

+

-
-=-

+

ñ  

ʇʦ-ʜʨʫʛʝ,  ʽʥʪʝʛʨʘʣ ñ dzz  ʻ ʪʘʙʣʠʯʥʠʤ, ʘ ʽʥʪʝʛʨʘʣ ñ - dxx53  ʟʨʦʙʠʪʴʩʷ 

ʪʘʙʣʠʯʥʠʤ,  ʷʢʱʦ ʟʘʤʽʩʪʴ  dx  ʥʘʧʠʰʝʤʦ  -1/5d (3-5x). ɼʽʡʩʥʦ, ʨʦʟʛʣʷʥʝʤʦ 

ʣʘʥʮʶʞʦʢ  ʦʯʝʚʠʜʥʠʭ  ʨʽʚʥʦʩʪʝʡ      )53(
5

1
)5(

5

1

5

5
xdxddxdx --=--=

-

-
= . 

ʊʦʜʽ CxC
z

dzzxdxdxx +--=+-=-=---=-ñ ñ ñ
2/3

2/3

)53(
15

2

2/35

1

5

1
)53(53

5

1
53

     
5x)-3  (z= . 

     ʇʦ-ʪʨʝʪʻ, ʨʝʟʫʣʴʪʘʪ ʦʜʝʨʞʠʤʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʧʽʜʩʪʘʥʦʚʢʠ  

.
5

,5,53
dz

dxdzdxzx -==-=-  

ʉʭʝʤʘ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʧʨʝʜʩʪʘʚʣʝʥʘ ʥʘ ʨʠʩ. 6.3: 
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ʈʠʩ.6.3 

 

ʇʨʠʢʣʘʜ 4.      .
sincos

cossin
dx

xx

xx
ñ -

+
 

 ʈʦʟʚ'ʷʟʘʥʥʷ. ʇʦʭʽʜʥʘ ʟʥʘʤʝʥʥʠʢʘ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʜʦʨʽʚʥʶʻ 

,cossin)sin(cos xxxx --=¡-  ʪʦʙʪʦ ʚ ʯʠʩʝʣʴʥʠʢʫ ʟ ʪʦʯʥʽʩʪʶ ʜʦ ʤʥʦʞʥʠʢʘ (-1) 

ʤʘʻʤʦ ʧʦʭʽʜʥʫ ʟʥʘʤʝʥʥʠʢʘ. ɿ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ (ʬʦʨʤ. 16) ʦʜʝʨʞʠʤʦ  

          dx
xx

xx
dx

xx

xx
ññ -

--
-=

-

+

sincos

cossin

sincos

cossin
 .sincosln Cxx +--=  

ɿʚʝʨʥʝʤʦʩʴ ʜʦ Mathcad:  

 

 
ʈʠʩ.6.4 
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ʇʨʝʜʩʪʘʚʣʝʥʘ ʥʘ ʨʠʩ. 6.4 ʚʽʜʧʦʚʽʜʴ ʟʦʚʥʽ ʚʠʛʣʷʜʘʻ ʽʥʘʢʰʝ, ʥʽʞ ʥʘʚʝʜʝʥʘ 

ʚʠʱʝ ʧʨʠ ʨʦʟʚ'ʷʟʘʥʥʽ ʪʦʛʦ ʞ ʧʨʠʢʣʘʜʫ. ʋ Mathcad, ʦʯʝʚʠʜʥʦ, ʙʫʣʘ 

ʚʠʢʦʨʠʩʪʘʥʘ ʫʥʽʚʝʨʩʘʣʴʥʘ ʧʽʜʩʪʘʥʦʚʢʘ (ʜʠʚ. 6.15), ʪʦʙʪʦ ʟʦʚʩʽʤ ʽʥʰʠʡ 

ʤʝʪʦʜ ʨʦʟʚ'ʷʟʘʥʥʷ. ʆʜʥʘʢ ʦʙʠʜʚʽ ʬʦʨʤʠ ʧʦʜʘʥʥʷ ʨʽʰʝʥʥʷ ʚʽʨʥʽ. ʋ ʮʴʦʤʫ 

ʤʦʞʥʘ ʧʝʨʝʢʦʥʘʪʠʩʷ, ʚʩʪʘʥʦʚʠʚʰʠ, ʱʦ ʧʦʭʽʜʥʽ ʚʽʜ ʧʝʨʚʽʩʥʠʭ ʜʦʨʽʚʥʶʶʪʴ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʽʡ ʬʫʥʢʮʽʾ. 

ɼʽʡʩʥʦ,     ( ) .
sincos

cossin

sincos

cossin
sincosln

xx

xx

xx

xx
xx

-

+
=

-

--
-=

¡
--  

ɺʽʜʧʦʚʽʜʴ, ʦʜʝʨʞʘʥʫ ʫ ʩʝʨʝʜʦʚʠʱʫ Mathcad, ʜʦʮʽʣʴʥʦ ʧʦʧʝʨʝʜʥʴʦ 

ʧʝʨʝʪʚʦʨʠʪʠ: 

( ) ( ).cossinln

2
cos

1
ln

2
cos

1
lncossinln

2
cos

1
ln

2
cos

cossin
ln

2
cos

1
ln

2
cos

2
cos

2
sin2

2
cos

2
sin

ln
2

1ln
2

21
2

ln

2222

22

22

2

2

xx
xx

xx
xx

xx

xx

xxxx

x
tg

x
tg

x
tg

--=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

+

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

---=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

+

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å
-

-=

=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

+

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å
+-

-=ö
÷

õ
æ
ç

å
++

ù
ù
ú

ø

é
é
ê

è
+-ö

÷

õ
æ
ç

å
-

 

ʆʪʞʝ, ( )[ ] .
sincos

sincos

cossin

sincos
cossinln

xx

xx

xx

xx
xx

-

+
=

-

+
-=

¡
--  

ʇʨʠʢʣʘʜ 5.      .
83 2

dx
x

x
ñ
-

 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.16)83( 2 xx -=¡-  ʊʘʢʠʤ ʯʠʥʦʤ, ʫ ʯʠʩʝʣʴʥʠʢʫ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʟ 

ʪʦʯʥʽʩʪʶ ʜʦ ʤʥʦʞʥʠʢʘ (-16) ʤʘʻʤʦ ʧʦʭʽʜʥʫ ʧʽʜʢʦʨʝʥʝʚʦʛʦ ʚʠʨʘʟʫ 

ʟʥʘʤʝʥʥʠʢʘ. ɿ ʪʘʙʣʠʮʽ ʽʥʪʝʛʨʘʣʽʚ (ʬʦʨʤ.17 )    

.83
8

1
832

16

1

83

16

16

1

83

22

22
CxCx

x

dxx
dx

x

x
+--=+-Ö-=

-

-
-=

-
ññ  

ʈʦʟʚ'ʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 6. 5: 

 

 
 

ʈʠʩ. 6.5 
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ʇʨʠʢʣʘʜ 6.        .2

ñ xdxtg  

 ʈʦʟʚ'ʷʟʘʥʥʷ.  

ʆʩʢʽʣʴʢʠ  
x

xtg
2

2

cos

1
1=+  , ʪʦ .1

cos

1
2

2 -=
x

xtg  

ʊʘʢʠʤ ʯʠʥʦʤ, ʦʜʝʨʞʫʻʤʦ: 

.
cos

1
cos

1
22

2 Cxtgxdx
x

dx
dx

x
xdxtg +-=-=ö

÷

õ
æ
ç

å
-= ññ ññ  

 

ʈʦʟʚ'ʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 6. 6:  

 

 
 

ʈʠʩ. 6.6 

ɿʘʫʚʘʞʠʤʦ, ʱʦ ʟʚʦʨʦʪʥʘ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʘ ʬʫʥʢʮʽʷ arctgxʫ Mathcad 

ʤʘʻ ʥʘʩʪʫʧʥʝ ʧʦʟʥʘʯʝʥʥʷ:xatan , ʪʦʤʫ .)tan(tan xxa =  

 ʊʘʢʠʤ ʯʠʥʦʤ, ʚʽʜʧʦʚʽʜʽ, ʱʦ ʦʜʝʨʞʘʥʽ ʧʨʠ ʟʘʩʪʦʩʫʚʘʥʥʽ ʩʝʨʝʜʦʚʠʱʘ 

Mathcad, ʘ ʪʘʢʦʞ ʟʘ ʜʦʧʦʤʦʛʦʶ ʥʘʡʧʨʦʩʪʽʰʠʭ ʧʨʠʡʦʤʽʚ ʽʥʪʝʛʨʫʚʘʥʥʷ, 

ʮʽʣʢʦʤ ʽʜʝʥʪʠʯʥʽ. 

 

ʇʨʠʢʣʘʜ 7. .
cos4ñ x

dx
 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
3

)(

coscoscos

)cos(sin

cos

1

cos
3

2

22

2

4

22

44

Ctgx
xtg

tgxtgxxdtg

x

dx
dx

x

xtg

x

dxxx

x

dx

x

dx

++=+=

=+=
+

=
Ö

=

ñ

ñ ñ ñ ñ ñ
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     ɿʘʤʽʥʶʶʯʠ ʦʜʠʥʠʮʶ ʫ ʯʠʩʝʣʴʥʠʢʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʦʶ ʽ ʧʦʜʽʣʠʚʰʠ 

ʧʦʯʣʝʥʥʦ ʥʘ ʟʥʘʤʝʥʥʠʢ, ʦʜʝʨʞʫʻʤʦ ʜʚʘ ʪʘʙʣʠʯʥʠʭ ʽʥʪʝʛʨʘʣʠ. 

ʅʘ ʨʠʩ. 6.7 ʥʘʚʝʜʝʥʦ ʨʦʟʚôʷʟʘʥʥʷ ʮʴʦʛʦ ʧʨʠʢʣʘʜʫ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad.  

ɿʦʚʥʽ ʚʽʜʧʦʚʽʜʽ, ʦʪʨʠʤʘʥʽ ʽʟ ʟʘʩʪʦʩʫʚʘʥʥʷʤ Mathcad ʽ ʢʣʘʩʠʯʥʠʤ ʰʣʷʭʦʤ, 

ʚʠʛʣʷʜʘʶʪʴ ʥʝ ʦʜʥʘʢʦʚʦ, ʘʣʝ ʥʝʩʢʣʘʜʥʠʤʠ ʧʝʨʝʪʚʦʨʝʥʥʷʤʠ ʤʦʞʥʘ 

ʚʩʪʘʥʦʚʠʪʠ ʾʭ ʨʽʚʥʽʩʪʴ. ɼʽʡʩʥʦ, 

.
3

)3(
3

1
2

cos

1

3

1

cos

cos21

cos3

sin

cos

sin

3

2

cos3

sin 3
2

22

2

3
tgx

xtg
xtgtgx

x
tgx

x

x

x

x

x

x

x

x
+=+=ö

÷

õ
æ
ç

å
+=öö

÷

õ
ææ
ç

å+
=+  

ʇʨʠʯʠʥʘ "ʥʝʩʭʦʞʦʩʪʽ" ʚʽʜʧʦʚʽʜʝʡ ï ʚ  ʚʠʢʦʨʠʩʪʘʥʥʽ ʨʽʟʥʠʭ ʩʧʦʩʦʙʽʚ 

ʨʽʰʝʥʥʷ. ɼʦ ʨʝʯʽ, Mathcad  ʤʘʻ ʫ ʨʦʟʧʦʨʷʜʞʝʥʥʽ ʣʠʰʝ ʪʽ ʘʣʛʦʨʠʪʤʠ, ʷʢʽ ʚ 

ʥʴʦʛʦ ʟʘʢʣʘʜʝʥʽ. ʋ ʮʴʦʤʫ ʩʝʥʩʽ ʡʦʛʦ ʤʦʞʣʠʚʦʩʪʽ ʦʙʤʝʞʝʥʽ. ʑʦ ʩʪʦʩʫʻʪʴʩʷ 

ʚʠʙʦʨʫ ʤʝʪʦʜʫ ʨʦʟʚôʷʟʘʥʥʷ  ʚʟʘʛʘʣʽ, ʪʦ ʥʘʰʽ ʤʦʞʣʠʚʦʩʪʽ ʪʘʢʠʭ ʦʙʤʝʞʝʥʴ ʥʝ 

ʤʘʶʪʴ. ʅʘʰʘ ʟʘʜʘʯʘ ï ʟʨʦʙʠʪʠ ʦʧʪʠʤʘʣʴʥʠʡ ʚʠʙʽʨ. 

 

 
 

ʈʠʩ. 6.7 

 

6.8. ɯʥʪʝʛʨʘʣʠ ʚʠʛʣʷʜʫ ñ ++ qpxx

dx
2  

     ʎʝʡ ʽʥʪʝʛʨʘʣ ʻ ʯʘʩʪʠʥʥʠʤ ʚʠʧʘʜʢʦʤ ʽʥʪʝʛʨʘʣʘ ñ ++
,

2 cbxax

dx
 ʘʣʝ 

ʦʩʪʘʥʥʽʡ ʧʨʠ 0̧a  ʣʝʛʢʦ ʧʨʠʚʝʩʪʠ ʜʦ ñ ++
.

2 qpxx

dx
 ɿʘ ʜʦʧʦʤʦʛʦʶ ʚʠʜʽʣʝʥʥʷ 

ʧʦʚʥʦʛʦ ʢʚʘʜʨʘʪʘ ʫ ʟʥʘʤʝʥʥʠʢʫ ʥʝʚʘʞʢʦ ʦʜʝʨʞʘʪʠ ʥʘʩʪʫʧʥʽ ʪʨʠ ʚʠʧʘʜʢʠ: 
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ñ

ñ

ñ

ñ

î
î
î

í

î
î
î

ì

ë

+-==-=

+=
+

<-=

+
+

-
=

-
>-=

=
++

.
1

)04.(3

;
1

)04(.2

;ln
2

1
)04(.1

2

2

22

2

22

2

2

C
zz

dz
qpD

C
z

arctg
z

dz
qpD

C
z

z

z

dz
qpD

qpxx

dx

bbb

a

a

aa

 

     ʆʩʢʽʣʴʢʠ ʫ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʟʥʘʢʘ ʜʠʩʢʨʠʤʽʥʘʥʪʘ ʽʥʪʝʛʨʘʣ ʧʨʠʚʦʜʠʪʴʩʷ ʜʦ 

ʮʽʣʢʦʤ ʢʦʥʢʨʝʪʥʦʛʦ ʚʠʛʣʷʜʫ, ʪʦ ʮʷ ʦʙʩʪʘʚʠʥʘ ʜʘʻ ʤʦʞʣʠʚʽʩʪʴ ʧʨʦʛʥʦʟʫʚʘʪʠ 

ʨʝʟʫʣʴʪʘʪ, ʦʙʯʠʩʣʠʚʰʠ ʪʽʣʴʢʠ ʟʥʘʢ D . ʂʦʥʢʨʝʪʥʽ ʟʥʘʯʝʥʥʷ ba,,z  

ʦʜʝʨʞʠʤʦ ʧʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʧʨʠʢʣʘʜʽʚ. 

     ʇʨʠʢʣʘʜ 1. .
322ñ -+ xx

dx
 

     ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
3

1
ln

4

1

2)1(

2)1(
ln

22

1

2)1(

)1(

2)1(31)12(32 222222

C
x

x
C

x

x

x

xd

x

dx

xx

dx

xx

dx

+
+

-
=+

++

-+

Ö
=

=
-+

+
=

-+
=

--++
=

-+ ññ ñ ñ
 

ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ  .2,1 =+= axz  
 

ʅʘ ʨʠʩ. 6. 8 ʜʘʥʦ ʚʽʜʧʦʚʽʜʴ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad: 

 

 
 

ʈʠʩ. 6.8 

     ʇʨʠʢʣʘʜ 2.  

     ʈʦʟʚ'ʷʟʘʥʥʷ.  ñ ++ 842 xx

dx
 = .

2

2

2

1

2)2(

)2(

4)44( 222
C

x
arctg

x

xd

xx

dx
+

+
=

++

+
=

+++ ññ  

ʆʯʝʚʠʜʥʦ, ʱʦ ʜʣʷ ʜʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ  .2,2 =+= bxz  
ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6. 9): 
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ʈʠʩ. 6. 9 

     ʇʨʠʢʣʘʜ 3.  

     ʈʦʟʚ'ʷʟʘʥʥʷ. 

ñ ññ +
+

-=
+

+
=

+
=

++
.

3

1

)3(

)3(

)3(96 222
C

xx

xd

x

dx

xx

dx
 

ɼʣʷ ʜʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ  .3+=xz  
 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 6.10): 

 

 
 

ʈʠʩ. 6.10 
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     ʅʘʚʝʜʝʥʽ ʧʨʠʢʣʘʜʠ ʽʣʶʩʪʨʫʶʪʴ ʪʨʠ ʚʠʧʘʜʢʠ, ʷʢʽ ʤʦʞʫʪʴ ʚʠʥʠʢʥʫʪʠ ʧʨʠ 

ʨʦʟʚôʷʟʘʥʥʽ ʟʘʜʘʯ ʥʘ ʽʥʪʝʛʨʘʣʠ ʨʦʟʛʣʷʥʫʪʦʛʦ ʪʠʧʫ. ɼʦʜʘʤʦ, ʱʦ ʩʧʦʩʽʙ 

ʚʠʜʽʣʝʥʥʷ ʧʦʚʥʦʛʦ ʢʚʘʜʨʘʪʘ ʟ ʫʩʧʽʭʦʤ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ, ʢʦʣʠ ʫ 

ʟʥʘʤʝʥʥʠʢʫ ʜʨʦʙʫ ʤʘʻʤʦ ʢʚʘʜʨʘʪʥʠʡ ʢʦʨʽʥʴ ʟ ʢʚʘʜʨʘʪʥʦʛʦ ʪʨʠʯʣʝʥʘ.  

ʇʨʠ ʮʴʦʤʫ ʜʘʥʽ ʽʥʪʝʛʨʘʣʠ ʙʫʜʫʪʴ ʟʚʦʜʠʪʠʩʴ ʜʦ ʪʘʙʣʠʯʥʠʭ ʽʥʪʝʛʨʘʣʽʚ 

(ʬʦʨʤ.8 ʘʙʦ 10). 

     ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʜʠʩʢʨʠʤʽʥʘʥʪ ʢʚʘʜʨʘʪʥʦʛʦ ʪʨʠʯʣʝʥʘ ʫ ʟʥʘʤʝʥʥʠʢʫ 

ʜʦʜʘʪʥʠʡ, ʤʦʞʥʘ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʱʝ ʦʜʠʥ ʩʧʦʩʽʙ, ʷʢʠʡ ʨʦʟʛʣʷʥʝʤʦ ʥʘ 

ʥʘʩʪʫʧʥʦʤʫ ʧʨʠʢʣʘʜʽ. 

     ʇʨʠʢʣʘʜ 4.   ñ +- 1072 xx

dx
. 

ʈʦʟʚ'ʷʟʘʥʥʷ. ʆʩʢʽʣʴʢʠ ʜʠʩʢʨʠʤʽʥʘʥʪ ʢʚʘʜʨʘʪʥʦʛʦ ʪʨʠʯʣʝʥʘ ʫ 

ʟʥʘʤʝʥʥʠʢʫ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʜʦʜʘʪʥʠʡ, ʚʽʥ ʤʘʻ ʜʚʘ ʜʽʡʩʥʠʭ ʨʽʟʥʠʭ 

ʢʦʨʝʥʷ. ʋ ʪʘʢʦʤʫ ʨʘʟʽ ʚʜʘʻʪʴʩʷ ʨʦʟʢʣʘʩʪʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʫ ʬʫʥʢʮʽʶ ʥʘ ʩʫʤʫ 

ʥʘʡʧʨʦʩʪʽʰʠʭ ʜʨʦʙʽʚ. 

ɸ ʩʘʤʝ:      
.52)5)(2(

1

107

1
2 -

+
-

=
--

=
+- x

B

x

A

xxxx
 

ʏʠʩʣʘ ɸ ʠ ɺ ï ʮʝ, ʪʘʢ ʟʚʘʥʽ, ʥʝʚʠʟʥʘʯʝʥ ̔  ʢʦʝʬʽʮʽʻʥʪʠ. ɼʣʷ ʾʭ ʨʦʟʰʫʢʫ 

ʩʢʣʘʜʝʤʦ ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ. ʇʨʠʚʝʜʝʤʦ ʩʫʤʫ ʫ ʧʨʘʚʦʾ ʯʘʩʪʠʥʽ 

ʦʩʪʘʥʥʴʦʛʦ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʜʦ ʩʧʽʣʴʥʦʛʦ ʟʥʘʤʝʥʥʠʢʘ ʽ ʧʨʠʨʽʚʥʷʻʤʦ ʧʦʜʽʙʥʽ 

ʯʣʝʥʠ ʫ ʯʠʩʝʣʴʥʠʢʘʭ ʧʝʨʰʦʾ ʽ ʦʩʪʘʥʥʴʦʾ ʜʨʦʙʽʚ: 

.
107

25)(

)5()2(

)2()5(

52107

1
22 +-

--+
=

-Ö-

-+-
=

-
+

-
=

+- xx

BABAx

xx

xBxA

x

B

x

A

xx
 

ʐʫʢʘʥʘ ʩʠʩʪʝʤʘ ʤʘʻ ʚʠʛʣʷʜ:   .
125

0

í
ì
ë

=--

=+

BA

BA
  

ʆʪʞʝ  .
3

1
,

3

1
=-= BA  

ʊʘʢʠʤ ʯʠʥʦʤ, ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʜʦʨʽʚʥʶʻ ʩʫʤʽ ʜʚʦʭ ʽʥʪʝʛʨʘʣʽʚ: 

ñ ñ +
-

-
=-+--=

-
+

-
- .

2

5
ln

3

1
5ln

3

1
2ln

3

1

53

1

23

1
C

x

x
xx

x

dx

x

dx
 

 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.11): 
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ʈʠʩ. 6. 11 

 

6.9. ɯʥʪʝʛʨʘʣʠ ʚʠʛʣʷʜʫ   ñ ++

+

qpxx

dxBAx
2

)(
 

 

     ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʥʝʦʙʭʜ̔ʥʦ ʧʝʨʝʧʠʩʘʪʠ  ʯʠʩʝʣʴʥʠʢ ʪʘʢʠʤ ʯʠʥʦʤ, ʱʦʙ 

ʚʠʜʽʣʠʪʠ ʚ ʥʴʦʤʫ ʧʦʭʽʜʥʫ ʚʽʜ ʟʥʘʤʝʥʥʠʢʘ: pxqpxx +=¡++ 2)( 2
. ɼʣʷ 

ʮʴʦʛʦ ʫ ʯʠʩʝʣʴʥʠʢʫ ʚʠʢʦʥʫʶʪʴʩʷ ʥʘʩʪʫʧʥʽ ʪʦʪʦʞʥʽ  ʧʝʨʝʪʚʦʨʝʥʥʷ: 

2
)2(

2

Ap
Bpx

A
BAx -++=+ . ʇʨʦʜʝʤʦʥʩʪʨʫʻʤʦ ʮʝʡ ʧʨʠʡʦʤ ʥʘ ʧʨʠʢʣʘʜʽ. 

     ʇʨʠʢʣʘʜ 1. dx
xx

x
ñ ++

-

54

13
2 .  

  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʉʧʦʯʘʪʢʫ ʟʥʘʡʜʝʤʦ ʧʦʭʽʜʥʫ ʟʥʘʤʝʥʥʠʢʘ, ʘ ʧʦʪʽʤ ʧʝʨʝʪʚʦʨʠʤʦ ʯʠʩʝʣʴʥʠʢ: 

.7)42(
2

3

2

43
1)42(

2

3
13;42)54( 2 -+Ö=

Ö
--+Ö=-+=¡++ xxxxxx  

ʊʘʢʠʤ ʯʠʥʦʤ, ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ: 

.)2(754ln
2

3

1)2(

)2(
7

54

)54(

2

3

54
7

54

)42(

2

3

54

7)42(

2

3

54

13

2

22

2

2222

Cxarctgxx
x

xd

xx

xxd

xx

dx

xx

dxx
dx

xx

x
dx

xx

x

++-++=
++

+
-

++

++
=

=
++

-
++

+
=

++

-+
=

++

-

ññ

ññññ
 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 6.12) : 
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ʈʠʩ. 6.12 

6.10. ɺʠʜʽʣʝʥʥʷ ʮʽʣʦʾ ʯʘʩʪʠʥʠ 

 ʇʨʠ ʨʦʟʚôʷʟʘʥʥʽ ʧʨʠʢʣʘʜʽʚ ʥʘ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʪʘʢ ʟʚʘʥʠʭ, ʜʨʦʙʦʚʦ-

ʨʘʮʽʦʥʘʣʴʥʠʭ ʬʫʥʢʮʽʡ, ʥʝʦʙʭʽʜʥʦ ʧʝʨʰ ʟʘ ʚʩʝ, ʷʢʱʦ ʪʨʝʙʘ, ʚʠʜʽʣʠʪʠ ʮʽʣʫ 

ʯʘʩʪʠʥʫ ʮʽʻʾ ʬʫʥʢʮʽʾ. ɼʨʦʙʦʚʦ-ʨʘʮʽʦʥʘʣʴʥʘ ʬʫʥʢʮʽʷ ʟʘʜʘʻʪʴʩʷ ʫ ʚʠʛʣʷʜʽ 

ʚʽʜʥʦʰʝʥʥʷ ʜʚʦʭ ʙʘʛʘʪʦʯʣʝʥʽʚ:   .
...

...

)(

)(
1

10

1

10

n

nn

m

mm

n

m

bxbxb

axaxa

xQ

xP

+++

+++
=

-

-

 ʇʝʨʰ ʥʽʞ 

ʨʦʙʠʪʠ ʱʦʩʴ ʽʥʰʝ, ʪʨʝʙʘ ʧʦʨʽʚʥʷʪʠ ʥʘʡʚʠʱʽ ʩʪʝʧʝʥʽ ʦʙʦʭ ʙʘʛʘʪʦʯʣʝʥʽʚ ʽ 

ʷʢʱʦ nm² , ʚʠʜʽʣʠʪʠ ʮʽʣʫ ʯʘʩʪʠʥʫ ʬʫʥʢʮʽʾ, ʷʢʘ, ʚʟʘʛʘʣʽ ʢʘʞʫʯʠ, ʻ 

ʙʘʛʘʪʦʯʣʝʥʦʤ, ʘ ʧʨʠ ʩʧʽʚʧʘʜʽʥʥʽ ʯʠʩʝʣ m ʽ n  ʜʦʨʽʚʥʶʻ ʢʦʥʩʪʘʥʪʽ. 

    ʇʨʠʢʣʘʜ 1. .
1

12

ñ-
+

dx
x

x
  

     ʈʦʟʚ'ʷʟʘʥʥʷ. 

ñ ññ +-++=
-

++=
-

++-
=

-

+
.1ln2

2
)

1

2
1(

1

11)1(

1

1 222

Cxx
x

dx
x

xdx
x

x
dx

x

x
 

     ɺʠʜʽʣʝʥʥʷ ʮʽʣʦʾ ʯʘʩʪʠʥʠ ʦʜʝʨʞʘʥʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʜʥʦʯʘʩʥʦʛʦ 

ʜʦʜʘʚʘʥʥʷ ʽ ʚʽʜʥʽʤʘʥʥʷ ʦʜʠʥʠʮʽ ʫ ʯʠʩʝʣʴʥʠʢʫ, ʘ ʧʦʪʽʤ ʜʽʣʝʥʥʷ ʥʘ 

ʟʥʘʤʝʥʥʠʢ ʟ ʚʠʢʦʨʠʩʪʘʥʥʷʤ ʚʽʜʦʤʦʾ ʬʦʨʤʫʣʠ ʩʢʦʨʦʯʝʥʦʛʦ ʤʥʦʞʝʥʥʷ:    

).()(22 bababa -Ö+=-  

     ʋ ʙʽʣʴʰ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ (ʧ. 6.11) ʧʨʦʩʪʦ ʜʽʣʷʪʴ ʯʠʩʝʣʴʥʠʢ ʥʘ 

ʟʥʘʤʝʥʥʠʢ ʜʦ ʪʠʭ ʧʽʨ, ʧʦʢʠ ʥʘʡʚʠʱʠʡ ʩʪʝʧʽʥʴ x  ʫ ʟʘʣʠʰʢʫ ʚʽʜ ʜʽʣʝʥʥʷ ʥʝ 

ʩʪʘʥʝ ʭʦʯʘ ʙ ʥʘ ʦʜʠʥʠʮʶ ʥʠʞʯʝ ʟʘ ʥʘʡʚʠʱʠʡ ʩʪʝʧʽʥʴ x  ʫ ʟʥʘʤʝʥʥʠʢʫ ʜʘʥʦʾ 

ʜʨʽʙʥʦ-ʨʘʮʽʦʥʘʣʴʥʦʾ ʬʫʥʢʮʽʾ. 
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          ɿʚʝʨʥʝʤʦʩʴ ʜʦ Mathcad (ʨʠʩ. 6.13): 

 

 
 

ʈʠʩ. 6.13 

ʇʨʠʢʣʘʜ 2. .
4

dx
x

x
ñ+  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

     ɺʠʢʦʥʘʻʤʦ  ʪʦʪʦʞʥʝ  ʧʝʨʝʪʚʦʨʝʥʥʷ: ʜʦʜʘʤʦ ʽ ʚʽʜʥʽʤʝʤʦ ʫ ʯʠʩʝʣʴʥʠʢʫ  4, 

ʟʘʧʠʰʝʤʦ ʡʦʛʦ ʫ ʚʠʛʣʷʜʽ [(ʭ+4) - 4] ʽ ʧʦʯʣʝʥʥʦ ʧʦʜʽʣʠʤʦ ʥʘ ʟʥʘʤʝʥʥʠʢ.              

ɼʘʣʽ ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʚʣʘʩʪʠʚʦʩʪʽ ʽʥʪʝʛʨʘʣʽʚ ʽ ʪʘʙʣʠʮʶ ʽʥʪʝʛʨʘʣʽʚ  

(ʬʦʨʤ. 16): 

ñ ñ ññ ñ ñ ++-=
+

+
-=

+
-=ö

÷

õ
æ
ç

å

+
-=

+

-+
=

+
.4ln4

4

)4(
4

4
4

4

4
1

4

4)4(

4
Cxx

x

xd
x

x

dx
dxdx

x
dx

x

x
dx

x

x

     
ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.14): 

 

 
 

ʈʠʩ. 6.14 
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6.11. ɯʥʪʝʛʨʫʚʘʥʥʷ ʜʨʦʙʦʚʦ-ʨʘʮʽʦʥʘʣʴʥʠʭ ʬʫʥʢʮʽʡ ʫ ʟʘʛʘʣʴʥʦʤʫ 

ʚʠʧʘʜʢʫ 

ɼʨʦʙʦʚʦ-ʨʘʮʽʦʥʘʣʴʥʘ ʬʫʥʢʮʽʷ ï ʮʝ ʚʽʜʥʦʰʝʥʥʷ ʜʚʦʭ ʙʘʛʘʪʦʯʣʝʥʽʚ  

(ʧ. 6. 10):                      .
...

...

)(

)(
1

10

1

10

n

nn

m

mm

n

m

bxbxb

axaxa

xQ

xP

+++

+++
=

-

-

 

ʈʦʟʛʣʷʥʝʤʦ ʟʘʛʘʣʴʥʫ ʩʭʝʤʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʜʨʦʙʦʚʦ-ʨʘʮʽʦʥʘʣʴʥʠʭ 

ʜʨʦʙʽʚ. 

     ʗʢʱʦ ʜʨʽʙ 
)(

)(

xQ

xP

n

m
 ð ʥʝʧʨʘʚʠʣʴʥʠʡ, ʪʦʙʪʦ m ² n, ʥʝʦʙʭʽʜʥʦ ʚʠʜʽʣʠʪʠ 

ʮʽʣʫ ʯʘʩʪʠʥʫ (ʧ. 6. 10). ʆʩʪʘʥʥʷ   ʣʝʛʢʦ ʽʥʪʝʛʨʫʻʪʴʩʷ, ʦʩʢʽʣʴʢʠ ʷʚʣʷʻ ʩʦʙʦʶ 

ʙʘʛʘʪʦʯʣʝʥ (ʘʙʦ ʩʪʘʣʫ, ʷʢʱʦ m = n). ʑʦ ʜʦ ʜʨʦʙʦʚʦ ʾʯʘʩʪʠʥʠ,  ʪʦ ʮʝ  

ʧʨʘʚʠʣʴʥʠʡ  ʜʨ̔ʙ. ɼʝʷʢʽ ʯʘʩʪʠʥʥʽ ʚʠʧʘʜʢʠ ʽʥʪʝʛʨʫʚʘʥʥʷ ʪʘʢʠʭ ʜʨʦʙʽʚ ʙʫʣʦ 

ʨʦʟʛʣʷʥʫʪʦ ʫ ʧ. 6. 8 ʽ 6. 9. 

ʋ ʟʘʛʘʣʴʥʦʤʫ ʚʠʧʘʜʢʫ ʚʠʢʦʥʫʶʪʴʩʷ ʥʘʩʪʫʧʥʽ ʜʽʾ:  

1. ʐʫʢʘʻʤʦ ʢʦʨʝʥʽ ʨʽʚʥʷʥʥʷ 0)( =xQn  ʽ ʧʨʝʜʩʪʘʚʣʷʻʤʦ ʟʥʘʤʝʥʥʠʢ  

)(xQn    ʫ ʚʠʛʣʷʜʽ ʜʦʙʫʪʢʫ   ʤʥʦʞʥʠʢʽʚ, ʱʦ ʤʘʶʪʴ ʚʠʛʣʷʜ 

,...)(,...,)( 2 ma qpxxax ++- ( ʜʝ 0
4

2

<=- Dq
p

).  

2. ʇʨʘʚʠʣʴʥʠʡ ʜʨʽʙ ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʥʘ ʥʘʡʧʨʦʩʪʽʰʽ ʜʨʦʙʠ, ʷʢʽ 

ʤʘʶʪʴ ʚʠʛʣʷʜ: m

mm

a
a

)(
...,,;

)(
....,,

)(
,

22

11

2

21

qpxx

CxB

qpxx

CxB

ax

A

ax

A

ax

A

++

+

++

+

---
 ʟ 

ʥʝʚʠʟʥʘʯʝʥʠʤʠ ʢʦʝʬʽʮʽʻʥʪʘʤʠ, ʤʝʪʦʜʠ ʟʥʘʭʦʜʞʝʥʥʷ ʷʢʠʭ ʙʫʜʫʪʴ 

ʚʠʢʣʘʜʝʥʽ ʥʠʞʯʝ. ʅʘʨʝʰʪʽ ʟʥʘʭʦʜʠʤʦ ʩʫʤʫ ʥʝʚʠʟʥʘʯʝʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ 

ʮʽʣʦʾ ʯʘʩʪʠʥʠ ʽ ʥʘʡʧʨʦʩʪʽʰʠʭ ʜʨʦʙʽʚ. 

6.12. ɯʥʪʝʛʨʫʚʘʥʥʷ ʥʘʡʧʨʦʩʪʽʰʠʭ ʜʨʦʙʽʚ 

1.  .ln CaxA
ax

dx
Adx

ax

A
+-Ö=

-
=

- ññ  ʊʫʪ ʚʠʢʦʨʠʩʪʘʥʽ ʚʣʘʩʪʠʚʦʩʪʽ  

ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʽ ʪʘʙʣʠʮʷ ʽʥʪʝʛʨʘʣʽʚ. 

2. .1,
))(1(1

)(
)(

)( 1

1

¸+
--

==+
+-

-
Ö=-=

- -

+-
-

ññ a
aa a

a
a

a
C

ax

A
C

ax
AdxaxA

ax

A
 

3. ,
2

dx
cbxax

BAx
ñ ++

+
  ʧʨʠʯʦʤʫ, ʜʠʩʢʨʠʤʽʥʘʥʪ   .042 <-= acbD  

(ɿʘʫʚʘʞʠʤʦ, ʱʦ ʫ ʯʘʩʪʠʥʥʦʤʫ ʚʠʧʘʜʢʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦʜʽʙʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ ʨʦʟʛʣʷʜʘʣʦʩʷ ʫ ʧ. 6. 9). ʈʦʟʛʣʷʥʝʤʦ ʟʘʛʘʣʴʥʠʡ ʚʠʧʘʜʦʢ. 

ʇʦʯʠʥʘʻʤʦ ʟ ʨʦʟʰʫʢʫ ʧʦʭʽʜʥʦʾ ʟʥʘʤʝʥʥʠʢʘ, ʪʦʙʪʦ baxcbxax +=¡++ 2)( 2 .  

ʇʦʜʘʣʴʰʽ ʜʽʾ ʚʠʛʣʷʜʘʶʪʴ ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ: 
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Ö
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=
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+
ññññ cbxax

dx

a

bA
Bdx

cbxax

bax

a

A
dx

cbxax

a

bA
Bbax

a

A

dx
cbxax

BAx
2222

)
2

(
2

2

2
)2(

2

  

 = {ʫ ʯʠʩʝʣʴʥʠʢʫ ʧʝʨʰʦʛʦ ʽʥʪʝʛʨʘʣʘ ï ʧʦʭʽʜʥʘ ʚʽʜ ʟʥʘʤʝʥʥʠʢʘ}=  

 

ñ ++

Ö
-+++Ö= .)

2
(ln

2 2

2

cbxax

dx

a

bA
Bcbxax

a

A
 

 ʈʦʟʛʣʷʥʝʤʦ ʦʢʨʝʤʦ  ñ ++ cbxax

dx
2 . 

ñ ++ cbxax

dx
2 ññ ++
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(
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)
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p
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p
qʪʦDʦʩʢʽʣʴʢʠ

p
q

p
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a

p
q

pp
xx

dx

a
ʢʚʘʜʨʘʪʧʦʚʥʠʡʚʠʜʽʣʷʻʤʦʟʥʘʤʝʥʥʠʢʫʫ
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ʆʪʞʝ ʦʩʪʘʪʦʯʥʦ ʤʘʻʤʦ: 
 

.

4

2

4

1

2
ln

2 22

2

2
C

p
q

p
x

arctg
p

qa
a

bA
Bcbxax

a

A
dx

cbxax

BAx
+

-

+

Ö

-Ö

Öö
÷

õ
æ
ç

å Ö
-+++=
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+
ñ  

ʈʦʟʛʣʷʥʝʤʦ ʚʘʞʣʠʚʽ ʯʘʩʪʠʥʥʽ ʚʠʧʘʜʢʠ: 

 

1. ɿʥʘʤʝʥʥʠʢ ʜʨʦʙʫ ʤʘʻ ʪʽʣʴʢʠ ʨʽʟʥʽ ʜʽʡʩʥʽ ʢʦʨʝʥʽ, ʪʦʙʪʦ ʚʽʥ 

ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʥʘ ʜʦʙʫʪʦʢ  ʣʽʥʽʡʥʠʭ ʤʥʦʞʥʠʢʽʚ. 

ʇʨʠʢʣʘʜ 1. .
4

82295
3

23

dx
xx

xxx
ñ -

--+
 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʆʩʢʽʣʴʢʠ ʜʨʽʙ ʥʝʧʨʘʚʠʣʴʥʠʡ, ʪʨʝʙʘ ʚʠʜʽʣʷʪʠ ʮʽʣʫ ʯʘʩʪʠʥʫ. ɼʽʣʠʤʦ 

ʯʠʩʝʣʴʥʠʢ ʥʘ ʟʥʘʤʝʥʥʠʢ:  
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829

5205

482295

2

3

323

--

-

---+

xx

xx

xxxxx

 

ʆʪʞʝ: 

I .
4

829
5

4

82295
3

2

3

23

))())'&
ʜʨʽʙʧʨʘʚʠʣʴʥʠʡ

ʯʘʩʪʠʥʘʮʽʣʘ
xx

xx

xx

xxx

-

--
+=

-

--+

 

ɿʥʘʤʝʥʥʠʢ ʧʨʘʚʠʣʴʥʦʛʦ ʜʨʦʙʫ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ ʜʦʙʫʪʢʫ 

).2()2()4(4 23 +Ö-Ö=-Ö=- xxxxxxx  ʊʘʢʠʤ ʯʠʥʦʤ, ʩʘʤ ʜʨʽʙ ʤʘʻ 

ʥʘʩʪʫʧʥʠʡ ʚʠʛʣʷʜ =
-

--

xx

xx

4

829
3

2

.
22)2()2(

829 2

+
+

-
+=

+Ö-Ö

--

x

C

x

B

x

A

xxx

xx
 

ʅʝʚʠʟʥʘʯʝʥʽ ʢʦʝʬʽʮʽʻʥʪʠ  ɸ, ɺ, ʉ ʟʥʘʭʦʜʠʤʦ ʪʘʢ: ʧʨʘʚʫ ʯʘʩʪʠʥʫ ʦʩʪʘʥʥʴʦʾ 

ʨʽʚʥʦʩʪʽ ʧʨʠʚʦʜʠʤʦ ʜʦ ʟʘʛʘʣʴʥʦʛʦ ʟʥʘʤʝʥʥʠʢʘ ʽ ʧʨʠʨʽʚʥʶʻʤʦ ʯʠʩʝʣʴʥʠʢʠ 

ʜʘʥʦʛʦ ʜʨʦʙʫ ʽ ʦʜʝʨʞʘʥʦʛʦ : 

).2()2()2()2(829 2 -ÖÖ++ÖÖ++Ö-Ö=-- xxCxxBxxAxx  
ʇʽʜʩʪʘʚʣʷʶʯʠ ʟʘʤʽʩʪʴ x ʚ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ ʟʥʘʯʝʥʥʷ 

ʢʦʨʝʥʽʚ ʟʥʘʤʝʥʥʠʢʘ), ʤʘʻʤʦ: 

.4832

,3824

,248

2

2

0

=Ý=

=Ý=

=Ý-=-

-=

=

=

CC

BB

AA

x

x

x

 

     ʊʘʢʠʡ ʩʧʦʩʽʙ ʟʥʘʭʦʜʞʝʥʥʷ  ʢʦʝʬʽʮʽʻʥʪʽʚ ʥʘʟʠʚʘʻʪʴʩʷ ʩʧʦʩʦʙʦʤ 

ʯʘʩʪʠʥʥʠʭ ʟʥʘʯʝʥʴ. ʆʩʪʘʪʦʯʥʦ ʦʜʝʨʞʫʻʤʦ: 

 

.2ln42ln3ln25
2

4

2

32
5

4

82295
3

23

Cxxxxdx
xxx

dx
xx

xxx
++Ö+-Ö+Ö+=ö

÷

õ
æ
ç

å

+
+

-
++=

-

--+
ññ

  

ʈʦʟʚô̫ ʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 6.15.  

ʉʣʽʜ ʟʘʫʚʘʞʠʪʠ, ʱʦ ʧʨʠʢʣʘʜʠ ʥʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʜʨʦʙʦʚʦ-ʨʘʮʽʦʥʘʣʴʥʠʭ 

ʬʫʥʢʮʽʡ ʥʘʡʢʨʘʱʠʤ ʯʠʥʦʤ ʧʽʜʭʦʜʷʪʴ ʜʣʷ ʨʦʟʚ'ʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ 

Mathcad, ʦʩʢʽʣʴʢʠ "ʨʫʯʥʠʡ" ʩʧʦʩʽʙ ʚʠʤʘʛʘʻ ʟʥʘʯʥʠʭ ʚʠʪʨʘʪ ʯʘʩʫ ʜʣʷ 

ʚʠʢʦʥʘʥʥʷ ʭʘʡ ʽ ʥʝ ʩʢʣʘʜʥʠʭ, ʘʣʝ ʛʨʦʤʽʟʜʢʠʭ ʚʠʢʣʘʜʦʢ.  
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ʈʠʩ. 6.15 

 

2. ɿʥʘʤʝʥʥʠʢ ʜʨʦʙʫ ʤʘʻ ʪʽʣʴʢʠ ʜʽʡʩʥʽ ʢʦʨʝʥʽ, ʜʝʷʢʽ ʟ ʷʢʠʭ ʢʨʘʪʥʽ, 

ʪʦʙʪʦ ʚʽʥ ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʥʘ ʤʥʦʞʥʠʢʠ ʧʝʨʰʦʛʦ ʩʪʝʧʝʥʷ, ʩʝʨʝʜ ʷʢʠʭ ʻ ʪʘʢʽ, 

ʱʦ ʧʦʚʪʦʨʶʶʪʴʩʷ. 

  

ʇʨʠʢʣʘʜ 2. .
5

)3(
23ñ +

+

xx

dxx
 

ʈʦʟʚ'ʷʟʘʥʥʷ. ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʥʝ ʪʨʝʙʘ ʚʠʜʽʣʷʪʠ ʮʽʣʫ ʯʘʩʪʠʥʫ, ʪʦʤʫ 

ʰʫʢʘʻʤʦ ʢʦʨʝʥʽ ʟʥʘʤʝʥʥʠʢʘ. ʃʝʛʢʦ ʙʘʯʠʪʠ, ʱʦ ʦʩʪʘʥʥʽʡ ʤʘʻ ʜʚʘ ʜʽʡʩʥʠʭ 

ʢʦʨʝʥʷ ʭ = - 5 ʽ ʭ = 0 (ʮʝʡ ʢʦʨʽʥʴ ʜʚʦʢʨʘʪʥʠʡ). ʊʦʙʪʦ ʤʘʻʤʦ: 

).5(5 223 +=+ xxxx  ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʥʘ ʥʘʡʧʨʦʩʪʽʰʽ 

ʜʨʦʙʠ: ,
5)5(

3

5

3
2223 +
++=

+

+
=

+

+

x

C

x

B

x

A

xx

x

xx

x
 ʜʝ ɸ, ɺ, ʉ ï ʪʘʢ ʟʚʘʥʽ, 

ʥʝʚʠʟʥʘʯʝʥʽ ʢʦʝʬʽʮʽʻʥʪʠ, ʷʢʽ ʰʫʢʘʻʤʦ ʪʘʢ ʩʘʤʦ, ʷʢ ʫ ʧʦʧʝʨʝʜʥʴʦʤʫ  

ʧʨʠʢʣʘʜʽ. .)5()5(3 2xCxBxxAx Ö++Ö++ÖÖ=+  ɼʘʣʽ ʧʨʠʨʽʚʥʶʻʤʦ 

ʢʦʝʬʽʮʽʻʥʪʠ ʧʨʠ ʦʜʥʘʢʦʚʠʭ ʩʪʝʧʝʥʷʭ x
2
 ʟʣʽʚʘ ʽ ʩʧʨʘʚʘ, ʘ ʪʘʢʦʞ 

ʧʽʜʩʪʘʚʣʷʻʤʦ ʟʘʤʽʩʪʴ  ʭ ʢʦʨʝʥʽ ʟʥʘʤʝʥʥʠʢʘ ʫ ʦʩʪʘʥʥʶ ʨʽʚʥʽʩʪʴ. ʆʜʝʨʞʫʻʤʦ 

ʩʠʩʪʝʤʫ ʣʽʥʽʡʥʠʭ ʨʽʚʥʷʥʴ ʚʽʜʥʦʩʥʦ ʥʝʚʠʟʥʘʯʝʥʠʭ ʢʦʝʬʽʮʽʻʥʪʽʚ:  

.

25

2
0

25

2
252

5

3
53

5

0

2

=-=Ý+=

-=Ý=-

=Ý=

-=

=

CACA

CC

BB

x

x

x

 

     ʎʝʡ ʩʧʦʩʽʙ ʟʥʘʭʦʜʞʝʥʥʷ  ʢʦʝʬʽʮʽʻʥʪʽʚ ʥʘʟʠʚʘʻʪʴʩʷ ʩʧʦʩʦʙʦʤ ʧʦʨʽʚʥʷʥʥʷ 

ʢʦʝʬʽʮʽʻʥʪʽʚ. 

     ʆʩʪʘʪʦʯʥʦ ʤʘʻʤʦ: 
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          ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.16): 

 

 
ʈʠʩ. 6.16 

 

3. ɿʥʘʤʝʥʥʠʢ ʜʨʦʙʫ ʤʦʞʝ ʤʘʪʠ ʢʦʤʧʣʝʢʩʥʽ ʨʽʟʥʽ ʢʦʨʝʥʽ.   

ʇʨʠʢʣʘʜ 3. .
13

dx
x

x
ñ-

  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʇʽʜ ʟʥʘʢʦʤ ʽʥʪʝʛʨʘʣʘ ʤʘʻʤʦ ʧʨʘʚʠʣʴʥʠʡ ʜʨʽʙ. ʁʦʛʦ ʟʥʘʤʝʥʥʠʢ ʤʦʞʥʘ 

ʨʦʟʢʣʘʩʪʠ ʥʘ ʤʥʦʞʥʠʢʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʚʽʜʦʤʫ ʬʦʨʤʫʣʫ ʩʢʦʨʦʯʝʥʦʛʦ 

ʤʥʦʞʝʥʥʷ: ).1()1(1 23 ++Ö-=- xxxx   ʂʚʘʜʨʘʪʥʠʡ ʪʨʠʯʣʝʥ  (ʭ
2
+ʭ+1) ʤʘʻ 

ʚʜ̔ôʻʤʥʠʡ  ʜʠʩʢʨʠʤʽʥʘʥʪ. ʋ ʪʘʢʦʤʫ ʚʠʧʘʜʢʫ ʮʝʡ ʢʚʘʜʨʘʪʥʠʡ ʪʨʠʯʣʝʥ 

ʟʘʣʠʰʘʶʪʴ ʙʝʟ ʟʤʽʥ, ʘ ʨʦʟʢʣʘʜ ʬʫʥʢʮʽʾ ʥʘ ʩʫʤʫ ʧʨʦʩʪʠʭ ʜʨʦʙʽʚ ʥʘʙʫʚʘʻ 

ʚʠʛʣʷʜʫ: 
.11)1()1(1 223 ++

+
+

-
=

++Ö-
=

- xx

CBx

x

A

xxx

x

x

x
 (ʫ ʯʠʩʝʣʴʥʠʢʫ 

ʦʩʪʘʥʥʴʦʛʦ ʜʨʦʙʫ - ʙʘʛʘʪʦʯʣʝʥ, ʩʪʝʧʽʥʴ ʷʢʦʛʦ ʥʘ ʦʜʠʥʠʮʶ  ʥʠʞʯʝ ʩʪʝʧʝʥʷ 

ʟʥʘʤʝʥʥʠʢʘ). ɼʘʣʽ  ʟʥʘʭʦʜʠʤʦ  ʥʝʚʠʟʥʘʯʝʥʽ ʢʦʝʬʽʮʽʻʥʪʠ: 
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xCBxxxAx
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ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 6.17): 

 

 
 

ʈʠʩ. 6. 17 

 

6.13. ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʫ ʥʝʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ 

 

     ʈʦʟʛʣʷʥʝʤʦ ʽʥʪʝʛʨʘʣ ʚʽʜ ʜʦʙʫʪʢʫñ ¡Ö dxxxf )())(( jj . ɿʘʤʽʥʘ ʟʤʽʥʥʠʭ  

dtdxxtx =¡Ý= )()( jj  ʧʨʠʚʦʜʠʪ ɹ ʮʝʡ ʽʥʪʝʛʨʘʣ ʜʦ ʚʠʛʣʷʜʫ ñ dttf )( .  

ɿʥʘʭʦʜʷʯʠ ʧʝʨʚʽʩʥʫ ( ʘ ʮʝʡ ʽʥʪʝʛʨʘʣ, ʷʢ ʧʨʘʚʠʣʦ, ʧʨʦʩʪʽʰʝ, ʥʽʞ 

ʧʦʯʘʪʢʦʚʠʡ), ʦʜʝʨʞʫʻʤʦ .)()( CtFdttf +=ñ  ʉʣʽʜ ʚʽʜʤʽʪʠʪʠ, ʱʦ ʧʽʩʣʷ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʥʝʦʙʭʽʜʥʦ ʧʦʚʝʨʥʫʪʠʩʷ ʜʦ ʧʦʯʘʪʢʦʚʦʾ ʟʤʽʥʥʦʾ, ʪʦʙʪʦ     

.))(()()( CxFCtFdttf +=+=ñ j  

     ʇʨʠʢʣʘʜ 1. ñ .
cos

1
2

dx
x

etgx
 



205 
 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ñ ñ +=+==
=

=
= .

cos

1
cos

1

2
2

CeCedte
dtdx

x

ttgx
dx

x
e tgxtttgx

 

ʊʦʡ ʩʘʤʠʡ ʨʝʟʫʣʴʪʘʪ ʤʦʞʥʘ ʦʜʝʨʞʘʪʠ, ʷʢʱʦ ʚʠʢʦʨʠʩʪʘʪʠ  ʦʧʝʨʘʮʽʶ 

ʧʽʜʚʝʜʝʥʥʷ ʧʽʜ ʟʥʘʢ ʜʠʬʝʨʝʥʮʽʘʣʘ ʽ ʪʝʦʨʝʤʫ ʦʙ ʽʥʚʘʨʽʘʥʪʥʦʩʪʽ ʬʦʨʤʫʣ 

ʽʥʪʝʛʨʫʚʘʥʥʷ  ññ +=Ö=¡Ö .))(()())(()())(( CxFxdxfdxxxf jjjjj  

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʧʝʨʚʽʩʥʘ ʮʴʦʛʦ, ʥʘ ʧʝʨʰʠʡ ʧʦʛʣʷʜ, ʧʨʦʩʪʦʛʦ   

ʽʥʪʝʛʨʘʣʘ ʯʝʨʝʟ ʚʙʫʜʦʚʘʥʽ ʫ ʩʝʨʝʜʦʚʠʱʝ ʟʘʩʦʙʠ, ʚʠʨʘʞʘʻʪʴʩʷ 

ʢʦʤʧʣʝʢʩʥʠʤʠ ʬʫʥʢʮʽʷʤʠ, ʢʨʽʤ ʮʴʦʛʦ, ʧʨʠ ʚʠʟʥʘʯʝʥʥʽ ʧʝʨʚʽʩʥʦʾ ʯʘʩʪʦ 

ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʛʽʧʝʨʙʦʣʽʯʥʽ ʬʫʥʢʮʽʾ, ʱʦ ʤʦʞʝ ʥʝ ʟʘʜʦʚʦʣʴʥʷʪʠ 

ʢʦʨʠʩʪʫʚʘʯʘ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʥʝʦʙʭʽʜʥʦ ʩʘʤʦʩʪʽʡʥʦ ʨʦʟʨʦʙʠʪʠ ʽ 

ʨʝʘʣʽʟʫʚʘʪʠ ʟʘʤʽʥʫ ʟʤʽʥʥʦʾ ʜʣʷ ʦʪʨʠʤʘʥʥʷ ʧʨʠʡʥʷʪʥʦʛʦ ʨʝʟʫʣʴʪʘʪʫ.  

 

 
ʈʠʩ. 6. 18 

 

     ʇʨʠʢʣʘʜ 2. ñ .
ln3

dx
x

x
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ʈʦʟʚ'ʷʟʘʥʥʷ. 

ñ ñ ñ +=Ö=Ö= .
4

ln
lnln

1
ln

ln 4
33

3

C
x

xdxdx
x

xdx
x

x
 

 

 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʮʝʡ ʞʝ ʧʨʠʢʣʘʜ ʧʦʢʘʟʘʥʠʡ ʥʘ ʨʠʩ. 6.19. 

     ʉʣʽʜ ʟʘʟʥʘʯʠʪʠ, ʱʦ ʫ ʜʝʷʢʠʭ ʚʠʧʘʜʢʘʭ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ 

ʝʬʝʢʪʠʚʥʦʶ ʻ ʟʘʤʽʥʘ dttdxtx )()( jj ¡=Ý= .  

ɺʽʜʧʦʚʽʜʥʽ ʧʨʠʢʣʘʜʠ ʨʦʟʛʣʷʥʝʤʦ ʫ ʧ. 6.16. 

 

 
ʈʠʩ. 6. 19 

  

6.14. ɯʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ 

 

 ʈʦʟʛʣʷʥʝʤʦ ʜʠʬʝʨʝʥʮʽʘʣ ʜʦʙʫʪʢʫ: .)( udvvduvud +=Ö ʇʝʨʝʧʠʰʝʤʦ 

ʮʝ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷ ʪʘʢ: vduvududv -Ö= )( , ʘ ʪʝʧʝʨ ʚʽʟʴʤʝʤʦ ʥʝʚʠʟʥʘʯʝʥʠʡ 

ʽʥʪʝʛʨʘʣ ʟ ʦʙʦʭ ʩʪʦʨʽʥ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ. ʆʜʝʨʞʠʤʦ ʬʦʨʤʫʣʫ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʧʦ ʯʘʩʪʠʥʘʭ: 
   

                                
.ññ -= vduuvudv

                                              (6.2)
 

 ɿʘʫʚʘʞʠʤʦ, ʱʦ ʮʝʡ ʤʝʪʦʜ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʧʨʠ ʟʥʘʭʦʜʞʝʥʥʽ 

ʽʥʪʝʛʨʘʣʽʚ, ʟʦʢʨʝʤʘ, ʚʽʜ ʜʦʙʫʪʢʽʚ ʬʫʥʢʮʽʡ , ʱʦ ʥʝ ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʚʠʧʘʜʢʫ, 

ʨʦʟʛʣʷʥʫʪʦʤʫ ʜʘʣʽ ʫ  ʧ. 6.13:   ñ Ö dxxfxf )()( 21 . 
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     ɼʣʷ ʫʩʧʽʰʥʦʛʦ ʚʠʢʦʨʠʩʪʘʥʥʷ  ʤʝʪʦʜʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʤ ʟʘ u 

ʥʝʦʙʭʽʜʥʦ ʧʨʠʡʥʷʪʠ ʪʫ ʟ ʬʫʥʢʮʽʡ ()(1 xf ʘʙʦ )(2 xf ), ʷʢʘ çʩʧʨʦʱʫʻʪʴʩʷè ʧʨʠ 

ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʽ, ʘ ʟʘ dv - ʚʠʨʘʟ, ʽʥʪʝʛʨʘʣ ʚʽʜ ʷʢʦʛʦ ʤʦʞʥʘ ʣʝʛʢʦ ʟʥʘʡʪʠ. 

ʅʠʞʯʝ ʨʦʟʛʣʷʜʘʶʪʴʩʷ ʜʝʢʽʣʴʢʘ ʚʠʧʘʜʢʽʚ, ʜʣʷ ʷʢʠʭ, ʥʘ ʦʩʥʦʚʽ ʟʘʛʘʣʴʥʦʛʦ 

ʧʨʠʥʮʠʧʫ ʚʠʙʦʨʫ u d̔v, ʜʘʥʦ ʢʦʥʢʨʝʪʥʽ ʨʝʢʦʤʝʥʜʘʮʽʾ: 

 

     1. ñ
ý
ü
û

í
ì
ë
Ö .)( dx

ʬʫʥʢʮʽʷʨʠʯʥʘʪʨʠʛʦʥʦʤʝʪ

ʬʫʥʢʮʽʷʘʧʦʢʘʟʥʠʢʦʚ
xPm  ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʪʨʝʙʘ 

ʦʙʠʨʘʪʠ ʫ ʷʢʦʩʪʽ u  ʙʘʛʘʪʦʯʣʝʥ ),(xPm  ʪʦʙʪʦ ).(xPu m=  ʇʨʠ ʦʜʥʦʨʘʟʦʚʦʤʫ 

ʚʠʢʦʨʠʩʪʘʥʥʽ ʬʦʨʤʫʣʠ, ʩʪʝʧʽʥʴ ʙʘʛʘʪʦʯʣʝʥʘ ʟʥʠʞʫʻʪʴʩʷ ʥʘ ʦʜʠʥʠʮʶ. ʏʝʨʝʟ 

m ʢʨʦʢʽʚ ʩʪʝʧʽʥʴ ʙʘʛʘʪʦʯʣʝʥʘ ʥʘʨʝʰʪʽ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʥʫʣʶ, ʘ ʧʽʜ ʟʥʘʢʦʤ 

ʽʥʪʝʛʨʘʣʘ ʟʘʣʠʰʠʪʴʩʷ ʪʽʣʴʢʠ ʧʦʢʘʟʥʠʢʦʚʘ  ʘʙʦ ʪʽʣʴʢʠ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʘ 

ʬʫʥʢʮʽʷ.  

     ʇʨʠʢʣʘʜ 1. ñ Ö+ .)1( 2 dxex x  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
4

1
)1(

2

1

2

1
)1(

2

1

2

1
;

;1
)1(

22

22

2

2

2

Ceex

dxeex
evdxdu

dvdxexu
dxex

xx

xx

x

x

x

+-+Ö=

=-+Ö=
îý

î
ü

û

îí

î
ì

ë

==

=+=
=Ö+ ññ

 

 
     ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.20): 
 

 
 

ʈʠʩ. 6.20 
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     2. .... dx
ʬʫʥʢʮʽʷʨʠʯʥʘʪʨʠʛʦʥʦʤʝʪʦʙʝʨʥʝʥʘ

ʬʫʥʢʮʽʷʥʘʣʦʛʘʨʠʬʤʽʯ
ñ

ý
ü
û

í
ì
ë

  

ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʪʨʝʙʘ ʦʙʠʨʘʪʠ ʫ ʷʢʦʩʪʽ  u  ʘʙʦ ʣʦʛʘʨʠʬʤʽʯʥʫ, ʘʙʦ 

ʦʙʝʨʥʝʥʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʫ  ʬʫʥʢʮʽʶ. 

     ʇʨʠʢʣʘʜ 2. ñ .arctgxdx  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ñ ñ ++-Ö=
+

-Ö=
îý

î
ü

û

îí

î
ì

ë

=
+

=

==

= .1ln
2

1

1;
1

;;
2

2
2

Cxarctgxx
x

xdx
arctgxx

xv
x

dx
du

dxdvarctgxu

arctgxdx  

ʋ ʩʝʨʝʜʦʚʠʱʽ  Mathcad  ʦʜʝʨʞʠʤʦ (ʨʠʩ. 6.21): 

 

 
 

ʈʠʩ. 6.21 

     ʇʨʠʢʣʘʜ 3.  ñ .ln 2 xdx  

ʈʦʟʚ'ʷʟʘʥʥʷ.

.2ln2lnln2ln
;

;;ln

ln2ln
ln

2ln
;

1
ln2

;;ln
ln

22

22

2

2

Cxxxxx
x

dx
xxxxx

xv
x

dx
du

dxdvxu

xdxxxdx
x

xx
xx

xvdx
x

xdu

dxdvxu
xdx

++Ö-Ö=+Ö-Ö=
îý

î
ü

û

îí

î
ì

ë
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==
=
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Ö

-Ö=
îý

î
ü

û

îí

î
ì

ë

=Ö=

==
=

ñ

ñ ñ ñ

 

ɿʚʝʨʥʝʤʦ ʫʚʘʛʫ ʥʘ ʪʝ, ʱʦ ʬʦʨʤʫʣʘ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʣʘʩʴ ʜʚʽʯʽ. ʇʨʠ ʮʴʦʤʫ ʥʘ ʢʦʞʥʦʤʫ ʢʨʦʮʽ ʩʪʝʧʽʥʴ ʣʦʛʘʨʠʬʤʘ 

ʟʥʠʞʫʚʘʚʩʷ ʥʘ ʦʜʠʥʠʮʶ.  

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad  ʦʜʝʨʞʠʤʦ (ʨʠʩ.6.22) : 
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ʈʠʩ. 6.22 

  

     3. ñ ññ öö
÷

õ
ææ
ç

å

+

+
Ö+ xdxxdxdx

mlx

mlx
a pkx lnsin,lncos,

)cos(

)sin(
 ʽʥʪʝʛʨʫʶʪʴʩʷ ʧʦ 

ʯʘʩʪʠʥʘʭ ʜʚʽʯʽ. ʇʨʠ ʮʴʦʤʫ, ʫ ʨʦʣʽ u  ʦʙʠʜʚʘ ʨʘʟʠ ʪʨʝʙʘ ʙʨʘʪʠ ʱʦʩʴ ʦʜʥʝ. 

ʅʘʧʨʠʢʣʘʜ, ʫ ʧʝʨʰʦʛʦ ʟ ʥʘʚʝʜʝʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʘʙʦ ʜʚʽʯʽ ʟʘ u  ʙʝʨʝʤʦ 

ʧʦʢʘʟʥʠʢʦʚʫ ʬʫʥʢʮʽʶ, ʘʙʦ ï ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʫ. ʅʘ ʨʝʟʫʣʴʪʘʪʽ ʮʝ ʥʝ 

ʚʽʜʦʙʨʘʟʠʪʴʩʷ. ɼʣʷ ʜʨʫʛʦʛʦ ʽ ʪʨʝʪʴʦʛʦ ʽʥʪʝʛʨʘʣʽʚ ʫ ʷʢʦʩʪʽ u  ʜʚʽʯʽ ʙʝʨʝʪʴʩʷ 

ʩʢʣʘʜʥʘ ʬʫʥʢʮʽʷ. ɺ ʨʝʟʫʣʴʪʘʪʽ ʮʠʭ ʜʽʡ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʚʠʥʠʢʘʻ ʪʘʢʠʡ ʞʝ 

ʽʥʪʝʛʨʘʣ, ʷʢ ʽ ʜʘʥʠʡ, ʘʣʝ ʟ ʽʥʰʠʤ ʢʦʝʬʽʮʽʻʥʪʦʤ. ʊʦʙʪʦ ʦʜʝʨʞʫʻʤʦ ʣʽʥʽʡʥʝ 

ʚʽʜʥʦʩʥʦ ʰʫʢʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʨʽʚʥʷʥʥʷ, ʷʢʝ ʣʝʛʢʦ ʨʦʟʚôʷʟʫʻʪʴʩʷ.  

     ʇʨʠʢʣʘʜ 4. ñ .lncos xdx  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.lncoslnsinlncos
;

1
lncos

;;lnsin

lnsinlncos
;

1
lnsin

;;lncos
lncos

ñ

ñ ñ

-Ö+Ö=
îý

î
ü

û

îí

î
ì

ë

=Ö=

==
=

=+Ö=
îý

î
ü

û

îí

î
ì

ë

=Ö-=

==
=

xdxxxxx
xvdx

x
xdu

dxdvxu

xdxxx
xvdx

x
xdu

dxdvxu
xdx

 

ʈʦʟʚôʷʟʫʶʯʠ ʚʽʜʥʦʩʥʦ ʰʫʢʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʦʜʝʨʞʠʤʦ: 

( ) .lnsinlncos
2

lncos Cxx
x

xdx ++=ñ  

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ.6.23): 
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ʈʠʩ. 6.23 

  ɿʘʫʚʘʞʝʥʥʷ. ʅʝʟʚʘʞʘʶʯʠ ʥʘ ʪʝ, ʱʦ ʮʝʡ ʤʝʪʦʜ ʨʦʟʨʦʙʣʝʥʠʡ ʜʣʷ 

ʢʦʥʢʨʝʪʥʠʭ ʢʣʘʩʽʚ ʽʥʪʝʛʨʘʣʽʚ, ʡʦʛʦ ʽʥʢʦʣʠ ʤʦʞʥʘ ʫʩʧʽʰʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ 

ʽ ʫ ʪʘʢʠʭ ʚʠʧʘʜʢʘʭ, ʢʦʣʠ ʽʩʥʫʶʪʴ ʽʥʰʽ ʰʣʷʭʠ ʜʣʷ ʨʦʟʚôʷʟʫʚʘʥʥʷ ʟʘʜʘʯ. 

ɼʦʙʨʠʤ ʧʨʠʢʣʘʜʦʤ ʤʦʞʥʘ ʚʚʘʞʘʪʠ ʽʥʪʝʛʨʘʣʠ ññ -° dxxadxax 2222 , . ɼʘʥʽ 

ʽʥʪʝʛʨʘʣʠ ʤʦʞʥʘ ʙʨʘʪʠ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ  ʟʘʤʽʥʫ ʟʤʽʥʥʦʾ (ʧ. 6.16), ʘʣʝ ʜʣʷ 

ʥʴʦʛʦ ʩʘʤʝ ʤʝʪʦʜ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ ʻ ʥʘʡʙʽʣʴʰ ʨʘʮʽʦʥʘʣʴʥʠʤ. ʅʘ 

ʚʽʜʤʽʥʫ ʚʽʜ ʧʦʧʝʨʝʜʥʴʦʛʦ ʚʠʧʘʜʢʫ, ʧʦ ʯʘʩʪʠʥʘʭ ʙʝʨʝʤʦ ʦʜʠʥ ʨʘʟ, ʘʣʝ, 

ʚʠʢʦʥʘʚʰʠ ʜʝʷʢʽ ʧʝʨʝʪʚʦʨʝʥʥʷ,  ʚ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʦʜʝʨʞʠʤʦ ʪʘʢʠʡ ʞʝ 

ʽʥʪʝʛʨʘʣ,  ʷʢ ʽ ʜʘʥʠʡ, ʘʣʝ ʟ ʽʥʰʠʤ  ʢʦʝʬʽʮʽʻʥʪʦʤ. ɼʘʣʽ ʟʥʘʭʦʜʠʤʦ ʰʫʢʘʥʠʡ 

ʽʥʪʝʛʨʘʣ ʟ ʣʽʥʽʡʥʦʛʦ ʨʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ ʮʴʦʛʦ ʽʥʪʝʛʨʘʣʘ.  

 

     ʇʨʠʢʣʘʜ 5. ñ + .42 dxx  

ʈʦʟʚ'ʷʟʘʥʥʷ. 
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ɿʚʽʜʩʠ dxxñ +42
= .4ln44

2

1 22 Cxxxx +ö
÷
õæ

ç
å ++++Ö  



211 
 

     ʋ ʮʴʦʤʫ ʧʨʠʢʣʘʜʽ, ʷʢ ʽ ʚ ʽʥʰʠʭ, ʜʣʷ ʟʨʫʯʥʦʩʪʽ ʩʢʣʘʜʘʻʪʴʩʷ ʜʦʧʦʤʽʞʥʘ 

ʪʘʙʣʠʮʷ (ʚʦʥʘ ʧʦʤʽʱʝʥʘ ʫ ʬʽʛʫʨʥʠʭ ʜʫʞʢʘʭ), ʚ ʷʢʽʡ ʻ ʚʩʝ, ʱʦ ʥʝʦʙʭʽʜʥʦ ʜʣʷ 

ʟʘʩʪʦʩʫʚʘʥʥʷ ʬʦʨʤʫʣʠ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʤ.  

     ʇʽʜʢʨʝʩʣʠʤʦ, ʱʦ ʜʠʬʝʨʝʥʮʽʘʣ  u  ʟʥʘʭʦʜʠʤʦ ʰʣʷʭʦʤ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ 

ʮʽʻʾ ʬʫʥʢʮʽʾ ʧʦ ʟʤʽʥʥʽʡ ʭ, ʘ  v ʟʥʘʭʦʜʠʤʦ ʰʣʷʭʦʤ ʽʥʪʝʛʨʫʚʘʥʥʷ dv. 

ʇʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ ʩʝʨʝʜʦʚʠʱʘ Mathcad (ʨʠʩ. 6.24) ʚʽʜʧʦʚʽʜʴ ʤʽʩʪʠʪʴ 

ʦʙʝʨʥʝʥʫ  ʛʽʧʝʨʙʦʣʽʯʥʫ ʬʫʥʢʮʽʶ
)*
.  

     ɼʣʷ ʦʜʝʨʞʘʥʥʷ ʬʫʥʢʮʽʾ, ʦʙʝʨʥʝʥʦʾ ʜʦ ʩʠʥʫʩʘ ʛʽʧʝʨʙʦʣʽʯʥʦʛʦ,  ʪʨʝʙʘ  

ʨʦʟʚôʷʟʘʪʠ ʚʽʜʥʦʩʥʦ ʘʨʛʫʤʝʥʪʫ ʭ ʬʫʥʢʮʽʶ .
2

xx ee
y

--
=  ʇʦʢʣʘʜʝʤʦ .zex =       

ʈʽʚʥʷʥʥʷ ʚʽʜʥʦʩʥʦ ʥʝʚʽʜʦʤʦʾ z  ʤʘʻ ʚʠʛʣʷʜ .0122 =-- yzz ʊʦʙʪʦ, 

.12

2,1 +°= yyz ʆʩʢʽʣʴʢʠ ,0>=zex ʪʦ .1ln 2++= yyx  ʇʦʚʝʨʪʘʶʯʠʩʴ ʜʦ 

ʪʨʘʜʠʮʽʡʥʠʭ ʧʦʟʥʘʯʝʥʴ ʜʣʷ ʘʨʛʫʤʝʥʪʫ ʽ ʜʣʷ ʬʫʥʢʮʽʾ, ʪʦʙʪʦxʪʘy  

ʚʽʜʧʦʚʽʜʥʦ, ʦʩʪʘʪʦʯʥʦ ʤʘʻʤʦ .1ln 2++= xxy  ʊʠʤ ʩʘʤʠʤ, ʚʩʪʘʥʦʚʣʝʥʦ 

ʚʽʜʧʦʚʽʜʥʽʩʪʴ ʤʽʞ ʨʽʟʥʠʤʠ ʧʦ ʚʠʛʣʷʜʫ ʚʽʜʧʦʚʽʜʷʤʠ ʜʣʷ ʜʘʥʦʛʦ ʧʨʠʢʣʘʜʫ. 

 

 
 

ʈʠʩ. 6.24 

------------------------------------------------------------------------------------------------ 

ɻʽʧʝʨʙʦʣʽʯʥʠʡ ʩʠʥʫʩ ʟʘʜʘʻʪʴʩʷ ʩʧʽʚʚʽʜʥʦʰʝʥʥʷʤ 
2

xx ee
xsh

--
= , ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʢʦʩʠʥʫʩ - 

2

xx ee
xch

-+
= ,  ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʪʘʥʛʝʥʩ - 

xch

xsh
thx= , ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʢʦʪʘʥʛʝʥʩ - 

xsh

xch
xcth = . 



212 
 

6.15. ɯʥʪʝʛʨʫʚʘʥʥʷ ʜʝʷʢʠʭ ʢʣʘʩʽʚ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʭ ʬʫʥʢʮʽʡ 

     ʈʦʟʛʣʷʥʝʤʦ ʥʝʚʠʟʥʘʯʝʥʽ ʽʥʪʝʛʨʘʣʠ ʚʠʛʣʷʜʫ ñ ,)cos,(sin dxxxR  ʜʝ 

)cos,(sin xxR ð ʨʘʮʽʦʥʘʣʴʥʘ ʬʫʥʢʮʽʷ ʚʽʜ xsin  ʽ  xcos . 

ʄʦʞʣʠʚʽ ʪʘʢʽ ʚʠʧʘʜʢʠ: 

.

coscos

cossin

sinsin

)cos,(sin.1

î
ý

î
ü

û

î
í

î
ì

ë

Ö

Ö

Ö

=

xx

xx

xx

xxR

ba

ba

ba

 
 

ɼʣʷ ʧʝʨʝʪʚʦʨʝʥʥʷ ʽ ʩʧʨʦʱʝʥʥʷ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʛʦ ʚʠʨʘʟʫ ʜʦʮʽʣʴʥʦ 

ʚʠʢʦʨʠʩʪʘʪʠ ʪʘʢʽ ʬʦʨʤʫʣʠ: 

[ ];)cos()cos(
2

1
sinsin xxxx bababa +--=Ö  

[ ];)sin()sin(
2

1
cossin xxxx bababa ++-=Ö  

[ ].)cos()cos(
2

1
coscos xxxx bababa ++-=Ö  

ʇʨʠʢʣʘʜ 1. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
12

7
cos

7

6

12
cos6

12/7

)12/7cos(

2

1

12/1

)12/cos(

2

1

]
12

7
sin

12
[sin

2

1
]

43
sin

43
[sin

2

1

4
cos

3
sin

Cx
x

C
x

dxx
x

dx
xxxx

dx
xx

+ö
÷

õ
æ
ç

å
Ö-ö

÷

õ
æ
ç

å
=+-=

=ö
÷

õ
æ
ç

å
Ö+ö

÷

õ
æ
ç

å
-=ö

÷

õ
æ
ç

å
++ö

÷

õ
æ
ç

å
-=Ö ñññ

 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.25). 

,...1,0,,cossin)cos,(sin.2 22 =Ö= mnxxxxR mn

 
(ʪʦʙʪʦ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʜʦʨʽʚʥʶʻ ʜʦʙʫʪʢʫ ʧʘʨʥʠʭ ʜʦʜʘʪʥʠʭ ʩʪʝʧʝʥʽʚ 

ʩʠʥʫʩʘ ʽ ʢʦʩʠʥʫʩʘ).ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʚʠʢʦʨʠʩʪʦʚʫʶʪʴʩʷ ʬʦʨʤʫʣʠ, ʷʢʽ 

ʜʦʟʚʦʣʷʶʪʴ ʟʥʠʟʠʪʠ ʩʪʝʧʝʥʽ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʠʭ ʬʫʥʢʮʽʡ, ʱʦ ʩʧʨʠʷʻ 

ʩʧʨʦʱʝʥʥʶ ʚʠʢʣʘʜʦʢ:  

.
2

2cos1
cos,

2

2cos1
sin 22 x

x
x

x
+

=
-

=  

ʇʨʠʢʣʘʜ 2. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
20

5cos

4

cos

6

3cos
5sin

2

1
sin

2

1

2

1

5

3cos

2cos3sin
2

1
3sin

2

1

2

2cos1
3sinsin3sin 2

C
xxx

dxxx
x

dxxxdxxdx
x

xdxxx

+---=ö
÷

õ
æ
ç

å
+--=

=Ö-=
-

Ö=Ö

ñ

ñññ ñ
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ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʩʝʨʝʜʦʚʠʱʘ Mathcad (ʨʠʩ. 6.26). 

 

 
 

ʈʠʩ. 6.25 

 

 
 

ʈʠʩ. 6.26 
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3.  ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʻ ʥʝʧʘʨʥʦʶ ʚʽʜʥʦʩʥʦ ʩʠʥʫʩʘ: 

 ).cos,(sin)cos,sin( xxRxxR -=-  

ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʟʘʩʪʦʩʦʚʫʻʪʴʩʷ ʟʘʤʽʥʘ .cos tx=  

     ʇʝʨʝʜ ʪʠʤ, ʷʢ ʚʠʢʦʥʘʪʠ ʟʘʤʽʥʫ ʟʤʽʥʥʦʾ, ʥʝʦʙʭʽʜʥʦ ʚʠʢʦʥʘʪʠ ʥʘʩʪʫʧʥʽ 

ʜʽʾ: 

¶ ʷʢʱʦ ʥʝʧʘʨʥʠʡ ʩʪʝʧʽʥʴ ʩʠʥʫʩʘ ʟʥʘʭʦʜʠʪʴʩʷ ʫ ʯʠʩʝʣʴʥʠʢʫ, ʪʦ ʚʽʜ 
ʥʝʧʘʨʥʦʛʦ ʩʪʝʧʝʥʷ  xsin  ʪʨʝʙʘ ʚʽʜʜʽʣʠʪʠ ʫ ʷʢʦʩʪʽ ʩʧʽʚʤʥʦʞʥʠʢʘ xsin  

ʚ ʧʝʨʰʦʤʫ ʩʪʝʧʝʥʽ; ʷʢʱʦ ʞ ʥʝʧʘʨʥʠʡ ʩʪʝʧʽʥʴ ʩʠʥʫʩʘ ʟʥʘʭʦʜʠʪʴʩʷ ʫ 

ʟʥʘʤʝʥʥʠʢʫ, ʪʦ ʥʝʦʙʭʽʜʥʦ ʯʠʩʝʣʴʥʠʢ ʽ ʟʥʘʤʝʥʥʠʢ ʦʜʥʦʯʘʩʥʦ 

ʧʦʤʥʦʞʠʪʠ ʥʘ xsin ; 

¶ ʧʘʨʥʠʡ ʩʪʝʧʽʥʴ xsin ʪʨʝʙʘ ʚʠʨʘʟʠʪʠ ʯʝʨʝʟ xcos , ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ 

ʦʩʥʦʚʥʫ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʫ ʪʦʪʦʞʥʽʩʪʴ 1cossin 22 =+ xx ; 

¶ ʚʠʢʦʥʘʪʠ ʟʘʤʽʥʫ   .cos tx=  

 

ʇʨʠʢʣʘʜ 3. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.cos
5

3

cos

3
3

5

3

1
3

4
1

3

2

1

1

sin

cos
sin

cos

cos1
sin

cos

sin

cos

sin

3 5

3

3

1

3

51
3

4
1

3

2

3

4

3

2

5 4

2

5 4

2

5 4

2

5 4

2

5 4

3

Cx
x

CttC
tt

dtttdt
t

t

dt
t

t

dtdxx

tx
dxx

x

x
dxx

x

x
dx

x

x

++=+Ö+=+

+-

-

+

=ö
ö

÷

õ

æ
æ

ç

å
-=

-

=
-

-=
=-

=
=Ö

-
=Ö=

-
+-+

-

ññ

ññ ññ

    

ʉʣʽʜ ʚʽʜʟʥʘʯʠʪʠ, ʱʦ ʽʥʪʝʛʨʘʣʠ ʪʘʢʦʛʦ ʚʠʛʣʷʜʫ ʥʝʜʦʮʽʣʴʥʦ ʨʦʟʚôʷʟʫʚʘʪʠ 

ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad, ʦʩʢʽʣʴʢʠ  ʜʣʷ ʮʴʦʛʦ ʚʽʜʩʫʪʥʽ ʥʝʦʙʭʽʜʥʽ ʟʘʩʦʙʠ.  

ʇʨʠʢʣʘʜ 4. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

         

.
2

ln
1sin

1sin
ln

2

1

1

1
ln

2

1

1sin

cos

cos1

sin

sin

sin

sin 222

C
x

tgC
x

x

C
t

t

t

dt

dtxdx

tx
dx

x

x
dx

x

x

x

dx

+=+
+

-
=

=+
+

-
=

-
=

=-

=
=

-
== ññ ññ

 

ʇʨʠʢʣʘʜ 4 ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʠʡ ʥʘ ʨʠʩ. 6.27. 

      ɯ ʟʥʦʚʫ ʙʘʯʠʤʦ ʚʽʜʧʦʚʽʜʴ, ʷʢʘ ʚʠʛʣʷʜʘʻ ʽʥʘʢʰʝ, ʥʽʞ ʦʜʝʨʞʘʥʘ ʚʠʱʝ ʧʨʠ 

ʟʘʩʪʦʩʫʚʘʥʥʽ ʢʣʘʩʠʯʥʦʛʦ ʧʽʜʭʦʜʫ. ʅʘʩʧʨʘʚʜʽ ʞ, ʣʝʛʢʦ ʟʚʝʩʪʠ ʦʩʪʘʥʥʽʡ 

ʨʝʟʫʣʴʪʘʪ ʜʦ ʦʪʨʠʤʘʥʦʛʦ ʨʘʥʽʰʝ. ɼʽʡʩʥʦ, 

( ) .
2

ln

2
cos

2
sin2

2
sin2

ln
sin

cos1
lncosln

2

ö
÷

õ
æ
ç

å
=

ö
ö
ö
ö

÷

õ

æ
æ
æ
æ

ç

å

=ö
÷

õ
æ
ç

å-
=-

x
tg

xx

x

x

x
ctgxecx  
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ʈʠʩ. 6. 27 

).cos,(sin)cos,(sin.4 xxRxxR -=- ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʻ ʥʝʧʘʨʥʦʶ 

ʚʽʜʥʦʩʥʦ  :cosx ).cos,(sin)cos,(sin xxRxxR -=- ɺʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʟʘʤʽʥʘ 

ʟʤʽʥʥʦʾ .sin tx=  ʇʨʠ ʮʴʦʤʫ ʥʘʜ ʥʝʧʘʨʥʠʤ ʩʪʝʧʝʥʝʤ xcos  ʟʜʽʡʩʥʶʶʪʴʩʷ 

ʧʝʨʝʪʚʦʨʝʥʥʷ, ʘʥʘʣʦʛʽʯʥʽ ʪʠʤ, ʱʦ ʙʫʣʠ ʟʨʦʙʣʝʥʽ ʟ ʥʝʧʘʨʥʠʤ ʩʪʝʧʝʥʝʤ xsin  

ʫ ʧʦʧʝʨʝʜʥʴʦʤʫ ʚʠʧʘʜʢʫ. 

5.  ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʧʘʨʥʘ ʚʽʜʥʦʩʥʦ xsin  ʽ xcos :  

).cos,(sin)cos,sin( xxRxxR =--  

ɺʠʢʦʥʫʻʤʦ ʟʘʤʽʥʫ ;ttgx=  

ʪʦʜʽ   .
1

;
1

1
cos;

1
sin

222 t

dt
dx

t
x

t

t
x

+
=

+
=

+
=  

ʇʨʠʢʣʘʜ 5. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

( )

.ln
2

1
ln

2

11

11

1

1

sincos 223

2

3
2

3

2

2

3
Ctgx

xtg
Ct

t
dt

t

t

t

t

t

t

dt

xx

dx
++-=++-=

+
=

+

Ö
+

+=
Ö ñññ  

 

     ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 6.28): 
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ʈʠʩ. 6. 28 

      ʆʪʨʠʤʘʥʽ ʨʽʟʥʠʤʠ ʩʧʦʩʦʙʘʤʠ ʨʦʟʚ'ʷʟʘʥʥʷ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʥʘ ʧʦʩʪʽʡʥʫ 

ʚʝʣʠʯʠʥʫ, ʷʢʫ ʤʦʞʥʘ ʜʦʜʘʪʠ ʜʦ ʜʦʚʽʣʴʥʦʾ ʩʪʘʣʦʾ ʉ. 

ɸ ʩʘʤʝ: .
2

1

2

1

sin2

cossin

sin2

1
22

22

2 xtgx

xx

x
--=

+
-=-  

6.  ʗʢʱʦ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʥʝ ʟʘʜʦʚʦʣʴʥʷʻ ʫʤʦʚʘʤ, ʟʘʟʥʘʯʝʥʠʤ 

ʚʠʱʝ, ʪʦ ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ, ʪʘʢ ʟʚʘʥʫ, ʫʥʽʚʝʨʩʘʣʴʥʫ ʧʽʜʩʪʘʥʦʚʢʫ: 

 

.
1

2
;2;

1

1
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1

2
sin;

2 22

2

2 t

dt
dxarctgtx
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t
x

t

t
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x
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+
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-
=

+
==  

 

ʇʨʠʢʣʘʜ 6. 

ʈʦʟʚ'ʷʟʘʥʥʷ. 
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2
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.

3
2

5
2ln

3

5
ln
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ln

2

1
2
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2
C

x
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x
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C
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ɿʚʝʨʥʝʤʦʩʴ ʜʦ Mathcad (ʨʠʩ. 6.29): 
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ʈʠʩ. 6.29 

 

      7.  ñ ,)( dxtgxR  ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʟʘʤʽʥʘ .ttgx=  

ʇʨʠʢʣʘʜ 7.  ñ .4xdxtg  

ʈʦʟʚ'ʷʟʘʥʥʷ. 
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t
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ɼʦ ʨʝʯʽ, ʧʨʠʢʣʘʜ 7 ʤʦʞʥʘ ʨʦʟʚôʷʟʘʪʠ ʽʥʘʢʰʝ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ  ʪʦʪʦʞʥʽ 

ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʧʝʨʝʪʚʦʨʝʥʥʷ: 

ññ ñ =ö
÷

õ
æ
ç

å
-=Ö= xdxtg

x
xdxtgxtgxdxtg 2

2

224 1
cos

1

ññ ñññ ++-==ö
÷

õ
æ
ç

å
--=-= .

3
1

cos

1
)(

cos

3

2

22

2

2

Cxtgx
xtg

dx
x

tgxxdtgdxxtg
x

xdxtg
 

 

ʈʦʟʚ'ʷʟʘʥʥʷ  ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʧʨʝʜʩʪʘʚʣʝʥʦ ʥʘ ʨʠʩ. 6.30. 
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ʈʠʩ. 6.30 

 

 8. ñ ,)( dxctgxR  ʫ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʟʘʤ̔ʥʘ .tctgx=  

 

6.16. ɯʥʪʝʛʨʫʚʘʥʥʷ ʽʨʨʘʮʽʦʥʘʣʴʥʠʭ ʚʠʨʘʟʽʚ 

 

 ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ, ʟʦʢʨʝʤʘ, ʪʦʜʽ, ʢʦʣʠ ʤʘʻʤʦ ʧʽʜ 

ʽʥʪʝʛʨʘʣʦʤ ʽʨʨʘʮʽʦʥʘʣʴʥʽʩʪʴ, ʷʢʫ ʥʝ ʤʦʞʥʘ ʧʝʨʝʪʚʦʨʠʪʠ ʜʦ ʽʥʪʝʛʨʦʚʘʥʦʛʦ 

ʚʠʛʣʷʜʫ.  

ʈʦʟʛʣʷʥʝʤʦ ʧʠʪʘʥʥʷ ʟʘʤʽʥʠ ʟʤʽʥʥʦʾ ʫ ʥʝʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ 

ʜʝʪʘʣʴʥʽʰʝ.  

1. ʗʢʱʦ ʧʽʜ ʟʥʘʢʦʤ ʽʥʪʝʛʨʘʣʘ ʤʘʻʤʦ ʨʘʮʽʦʥʘʣʴʥʫ ʬʫʥʢʮʽʶ 

ʚʠʛʣʷʜʫ ( )ñ ,,...,, dxxxxR r sn m
 ʪʦ ʟʜʽʡʩʥʶʻʪʴʩʷ ʟʘʤʽʥʘ ,ktx=  ʜʝ  k - 

ʥʘʡʤʝʥʰʝ ʩʧʽʣʴʥʝ ʢʨʘʪʥʝ ʧʦʢʘʟʥʠʢʽʚ ʢʦʨʝʥʽʚ:  k = ʅʉʂ{ n, r, é}. 

ʇʨʠʢʣʘʜ 1.  
.

4
dx

xx

dx
ñ

+  

 

ʈʦʟʚ'ʷʟʘʥʥʷ. 
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=
=
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.1ln
2

41ln
2

4
1

1
14

1

1)1(
4

1
44

4

44

2

22

2

3

3

4

4

Cxx
x

Ctt
t

dt
t

t

dt
t

t

t

dtt
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dtt

dttdx
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dx

 

ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.31): 

 

 
 

ʈʠʩ. 6.31 

 

ʈʝʢʦʤʝʥʜʫʻʤʦ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʝʨʝʢʦʥʘʪʠʩʷ ʫ 

ʧʨʘʚʠʣʴʥʦʩʪʽ ʦʪʨʠʤʘʥʦʛʦ ʨʝʟʫʣʴʪʘʪʫ. ɼʠʚ. ʪʘʢʦʞ 6.14 (ʛʽʧʝʨʙʦʣʽʯʥʽ ʬʫʥʢʮʽʾ 

ʪʘ ʦʙʝʨʥʝʥʽ ʜʦ ʥʠʭ). 

ʇʨʠʢʣʘʜ 2.  .
)4(

1

4 3

4

dx
xx

x
ñ

Ö+

+
 

ʈʦʟʚ'ʷʟʘʥʥʷ. 

.
2

24ln2
22

1
44ln2

4
4

4

2
2

4

1
44

)4(

1

4)4(

1

4
2

222

3

323

4

4 3

4

C
x

arctgxC
t

arctgt

t

dt
dt

t

t
dt

t

t
dtt

tt

t

dttdx

tx
dx

xx

x

+++=+Ö++=

=
+

+
+

=
+

+
=Ö

Ö+

+
=

=

=
=

Ö+

+
ñññññ
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....,,,.2 dx
dcx

bax

dcx

bax
xR r

s

n

m

ñ ö
ö

÷

õ

æ
æ

ç

å
ö
÷

õ
æ
ç

å

+

+
ö
÷

õ
æ
ç

å

+

+
 

ɿʨʦʙʠʤʦ ʟʘʤʽʥʫ: ,kt
dcx

bax
=

+

+
 ʜʝ k - ʥʘʡʤʝʥʰʝ ʩʧʽʣʴʥʝ ʢʨʘʪʥʝ ʜʣʷ 

ʟʥʘʤʝʥʥʠʢʽʚ ʜʨʦʙʦʚʠʭ ʩʪʝʧʝʥʽʚ  ,
dcx

bax

+

+
  k = ʅʉʂ{n, r, é}... 

ʇʨʠʢʣʘʜ 3.  .
1

1

)1(

1
2

dx
x

x

x +

-

-ñ   

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ɺʠʢʦʥʘʻʤʦ ʟʘʤʽʥʫ: .
)1(

4
;

1

1
;

1

1
222

2
2 dt

t

t
dx

t

t
xt

x

x

+

-
=

+

-
==

+

-
 

ʊʦʜʽ ʤʘʻʤʦ: 

dx
x

x

x +

-

-ñ 1

1

)1(

1
2

=öö
÷

õ
ææ
ç

å

+

-
ÖÖ

öö
÷

õ
ææ
ç

å

+

=ñ dt
t

t
t

t

t
222
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2 )1(

4

1

2

1

 

.
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11
2

C
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x
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x

x
C
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dt
+
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+
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+

-
=+=-=ñ  

 

 
 

ʈʠʩ. 6.32 
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.

,

,

,

.3
22

22

22

dx

axx

axx

xax

Rñ
î
ý

î
ü

û

î
í

î
ì

ë

+

-

-

 

ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʜʣʷ ʧʦʟʙʘʚʣʝʥʥʷ ʚʽʜ ʽʨʨʘʮʽʦʥʘʣʴʥʦʩʪʽ ʧʽʜ ʟʥʘʢʦʤ 

ʽʥʪʝʛʨʘʣʘ ʝʬʝʢʪʠʚʥʦ ʧʨʘʮʶʶʪʴ ʟʘʤʽʥʠ ʯʝʨʝʟ ʪʨʠʛʦʥʦʤʝʪʨʠʯʥʽ ʬʫʥʢʮʽʾ. 

î
î

ý

î
î

ü

û

î
î

í

î
î

ì

ë

==+

==-

==-

).(:

),
cos

(
sin

:

),cos(sin:

22

22

22

ctgtaxtgtaxaxʜʣʷ

t

a
x

t

a
xaxʜʣʷ

taxtaxxaɼʣʷ

 

ɿʘʫʚʘʞʝʥʥʷ. ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʽʥʪʝʛʨʘʣʽʚ, ʷʢʽ ʤʘʶʪʴ ʚʠʛʣʷʜ 

dxaxdxaxdxxa ññ ñ +-- 222222 ,,  ʙʽʣʴʰ ʝʬʝʢʪʠʚʥʠʤ ʻ ʤʝʪʦʜ 

ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ  (ʧ. 6.14.). 

ʇʨʠʢʣʘʜ 4. ñ
-

.
22 axx

dx
  

ʈʦʟʚ'ʷʟʘʥʥʷ. 

ɺʠʢʦʨʠʩʪʦʚʫʻʤʦ ʟʘʤʽʥʫ: .
sin

cos
;

sin 2
dt

t

ta
dx

t

a
x -==  

.arcsin
111

cos

cos1

sinsin

sin

cos

2

2

2

2

22
C

x

a

a
Ct

a
dt

a
dt

t

t

a
dt

a
t

a

t

a

t

ta

axx

dx
+-=+-=-=-=

-

-=
-

ñ ñ ñ ñ

     
ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6.33): 

 

 
ʈʠʩ. 6.33 
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ɿʘʫʚʘʞʝʥʥʷ. ɿʥʦʚʫ ʚʽʜʧʦʚʽʜʴ ʤʽʩʪʠʪʴ ʦʙʝʨʥʝʥʠʡ ʛʽʧʝʨʙʦʣʽʯʥʠʡ ʪʘʥʛʝʥʩ. 

ʅʘʜʘʤʦ ʯʠʪʘʯʝʚʽ ʚʠʢʦʥʘʥʥʷ ʧʝʨʝʪʚʦʨʝʥʴ, ʧʦʚ'ʷʟʘʥʠʭ ʽʟ ʧʨʠʚʝʜʝʥʥʷʤ ʜʦ 

ʻʜʠʥʦʛʦ ʚʠʨʘʟʫ ʚʽʜʧʦʚʽʜʝʡ, ʦʪʨʠʤʘʥʠʭ ʨʽʟʥʠʤʠ ʩʧʦʩʦʙʘʤʠ. ɿʨʘʟʦʢ ʧʦʜʽʙʥʠʭ 

ʜʽʡ ʥʘʚʝʜʝʥʦ ʫ 6.14. 

,),(.4 2 dxcbxaxxRñ ++  ʜʝ ),( 2 cbxaxxR ++  - ʨʘʮʽʦʥʘʣʴʥʘ 

ʬʫʥʢʮʽʷ.   

ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʽ ʦʢʨʝʤʽ ʚʠʧʘʜʢʠ. 

4.ʘ. .2 dxcbxaxñ ++   

ʗʢʱʦ ʚʠʥʝʩʪʠ  a  ʟʘ ʟʥʘʢ ʨʘʜʠʢʘʣʘ,  ʧʽʜ ʨʘʜʠʢʘʣʦʤ  ʚʠʜʽʣʠʪʠ ʧʦʚʥʠʡ 

ʢʚʘʜʨʘʪ, ʪʦ ʧʦʜʘʣʴʰʽ ʜʽʾ ʙʫʜʫʪʴ ʘʥʘʣʦʛʽʯʥʽ ʪʠʤ, ʱʦ ʨʝʢʦʤʝʥʜʦʚʘʥʽ ʜʣʷ 

ʽʥʪʝʛʨʘʣʽʚ .
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ʇʨʠʢʣʘʜ 5.   .133 2

ñ +- dxxx  

ʈʦʟʚ'ʷʟʘʥʥʷ. 
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ɿʚʽʜʩʠ, ʷʢʱʦ ʧʝʨʝʥʝʩʪʠ ʦʩʪʘʥʥʽʡ ʽʥʪʝʛʨʘʣ ʫ ʣʽʚʫ ʯʘʩʪʠʥʫ ʨʽʚʥʦʩʪʽ, 

ʦʜʝʨʞʠʤʦ: .
12

1
ln

12

1

12

1

12

1
2 222 ++Ö++Ö=+ñ ttttdtt  

ʆʩʪʘʪʦʯʥʦ   .
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ʇʨʠ ʚʠʢʦʨʠʩʪʘʥʥʽ ʩʝʨʝʜʦʚʠʱʘ Mathcad (ʨʠʩ.6.34) ʟʥʦʚʫ ʤʘʻʤʦ ʫ 

ʚʽʜʧʦʚʽʜʽ ʦʙʝʨʥʝʥʫ ʛʽʧʝʨʙʦʣʽʯʥʫ ʬʫʥʢʮʽʶ. ʗʢ ʤʦʞʥʘ ʟʘʧʠʩʘʪʠ ʦʙʝʨʥʝʥʠʡ 

ʩʠʥʫʩ ʛʽʧʝʨʙʦʣʽʯʥʠʡ, ʡʰʣʘ ʤʦʚʘ ʚʠʱʝ (ʜʠʚ. 6.14). ʆʩʢʽʣʴʢʠ ʚʽʜʧʦʚʽʜʥʽ 

ʧʝʨʝʪʚʦʨʝʥʥʷ ʚʠʢʦʥʘʪʠ ʥʝʚʘʞʢʦ, ʾʭ ʥʘʚʝʜʝʥʥʷ ʦʧʫʩʪʠʤʦ.  

ʊʘʢʦʞ ʟʘʫʚʘʞʠʤʦ, ʱʦ ʧʝʨʝʚʽʨʢʫ ʧʨʘʚʠʣʴʥʦʩʪʽ ʽʥʪʝʛʨʫʚʘʥʥʷ ʤʦʞʥʘ 

ʧʝʨʝʚʽʨʠʪʠ ʟʘ ʜʦʧʦʤʦʛʦʶ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ ʧʝʨʚʽʩʥʦʾ. 

 

 
 

ʈʠʩ. 6.34 

           4.ʙ. .
2ñ

++ cbxax

dx
 

 ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʥʝʦʙʭʽʜʥʦ ʚʠʢʦʥʘʪʠ ʪʘʢʽ ʜʽʾ: 

¶ ʚʠʥʝʩʪʠ a  ʟʘ ʨʘʜʠʢʘʣ, 

¶ ʚʠʜʽʣʠʪʠ ʧʽʜ ʨʘʜʠʢʘʣʦʤ ʧʦʚʥʠʡ ʢʚʘʜʨʘʪ. 

ʋ ʨʝʟʫʣʴʪʘʪʽ ʧʨʠʡʜʝʤʦ ʜʦ ʦʜʥʦʛʦ ʟ ʽʥʪʝʛʨʘʣʽʚ: 

;.0,arcsin
22

<+=
-

ñ ʘʷʢʱʦC
A

x

xA

dx
 

0,ln 22

22
>+°+=

°
ñ aʷʢʱʦCAxx

Ax

dx
. 

4.ʚ. .
2

dx
cbxax

BAx
ñ

++

+
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ʊʫʪ ʥʝʦʙʭʽʜʥʦ: 

¶ ʟʥʘʡʪʠ ʧʦʭʽʜʥʫ ʚʽʜ ʧʽʜʢʦʨʝʥʝʚʦʛʦ ʚʠʨʘʟʫ, 

¶ ʧʝʨʝʪʚʦʨʠʪʠ ʯʠʩʝʣʴʥʠʢ (ʜʠʚ. ʧ. 6. 9 ʽ 6.13), 

¶ ʧʝʨʝʡʪʠ ʜʦ ʩʫʤʠ ʜʚʦʭ ʽʥʪʝʛʨʘʣʽʚ  (ʦʜʠʥ ï ʪʘʙʣʠʯʥʠʡ 

Cxfdx
xf

xf
+=

¡
ñ )(2

)(

)(
, ʘ ʽʥʰʠʡ - ʽʥʪʝʛʨʘʣ ʪʠʧʫ, ʱʦ 

ʨʦʟʛʣʷʥʫʪʠʡ ʫ ʧ 4.ʙ). 
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ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 6. 35): 

 

 
 

ʈʠʩ. 6.35 
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ʆʜʝʨʞʘʥʥʷ ʦʙʝʨʥʝʥʦʾ ʛʽʧʝʨʙʦʣʽʯʥʦʾ ʬʫʥʢʮʽʾ ʜʠʚ. ʫ 6. 14. 

 

4.ʛ. 
( )

.
2ñ

++a- cbxaxx

dx
   

ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʟʘʤʽʥʘ 
t

x
1
=a-  ʧʨʠʚʦʜʠʪʴ ʜʦ ʽʥʪʝʛʨʘʣʘ ʪʠʧʫ 4.ʚ. 

 

6.17. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ  

(ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ 

ʟʘʩʦʙʽʚ, ʪʘʢ ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

1. dx
x

xx5x 33 2

ñ
--

  13. ( )ñ +- 9x6xx

dx
2  

2. ñ
+ 2x94

dx
  14.  ñ -

+-
dx

x9x

5xx2
3

34

 

3. ñ-

+
dx

x4cos1

x2sin31 2

  15.  ñ ++ 4x5x

dx
4

 

4. ( )
( )

ñ ö
ö

÷

õ

æ
æ

ç

å

--
++ dx

3x4

1
6x7sin

2
   16. ñ Ö xdx5cosx3sin  

5. 
( )
ñ

-+
dx

x41x2arccos3

3

2
   17. ñ Ö dxx2sinx2cos 43

 

6. ( )ñ -- dxx45e 3xx5 4

  18. ñ dx
3

x
sin4

 

7. ( )ñ +5x3cos

xdx
22   19. ñ +- xcosxsin2

dx2
 

8. ( )ñ+ 3 2

4
3

x

dx
x1   20. ñ dx

xcos

xsin
6

4

 

9. ñ+

-
dx

x5

x4x
6

25

   21. ñ dxx3tg5
 

10. ñ
++

+
dx

xx43

1x

2
   22.      ñ Ö xsinxcos

dx
44

 

11. ñ x2cos

xdx
2    23.      ñ

+

+
dx

1x2

1x
3

 

12. ( ) ( )ñ -- dx2xln2x 2
    24.   ñ

-16xx

dx

22
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7. ɺʀɿʅɸʏɽʅʀʁ ɯʅʊɽɻʈɸʃ 

 

7.1. ɺʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ. ʊʝʦʨʝʤʘ ʧʨʦ ʽʩʥʫʚʘʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ 

 

 ʇʦʪʫʞʥʠʤ ʟʘʩʦʙʦʤ ʜʦʩʣʽʜʞʝʥʥʷ ʫ ʤʘʪʝʤʘʪʠʮʽ, ʬʽʟʠʮʽ, ʤʝʭʘʥʽʮʽ ʪʘ 

ʽʥʰʠʭ ʜʠʩʮʠʧʣʽʥʘʭ ʻ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ï ʦʜʥʝ ʟ ʦʩʥʦʚʥʠʭ ʧʦʥʷʪʴ 

ʤʘʪʝʤʘʪʠʯʥʦʛʦ ʘʥʘʣʽʟʫ. 

 ʆʙʯʠʩʣʝʥʥʷ ʧʣʦʱ, ʦʙʤʝʞʝʥʠʭ ʢʨʠʚʠʤʠ, ʜʦʚʞʠʥʠ ʜʫʛ, ʦʙôʻʤʽʚ, 

ʨʦʙʦʪʠ, ʰʚʠʜʢʦʩʪʽ, ʰʣʷʭʫ, ʤʦʤʝʥʪʫ ʽʥʝʨʮʽʾ ʽ ʪ. ʽʥ. ʟʚʦʜʠʪʴʩʷ ʜʦ ʦʙʯʠʩʣʝʥʥʷ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. 

     ʅʝʭʘʡ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,  ʟʘʜʘʥʘ ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ )(xfy= . ʇʦʜʽʣʠʤʦ 

ʚʽʜʨʽʟʦʢ  ʥʘ n  ʯʘʩʪʠʥ ʪʦʯʢʘʤʠ ,,...,,, 120 bxxxxa nn == - ʧʨʠʯʦʤʫ, nxxx <<< ...10 .    

ʇʦʢʣʘʜʝʤʦ nnn xxxxxxxxx D=-D=-D=- -1212101 ...,,,  (ʨʠʩ. 7. 1). 

 

 

 

 

 

ʈʠʩ. 7.1 

  ʅʘ ʢʦʞʥʦʤʫ ʟ ʚʽʜʨʽʟʢʽʚ  
[ ][ ] [ ]nn xxxxxx ,...,,,,, 12110 -   ʚʽʟʴʤʝʤʦ ʧʦ ʪʦʯʮʽ,  ʷʢʽ 

ʧʦʟʥʘʯʠʤʦ    nxxx ,...,, 21     ( nnn xxxxxx <<<<<< - xxx 1221110 ...,,,
). 

ʋ ʢʦʞʥʽʡ ʟ ʮʠʭ ʪʦʯʦʢ ʦʙʯʠʩʣʠʤʦ   ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ  )(,...),(),( 21 nfff xxx . 

ʉʢʣʘʜʝʤʦ ʩʫʤʫ   

                    .)()(...)()(
1

2211 ä
=

DÖ=DÖ++DÖ+DÖ=
n

i

iinnn xfxfxfxfs xxxx        (7.1) 

ʎʷ ʩʫʤʘ ʥʘʟʠʚʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ )(xf ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, . 

ʈʦʟʛʣʷʥʝʤʦ ʜʝʷʢʫ ʧʦʩʣʽʜʦʚʥʽʩʪʴ ʨʦʟʙʠʚʦʢ ʮʴʦʛʦ ʚʽʜʨʽʟʢʘ, ʧʨʠ ʷʢʠʭ 

)(xfy=

 

Y 

)( nf x

 

)( 1xf  

O        nnn xxxx xx 1110 -  x 
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0max ­Dix  ʧʨʠ ¤­n . ʇʨʠʧʫʩʪʠʤʦ, ʱʦ ʧʦʩʣʽʜʦʚʥʽʩʪʴ ʩʫʤ ʚʠʛʣʷʜʫ (7.1),  

ʧʨʠ ʮʴʦʤʫ ʧʨʷʤʫʻ ʜʦ ʜʝʷʢʦʾ  ʛʨʘʥʠʮʽ   ä
=

­D­D
=D=

n

i

ii
x

n
x

sxfs
ii 1

0max0
.)(limlim x  

ɺʠʟʥʘʯʝʥʥʷ 1. ʗʢʱʦ ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ ʨʦʟʙʠʪʪʽ ʚʽʜʨʽʟʢʘ [ ]ba, , 

ʪʘʢʦʤʫ, ʱʦ 0max ­Dix  ʧʨʠ ʙʫʜʴ-ʷʢʦʤʫ ʚʠʙʦʨʽ ʪʦʯʦʢ ix ʥʘ 

ʚʽʜʨʽʟʢʘʭ [ ]si xx ,1-  ʽʥʪʝʛʨʘʣʴʥʘ ʩʫʤʘ   ä
=

D=
n

i

iin xfs
1

)(x   ʧʨʷʤʫʻ  

ʜʦ ʦʜʥʽʻʾ ʡ ʪʽʻʾ ʞ ʛʨʘʥʠʮʽ, ʪʦ ʮʷ ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ 

ʚʠʟʥʘʯʝʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʚʽʜ ʬʫʥʢʮʽʾ )(xf ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,  ʽ                 

ʧʦʟʥʘʯʘʻʪʴʩʷ ʪʘʢ: ñ
b

a

dxxf .)(  

    ʊʘʢʠʤ ʯʠʥʦʤ,                ä ñ
=

­D
=D

n

i

b

a

ii
x

dxxfxf
i 1

0max
.)()(lim x                             (7.2) 

ʏʠʩʣʦ ʘ ʥʘʟʠʚʘʻʪʴʩʷ ʥʠʞʥʴʦʶ ʛʨʘʥʠʮʝʶ ʽʥʪʝʛʨʘʣʘ, b - ʚʝʨʭʥʴʦʶ ʛʨʘʥʠʮʝʶ 

ʽʥʪʝʛʨʘʣʘ. ɺʽʜʨʽʟʦʢ [ ]ba,  ʥʘʟʠʚʘʻʪʴʩʷ ʚʽʜʨʽʟʢʦʤ ʽʥʪʝʛʨʫʚʘʥʥʷ, x  - ʟʤʽʥʥʦʶ 

ʽʥʪʝʛʨʫʚʘʥʥʷ. 

ɺʠʟʥʘʯʝʥʥʷ 2. ʗʢʱʦ ʜʣʷ ʬʫʥʢʮʽʾ )(xf  ʛʨʘʥʠʮʷ (7.2) ʽʩʥʫʻ, ʪʦ 

ʬʫʥʢʮʽʶ  )(xf  ʥʘʟʠʚʘʶʪʴ ʽʥʪʝʛʨʦʚʘʥʦʶ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, .   

     ʗʢʱʦ ʧʦʙʫʜʫʚʘʪʠ ʛʨʘʬʽʢ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ )(xfy= , ʪʦ ʫ ʚʠʧʘʜʢʫ 

0)( ²xf  ʽʥʪʝʛʨʘʣ ñ
b

a

dxxf )(  ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ ʧʣʦʱʽ, ʪʘʢ ʟʚʘʥʦʾ, 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ, ʦʙʤʝʞʝʥʦʾ ʢʨʠʚʦʶ  )(xfy= , ʧʨʷʤʠʤʠ 

bxax == , ʪʘ ʚʽʩʩʶ Ox (ʨʠʩ.7.2). 

 

 

 

 

 

ʈʠʩ.7.2 

x 

 

yy
 Y=f(x

)  

(x)

)))

) a b 

 

 

Y 

O 

Y=f(x) 
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  ʊʦʤʫ, ʷʢʱʦ ʪʨʝʙʘ ʦʙʯʠʩʣʠʪʠ ʧʣʦʱʫ  ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ, ʦʙʤʝʞʝʥʦʾ 

ʢʨʠʚʦʶ 0)( ²= xfy , ʧʨʷʤʠʤʠ bxax == ,  ʪʘ ʚʽʩʩʶ Ox,ʪʦ ʮʷ ʧʣʦʱʘ Q  

ʦʙʯʠʩʣʶʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʽʥʪʝʛʨʘʣʘ    =Q ñ
b

a

dxxf )( . 

ʊɽʆʈɽʄɸ 1 . ʗʢʱʦ ʬʫʥʢʮʽʷ )(xfy=  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʚʽʜʨʽʟʢʫ   

[ ]ba, ,   ʪʦ  ʚʦʥʘ ʽʥʪʝʛʨʦʚʘʥʘ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ. 

     ɿʘʫʚʘʞʝʥʥʷ  1. ɺʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ʟʘʣʝʞʠʪʴ ʣʠʰʝ ʚʽʜ ʚʠʛʣʷʜʫ ʬʫʥʢʮʽʾ 

)(xf ʪʘ ʛʨʘʥʠʮʴ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʘ ʥʝ ʚʽʜ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʷʢʫ ʤʦʞʥʘ 

ʧʦʟʥʘʯʠʪʠ ʙʫʜʴ-ʷʢʦʶ ʙʫʢʚʦʶ      ñ
b

a

dxxf )( =ñ
b

a

dttf )( =ñ
b

a

dzzf )( . 

     ɿʘʫʚʘʞʝʥʥʷ 2. ʇʨʠ ʚʚʝʜʝʥʥʽ ʧʦʥʷʪʪʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ  ʤʠ 

ʧʨʠʧʫʩʢʘʣʠ, ʱʦ ba< . ʋ ʚʠʧʘʜʢʫ ab<  ʧʨʠʡʤʝʤʦ ʟʘ ʚʠʟʥʘʯʝʥʥʷʤ 

ñ
b

a

dxxf )( = - ñ
a

b

dxxf )( . 

     ɿʘʫʚʘʞʝʥʥʷ 3. ʋ ʚʠʧʘʜʢʫ ba=  ʜʣʷ ʙʫʜʴ-ʷʢʦʾ ʬʫʥʢʮʽʾ )(xf ʟʘ 

ʚʠʟʥʘʯʝʥʥʷʤ    ñ
a

a

dxxf )( = 0. 

ʆʩʪʘʥʥʻ ʧʨʠʨʦʜʥʦ ʟ ʛʝʦʤʝʪʨʠʯʥʦʾ ʪʦʯʢʠ ʟʦʨʫ. ʗʢʱʦ ʦʩʥʦʚʘ ʢʨʠʚʦʣʽʥʽʡʥʦʾ 

ʪʨʘʧʝʮʽʾ ʤʘʻ ʥʫʣʴʦʚʫ ʜʦʚʞʠʥʫ, ʪʦ ʧʣʦʱʘ ʮʽʻʾ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ 

ʜʦʨʽʚʥʶʻ ʥʫʣʶ. 

7.2. ʆʩʥʦʚʥʽ ʚʣʘʩʪʠʚʦʩʪʽ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ 

 

     ɺʣʘʩʪʠʚʽʩʪʴ 1. ʉʪʘʣʠʡ ʤʥʦʞʥʠʢ ʤʦʞʥʘ ʚʠʥʦʩʠʪʠ ʟʘ ʟʥʘʢ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ: ʷʢʱʦ constA= , ʪʦ   AdxxfA

b

a

=ñ )( ñ
b

a

dxxf )( .                            (7.3) 

     ɺʣʘʩʪʠʚʽʩʪʴ 2. ɺʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ ʘʣʛʝʙʨʘʾʯʥʦʾ ʩʫʤʠ ʜʝʢʽʣʴʢʦʭ 

ʬʫʥʢʮʽʡ ʜʦʨʽʚʥʶʻ ʘʣʛʝʙʨʘʾʯʥʽʡ ʩʫʤʽ ʽʥʪʝʛʨʘʣʽʚ. ʅʘʧʨʠʢʣʘʜ  
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                             [ ] =°ñ dxxfxf

b

a

)()( 21  °ñ
b

a

dxxf )(1 .)(2ñ
b

a

dxxf                           (7. 4) 

     ɺʣʘʩʪʠʚʽʩʪʴ 3. ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʜʝ ba> , ʬʫʥʢʮʽʾ )(xf ʪʘ 

)(xj ʟʘʜʦʚʦʣʴʥʷʶʪʴ ʫʤʦʚʽ )()( xxf j¢ , ʪʦ    ñ
b

a

dxxf )( ¢ .)(ñ
b

a

dxxj               (7.5) 

     ɺʣʘʩʪʠʚʽʩʪʴ 4. ʗʢʱʦ m ʽ M - ʥʘʡʤʝʥʰʝ ʪʘ ʥʘʡʙʽʣʴʰʝ ʟʥʘʯʝʥʥʷ ʬʫʥʢʮʽʾ 

)(xf ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʜʝ ba¢ , ʪʦ    ( ) ( )abMdxxfabm

b

a

-¢¢- ñ )( .           (7.6 )  

     ɺʣʘʩʪʠʚʽʩʪʴ 5 (ʊʝʦʨʝʤʘ ʧʨʦ ʩʝʨʝʜʥʻ). ʗʢʱʦ ʬʫʥʢʮʽʷ )(xf                                     

ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʪʦ ʥʘ ʮʴʦʤʫ ʚʽʜʨʽʟʢʫ ʟʥʘʡʜʝʪʴʩʷ ʪʘʢʘ ʪʦʯʢʘ 

x, ʱʦ ʩʧʨʘʚʝʜʣʠʚʘ ʥʘʩʪʫʧʥʘ  ʨʽʚʥʽʩʪʴ  ñ
b

a

dxxf )( =( ) ).(xfab-              (7.7) 

ɺʣʘʩʪʠʚʽʩʪʴ 6.  ɼʣʷ ʙʫʜʴ-ʷʢʠʭ ʪʨʴʦʭ ʯʠʩʝʣ cba ,, ʩʧʨʘʚʝʜʣʠʚʘ ʨʽʚʥʽʩʪʴ                                                               

=ñ
b

a

dxxf )( +ñ
c

a

dxxf )( ñ
b

c

dxxf )( ,                                                  (7. 8) 

ʷʢʱʦ ʪʽʣʴʢʠ ʫʩʽ ʮʽ ʪʨʠ ʽʥʪʝʛʨʘʣʠ ʽʩʥʫʶʪʴ. ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜʠ. 

     ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ  ñ
b

a

xdxe .

 

     ʈʦʟʚ'ʷʟʘʥʥʷ.  .,...,,, 10
n

ab
xxnaxxaxax n

-
=DD+=D+==  

ʋ ʷʢʦʩʪʽ ʜʦʚʽʣʴʥʠʭ ʪʦʯʦʢ ʥʘ ʢʦʞʥʦʤʫ ʟ n ʚʽʜʨʽʟʢʽʚ   ʦʙʝʨʝʤʦ ʣʽʚʽ ʢʨʘʡʥʽ 

ʪʦʯʢʠ. ʉʢʣʘʜʝʤʦ ʽʥʪʝʛʨʘʣʴʥʫ ʩʫʤʫ:
 

( ) ....1... )1(2)1( xeeeeexexes xnxxaxnaxaa

n DÖ++++=++DÖ+DÖ= D-DDD-+D+
 

ɺʠʨʘʟ ʫ ʜʫʞʢʘʭ ʻ ʛʝʦʤʝʪʨʠʯʥʘ ʧʨʦʛʨʝʩʽʷ ʽʟ ʟʥʘʤʝʥʥʠʢʦʤ xeD,ʧʝʨʰʠʡ ʯʣʝʥ 

ʷʢʦʾ ʜʦʨʽʚʥʶʻ 1, ʪʦʤʫ    ( ) .
1

1
1

1

-

D
-=DÖ

-

-
=

D

D

D

D

x

xna

x

xn
a

n
e

x
eex

e

e
es  
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ɼʘʣʽ ʤʘʻʤʦ 1
1

lim,
0

=
-

D
-=D

D­D xx e

x
abxn

  
(

1
lim

0 -­ zz e

z

)1(

)(
lim

0 ¡-

¡
=
­ zz e

z
1

1
lim

0
==

­ zz e  
). 

ʊʘʢʠʤ ʯʠʥʦʤ,  ( ) ababa

n
n

eeeeQs -=Ö-Ö== -

¤­
11lim ,ʪʦʙʪʦ  ñ

b

a

xdxe .ab ee -=  

     ɿʘʫʚʘʞʝʥʥʷ. ʅʘʚʝʜʝʥʠʡ ʧʨʠʢʣʘʜ ʧʦʢʘʟʫʻ, ʱʦ ʙʝʟʧʦʩʝʨʝʜʥʻ ʦʙʯʠʩʣʝʥʥʷ 

ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʷʢ ʛʨʘʥʠʮʽ ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ ʧʦʚôʷʟʘʥʝ ʽʟ 

ʛʨʦʤʽʟʜʢʠʤʠ ʜʽʷʤʠ, ʥʝ ʟʚʘʞʘʶʯʠ ʥʘ ʜʦʩʠʪʴ ʧʨʦʩʪʫ ʬʫʥʢʮʽʶ. ʊʦʤʫ 

ʧʨʠʨʦʜʥʦ ʟʥʘʡʪʠ ʙʽʣʴʰ ʧʨʘʢʪʠʯʥʽʡ ʤʝʪʦʜ ʦʙʯʠʩʣʝʥʥʷ ʦʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ. ʊʘʢʠʡ  ʤʝʪʦʜ ʽʩʥʫʻ (ʚʽʥ ʚʠʢʦʨʠʩʪʦʚʫʻ ʟʚôʷʟʦʢ ʤʽʞ ʽʥʪʝʛʨʫʚʘʥʥʷʤ 

ʪʘ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷʤ) ʽ ʙʫʜʝ ʨʦʟʛʣʷʜʘʪʠʩʴ ʫ ʥʘʩʪʫʧʥʠʭ ʨʦʟʜʽʣʘʭ  ʜʘʥʦʛʦ 

ʧʦʩʽʙʥʠʢʘ.  

     ʇʨʠ ʦʙʯʠʩʣʝʥʥʽ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʝʦʙʭʽʜʥʦ 

ʩʢʦʨʠʩʪʘʪʠʩʷ ʧʘʥʝʣʣʶ çCalculusè ("ʆʙʯʠʩʣʝʥʥʷ"), ʧʨʠʟʥʘʯʝʥʥʷ ʷʢʦʾ - 

ʚʩʪʘʚʢʘ ʦʧʝʨʘʪʦʨʽʚ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʷ, ʩʫʤʫʚʘʥʥʷ ʽ ʪ. ʽʥ. ʋ 

ʚʠʙʨʘʥʠʡ ʰʘʙʣʦʥ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʩʣʽʜ ʚʚʝʩʪʠ ʧʽʜʽʥʪʝʛʨʘʣʴʥʫ 

ʬʫʥʢʮʽʶ, ʛʨʘʥʠʮʽ  ʽʥʪʝʛʨʫʚʘʥʥʷ ʽ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʉʣʽʜ ʟʘʫʚʘʞʠʪʠ, ʱʦ, 

ʷʢʱʦ ʽʥʪʝʛʨʫʚʘʥʥʷ ʚʠʢʦʥʫʻʪʴʩʷ ʫ ʟʘʛʘʣʴʥʦʤʫ ʚʠʛʣʷʜʽ, ʪʦ ʜʣʷ ʦʪʨʠʤʘʥʥʷ 

ʨʝʟʫʣʴʪʘʪʫ ʽʥʪʝʛʨʫʚʘʥʥʷ (ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ) ʥʝʦʙʭʽʜʥʦ 

ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʦʧʝʨʘʪʦʨ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ ç ­è, ʘ ʧʨʠ 

ʦʙʯʠʩʣʝʥʥʷʭ ʽʥʪʝʛʨʘʣʽʚ  ʚʠʢʦʨʠʩʪʦʚʫʻʪʴʩʷ ʦʧʝʨʘʪʦʨ ç=è. ʆʩʪʘʥʥʽʡ ʧʨʠʢʣʘʜ 

ʜʠʚ. ʥʘ ʨʠʩ. 7.3. 

 

ʈʠʩ. 7.3 
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7.3. ʆʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ. ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ-ʃʝʡʙʥʽʮʘ 

     ʅʝʭʘʡ ʫ ʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ñ
b

a

dxxf )(  ʥʠʞʥʷ ʛʨʘʥʠʮʷ ʟʘʬʽʢʩʦʚʘʥʘ, ʘ 

ʚʝʨʭʥʷ ï ʟʤʽʥʶʻʪʴʩʷ. ʊʦʜʽ ʙʫʜʝ ʟʤʽʥʶʚʘʪʠʩʷ ʽ ʟʥʘʯʝʥʥʷ ʽʥʪʝʛʨʘʣʘ, ʪʦʙʪʦ 

ʽʥʪʝʛʨʘʣ ʻ ʬʫʥʢʮʽʻʶ ʚʝʨʭʥʴʦʾ ʛʨʘʥʠʮʽ. ʇʦʟʥʘʯʠʤʦ ʚʝʨʭʥʶ ʛʨʘʥʠʮʶ ʯʝʨʝʟ 

x, ʘ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʙʫʜʝʤʦ ʧʦʟʥʘʯʘʪʠ ʯʝʨʝʟ t  (ʚʠʱʝ ʧʽʜʢʨʝʩʣʶʚʘʣʦʩʴ, 

ʱʦ ʟʥʘʯʝʥʥʷ ʽʥʪʝʛʨʘʣʘ ʥʝ ʟʘʣʝʞʘʪʴ ʚʽʜ ʧʦʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ). 

ʇʨʠ ʩʪʘʣʦʤʫ a  ʮʝʡ ʽʥʪʝʛʨʘʣ ʙʫʜʝ ʬʫʥʢʮʽʻʶ ʚʝʨʭʥʴʦʾ ʛʨʘʥʠʮʽ 

                                              =F )(x .)(ñ
x

a

dttf                                               (7.9)  

ʗʢʱʦ )(xf  ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ, ʪʦ ʚʝʣʠʯʠʥʘ )(xF  ʜʦʨʽʚʥʶʻ ʧʣʦʱʽ 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ xXAa (ʨʠʩ.7. 4). ʆʯʝʚʠʜʥʦ, ʱʦ ʮʷ ʧʣʦʱʘ ʟʤʽʥʶʻʪʴʩʷ 

ʫ ʟʘʣʝʞʥʦʩʪʽ ʚʽʜ ʟʤʽʥʠ x . 

 

 

 

 

 

ʈʠʩ.7.4 

ɿʥʘʡʜʝʤʦ ʧʦʭʽʜʥʫ ʚʽʜ )(xF  ʧʦ x, ʪʦʙʪʦ ʟʥʘʡʜʝʤʦ ʧʦʭʽʜʥʫ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ (7.9) ʧʦ ʚʝʨʭʥʽʡ ʛʨʘʥʠʮʽ.  

ʊɽʆʈɽʄɸ 1. ʗʢʱʦ )(xf - ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ ʽ 

=F )(x ñ
x

a

dxxf )( , ʪʦ ʤʘʻ  ʤʽʩʮʝ ʨʽʚʥʽʩʪʴ  ).()( xfx =F¡  

     ɯʥʰʠʤʠ ʩʣʦʚʘʤʠ, ʧʦʭʽʜʥʘ ʚʽʜ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʧʦ ʚʝʨʭʥʽʡ ʛʨʘʥʠʮʽ 

ʜʦʨʽʚʥʶʻ ʧʽʜʽʥʪʝʛʨʘʣʴʥʽʡ ʬʫʥʢʮʽʾ, ʫ ʷʢʫ ʟʘʤʽʩʪʴ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ 

ʧʽʜʩʪʘʚʣʝʥʦ ʟʥʘʯʝʥʥʷ ʚʝʨʭʥʴʦʾ ʛʨʘʥʠʮʽ. 

)(xf
 

Y 

                         

A 

 

O 

y=f(x) 

x     x    xx D+                      x  

X 

 

a 
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     ɼʦʚʝʜʝʥʥʷ. ʅʝʭʘʡ xD - ʜʦʜʘʪʥʽʡ ʘʙʦ ʚʽʜôʻʤʥʠʡ ʧʨʠʨʽʩʪ x. ʊʦʜʽ, 

ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ  ɺʣʘʩʪʠʚʽʩʪʴ 6 , ʤʘʻʤʦ 

( ) ñ ññ
D+ D+

+==D+F

xx

a

xx

x

x

a

dttfdttfdttfxx )()()( . ʇʨʠʨʽʩʪ ʬʫʥʢʮʽʾ )(xF ʜʦʨʽʚʥʶ ̒

( ) =F-D+F=DF )()( xxxx ñ
x

a

dttf )( + ñ
D+ xx

x

dttf )( -ñ
x

a

dttf )( = ñ
D+ xx

x

dttf )( . ɿʘʩʪʦʩʫʻʤʦ ʜʦ 

ʦʩʪʘʥʥʴʦʛʦ ʽʥʪʝʛʨʘʣʘ ʪʝʦʨʝʤʫ ʧʨʦ ʩʝʨʝʜʥʻ (ɺʣʘʩʪʠʚʽʩʪʴ 5). ʊʦʜʽ  

( ) xfxxxfx D=-D+=DF )()()( xx , ʜʝ x ʤʽʩʪʠʪʴʩʷ ʤʽʞ x  ʪʘ x xD+ . ʈʦʟʛʣʷʥʝʤʦ 

ʚʽʜʥʦʰʝʥʥʷ ʧʨʠʨʦʩʪʫ ʬʫʥʢʮʽʾ ʜʦ ʧʨʠʨʦʩʪʫ ʘʨʛʫʤʝʥʪʫ. ʄʘʻʤʦ 

=
D

DF

x
)(

)(
x

x
f

x

xf
=

D

D
. ʊʘʢʠʤ ʯʠʥʦʤ, ).(limlim)(

00
xf

x
x

xx ­D­D
=

D

DF
=F¡  ɸʣʝ x­x  ʧʨʠ 

.0­Dx ʊʦʤʫ, ʚʨʘʭʦʚʫʶʯʠ ʥʝʧʝʨʝʨʚʥʽʩʪʴ ʬʫʥʢʮʽʾ ),(xf  ʦʜʝʨʞʫʻʤʦ 

)()(lim)(lim
0

xfff
xx

==
­­D

xx
x

.  ʊʦʙʪʦ ).()( xfx =F¡ ʊʝʦʨʝʤʘ ʜʦʚʝʜʝʥʘ.  

     ɼʘʥʘ ʪʝʦʨʝʤʘ ʤʘʻ ʧʨʦʩʪʫ ʛʝʦʤʝʪʨʠʯʥʫ ʽʥʪʝʨʧʨʝʪʘʮʽʶ (ʨʠʩ. 7.3): ʧʨʠʨʽʩʪ 

xxf D=DF )(  ʜʦʨʽʚʥʶʻ ʧʣʦʱʽ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ ʟ ʦʩʥʦʚʦʶ xD, ʘ 

ʧʦʭʽʜʥʘ )()( xfx =F¡ ʜʦʨʽʚʥʶʻ ʜʦʚʞʠʥʽ ʚʽʜʨʽʟʢʘ Xx . 

     ɿʘʫʚʘʞʝʥʥʷ. ɿ ʜʦʚʝʜʝʥʦʾ ʪʝʦʨʝʤʠ ʚʠʧʣʠʚʘʻ, ʱʦ ʙʫʜʴ-ʷʢʘ ʥʝʧʝʨʝʨʚʥʘ 

ʬʫʥʢʮʽʷ ʤʘʻ ʧʝʨʚʽʩʥʫ. 

      ɼʽʡʩʥʦ, ʷʢʱʦ ʬʫʥʢʮʽʷ )(tf  ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʚʽʜʨʽʟʢʫ [ ]xa, , ʪʦ ʚʠʟʥʘʯʝʥʠʡ 

ʽʥʪʝʛʨʘʣ   ñ
x

a

dttf )(  ʽʩʥʫʻ, ʪʦʙʪʦ ʽʩʥʫʻ ʬʫʥʢʮʽʷ =F )(x  .)(ñ
x

a

dttf  ɸʣʝ, ʟʘ 

ʜʦʚʝʜʝʥʠʤ, ʚʦʥʘ ʻ ʧʝʨʚʽʩʥʦʶ ʚʽʜ ).(xf  

 ʊɽʆʈɽʄɸ 2.  ʗʢʱʦ )(xF ʻ ʙʫʜʴ-ʷʢʘ ʧʝʨʚʽʩʥʘ ʚʽʜ ʥʝʧʝʨʝʨʚʥʦʾ  

ʬʫʥʢʮʽʾ ),(xf ʪʦ ʩʧʨʘʚʝʜʣʠʚʘ ʬʦʨʤʫʣʘ            

ñ -=

b

a

aFbFdxxf ).()()(                                                          (7. 10) 

ʎʷ ʬʦʨʤʫʣʘ ʥʘʟʠʚʘʻʪʴʩʷ ʬʦʨʤʫʣʦʶ  ʅʴʶʪʦʥʘ- ʃʝʡʙʥʽʮʘ.  
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     ɼʦʚʝʜʝʥʥʷ. ʅʝʭʘʡ )(xF  ʻ ʜʝʷʢʘ ʧʝʨʚʽʩʥʘ ʚʽʜ ʬʫʥʢʮʽʾ ).(xf  ɿʘ ʪʝʦʨʝʤʦʶ 1 

ʬʫʥʢʮʽʷ ñ
x

a

dttf )(

 

ʪʘʢʦʞ ʻ ʧʝʨʚʽʩʥʦʶ ʚʽʜ ʬʫʥʢʮʽʾ ).(xf  ɸʣʝ ʙʫʜʴ-ʷʢʽ ʧʝʨʚʽʩʥʽ 

ʚʽʜ ʜʘʥʦʾ ʬʫʥʢʮʽʾ ʚʽʜʨʽʟʥʷʶʪʴʩʷ ʤʽʞ ʩʦʙʦʶ ʣʠʰʝ ʜʦʚʽʣʴʥʦʶ ʩʪʘʣʦʶ *C . 

ʊʦʙʪʦ, ʤʦʞʥʘ ʥʘʧʠʩʘʪʠ  

                                                .)()( *+=ñ CxFdttf

x

a

                               (7. 11) 

ʎʷ ʨʽʚʥʽʩʪʴ ʧʨʠ ʚʽʜʧʦʚʽʜʥʦʤʫ ʚʠʙʦʨʽ *C  ʩʧʨʘʚʝʜʣʠʚʘ  ʜʣʷ ʚʩʽʭ ʟʥʘʯʝʥʴ x , 

ʪʦʙʪʦ ʻ ʪʦʪʦʞʥʽʩʪʶ. ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʩʪʘʣʦʾ *C ʧʦʢʣʘʜʝʤʦ ʫ ʮʽʡ ʪʦʪʦʞʥʦʩʪʽ 

ax= ,   ʪʦʜʽ    ñ
a

a

dttf )( = )(aF + *C ,  ʘʙʦ  0 = )(aF + *C ,  *C = )(aF- . 

ʊʘʢʠʤ ʯʠʥʦʤ,     ñ
x

a

dttf )( = )(xF )(aF- . ʇʦʢʣʘʚʰʠ ʚ ʦʩʪʘʥʥʽʡ ʬʦʨʤʫʣʽ bx= , 

ʦʜʝʨʞʠʤʦ ʬʦʨʤʫʣʫ  ʅʴʶʪʦʥʘ-ʃʝʡʙʥʽʮʘ:  ñ -=

b

a

aFbFdttf )()()( ,  

ʘʙʦ , ʟʘʤʽʥʶʶʯʠ ʧʦʟʥʘʯʝʥʥʷ ʟʤʽʥʥʦʾ ʽʥʪʝʛʨʫʚʘʥʥʷ ʥʘ x , 

                                            ñ -=

b

a

aFbFdxxf ).()()(                                  (7. 12) 

     ʄʦʞʥʘ ʚʚʝʩʪʠ ʧʦʟʥʘʯʝʥʥʷ )(bF )(aF-
b

a
xF )(= , ʪʦʜʽ ʬʦʨʤʫʣʘ 

ʦʩʪʘʪʦʯʥʦ ʥʘʙʫʚʘʻ ʚʠʛʣʷʜʫ: 

),()()()( aFbFxFdxxf b

a

b

a

-==ñ
 

   ).()( xfxF =¡
         

     ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ-ʃʝʡʙʥʽʮʘ ʜʘʻ ʧʨʦʩʪʠʡ ʪʘ ʧʨʘʢʪʠʯʥʠʡ ʤʝʪʦʜ 

ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʫ ʪʦʤʫ ʚʠʧʘʜʢʫ, ʢʦʣʠ ʚʽʜʦʤʘ ʧʝʨʚʽʩʥʘ 

ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ . ʃʠʰʝ ʟ ʚʽʜʢʨʠʪʪʷʤ ʮʽʻʾ ʬʦʨʤʫʣʠ ʚʠʟʥʘʯʝʥʠʡ 

ʽʥʪʝʛʨʘʣ ʥʘʙʫʚ ʪʝ ʟʥʘʯʝʥʥʷ ʫ ʤʘʪʝʤʘʪʠʮʽ, ʷʢʝ ʚʽʥ ʤʘʻ ʟʘʨʘʟ. ɯʟ ʧʨʦʮʝʩʦʤ, 

ʘʥʘʣʦʛʽʯʥʠʤ ʦʙʯʠʩʣʝʥʥʶ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ  ʷʢ ʛʨʘʥʠʮʽ ʽʥʪʝʛʨʘʣʴʥʦʾ 

ʩʫʤʠ, ʙʫʣʠ ʟʥʘʡʦʤʽ ʱʝ ʫ ʩʪʘʨʦʜʘʚʥʽ ʯʘʩʠ (ɸʨʭʽʤʝʜ), ʘʣʝ ʟʘʩʪʦʩʫʚʘʥʥʷ ʮʴʦʛʦ 

ʤʝʪʦʜʫ ʦʙʤʝʞʫʚʘʣʦʩʴ ʥʘʡʧʨʦʩʪʽʰʠʤʠ ʚʠʧʘʜʢʘʤʠ, ʢʦʣʠ ʛʨʘʥʠʮʶ 
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ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ ʤʦʞʥʘ ʙʫʣʦ ʟʥʘʡʪʠ ʙʝʟʧʦʩʝʨʝʜʥʴʦ. ʌʦʨʤʫʣʘ ʅʴʶʪʦʥʘ-

ʃʝʡʙʥʽʮʘ ʟʥʘʯʥʦ ʨʦʟʰʠʨʠʣʘ ʦʙʣʘʩʪʴ ʟʘʩʪʦʩʫʚʘʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ , 

ʪʦʤʫ ʱʦ ʤʘʪʝʤʘʪʠʢʘ ʦʜʝʨʞʘʣʘ ʟʘʛʘʣʴʥʠʡ ʤʝʪʦʜ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

ʨʽʟʥʦʤʘʥʽʪʥʠʭ ʟʘʜʘʯ ʟ ʬʽʟʠʢʠ, ʪʝʭʥʽʢʠ, ʘʩʪʨʦʥʦʤʽʾ  ʪʦʱʦ. 

 ʇʨʠʢʣʘʜ 2.   .
22

222 abx
xdx

b

a

b

a

-
==ñ  

 ʇʨʠʢʣʘʜ 3.    .
33

333
2 abx
dxx

b

a

b

a

-
==ñ  

 ʇʨʠʢʣʘʜ 4.    
11

111

+

-
=

+
=

+++

ñ n

ab

n

x
dxx

nn
b

a

nb

a

n      ( ).1-̧n  

 ʇʨʠʢʣʘʜ 5.    .ab
b

a

x

b

a

x eeedxe -==ñ  

 ʇʨʠʢʣʘʜ 6.    ( ) .00cos2coscossin
2

0

2

0

=--=-=ñ p
p

p

xxdx

 

 ʇʨʠʢʣʘʜ 7.     .121
1

1

0
2

1

0
2

-=+=
+

ñ x
x

xdx  

     ʅʘ ʚʽʜʤʽʥʫ ʚʽʜ ʥʝʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʧʨʠ ʥʘʭʦʜʞʝʥʥʽ ʷʢʦʛʦ 

ʙʫʜʫʻʪʴʩʷ ʧʝʨʚʽʩʥʘ, ʧʨʠ ʨʦʙʦʪʽ ʟ ʚʠʟʥʘʯʝʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʨʝʟʫʣʴʪʘʪ ʙʫʜʝ 

ʜʦʚʦʜʠʪʠʩʴ ʜʦ ʯʠʩʣʘ, ʪʦʤʫ ʛʦʚʦʨʷʪʴ, ʱʦ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ 

ʦʙʯʠʩʣʶʻʪʴʩʷ, ʘ ʥʝʚʠʟʥʘʯʝʥʠʡ ï ʟʥʘʭʦʜʠʪʴʩʷ. 

ʈʦʟʚô̫ ʟʘʥʥʷ ʨʦʟʛʣʷʥʫʪʠʭ ʧʨʠʢʣʘʜʽʚ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʥʘʚʝʜʝʥʦ ʥʘ 

ʨʠʩ.7.5. 

7.4. ɿʘʤʽʥʘ ʟʤʽʥʥʦʾ ʫ ʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ  

ʊɽʆʈɽʄɸ 3.  ʅʝʭʘʡ ʜʘʥʦ ʽʥʪʝʛʨʘʣ ñ
b

a

dxxf )( , ʜʝ -)(xf  ʥʝʧʝʨʝʨʚʥʘ ʥʘ    

ʚʽʜʨʽʟʢʫ [ ]ba, . ɺʚʝʜʝʤʦ ʥʦʚʫ ʟʤʽʥʥʫ t  ʟʘ ʬʦʨʤʫʣʦʶ )(tx j= . ʗʢʱʦ 

,)(,)(.1 ba == bjaj  

     )(.2 tj ʽ )(tj¡ ʥʝʧʝʨʝʨʚʥʽ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , 

     ()[ ]tf j.3  ʚʠʟʥʘʯʝʥʘ ʪʘ    ʥʝʧʝʨʝʨʚʥʘ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʪʦ  

                       .  ()[ ] dtttfdxxf

b

a

)()( jj
b

a

¡Ö=ññ                                   (7. 13) 
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     ʊʘʢʠʤ ʯʠʥʦʤ, ʧʨʠ ʟʘʤʽʥʽ ʟʤʽʥʥʦʾ ʫ ʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ ʚʠʢʦʥʫʻʤʦ 

ʥʘʩʪʫʧʥʽ ʜʽʾ: ʟʤʽʥʶʻʤʦ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʟʤʽʥʶʻʤʦ ʜʠʬʝʨʝʥʮʽʘʣ dx ,  

ʟʤʽʥʶʻʤʦ ʛʨʘʥʠʮʽ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʚʠʢʦʨʠʩʪʦʚʫʶʯʠ ʟʚôʷʟʦʢ ʤʽʞ ʥʦʚʦʶ ʪʘ 

ʩʪʘʨʦʶ ʟʤʽʥʥʠʤʠ ʽʥʪʝʛʨʫʚʘʥʥʷ. ʇʨʠ ʦʙʯʠʩʣʝʥʥʽ ʽʥʪʝʛʨʘʣʘ ʟʘ ʬʦʨʤʫʣʦʶ  

(7. 13) ʤʠ ʥʝ ʧʦʚʝʨʪʘʻʤʦʩʴ ʜʦ ʩʪʘʨʦʾ ʟʤʽʥʥʦʾ .   

 

 

ʈʠʩ. 7.5 

     ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜ. 

     ʇʨʠʢʣʘʜ 8.  ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ         
( )

( )

x

x
dx

-

+ -
ñ

2

3 2

23

23
3

29

.  
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     ʈʦʟʚ'ʷʟʘʥʥʷ.  ɺʚʦʜʠʤʦ ʟʘʤʽʥʫ:     x z dx z dz z x- = = = -2 3 23 2 3; , ,  

z1 1=  (ʥʠʞʥʶ ʛʨʘʥʠʮʶ  ʽʥʪʝʛʨʫʚʘʥʥʷ ʦʜʝʨʞʠʤʦ ʧʨʠ ʧʽʜʩʪʘʥʦʚʮʽ ʫ  ʚʠʨʘʟ 

32 zx =-  ʟʥʘʯʝʥʥʷ ʥʠʞʥʴʦʾ ʛʨʘʥʠʮʽ ʽʥʪʝʛʨʫʚʘʥʥʷ  3=x :  z1
3 3 2= - ),  z2 3=   

 (ʚʝʨʭʥʷ ʛʨʘʥʠʮʷ ʽʥʪʝʛʨʫʚʘʥʥʷ z2
3 29 2= - ). 

ʆʜʝʨʞʫʻʤʦ ʽʥʪʝʛʨʘʣ:    
( )z

z
z dz

z

z
dz

2

2

2

4

2

1

3

1

3

3
3 3

9 9

3+
Ö =

- +

+
=ññ  

= - +
+

å

ç
æ

õ

÷
ö = - +

å

ç
æ

õ

÷
ö=ñ3 3

9

3
3

3
3

9

3 3

2

2

2

1

3

1

3

z
z

dz
z

z arctg
z

 

.
2

33
8

63

9

3

2
23

3

1

3

9
3

3

1
3

3

9
993 p

p
+=ö

÷

õ
æ
ç

å
Ö+==ö

÷

õ
æ
ç

å
-+-+-= arctgarctg

 

     ʈʦʟʛʣʷʥʝʤʦ ʮʝʡ ʧʨʠʢʣʘʜ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad. ʗʢ ʙʘʯʠʤʦ, ʥʘ ʨʠʩ.7.6, 

ʨʝʟʫʣʴʪʘʪ ʦʙʯʠʩʣʝʥʴ ʦʪʨʠʤʫʻʪʴʩʷ ʟʘ ʜʦʧʦʤʦʛʦʶ ʦʧʝʨʘʪʦʨʘ ç=è.  

 

ʈʠʩ. 7.6 
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     ʇʨʠʢʣʘʜ 9.  ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ  ñ -

r

dxxr
0

22 . 

     ʈʦʟʚ'ʷʟʘʥʥʷ. ɺʚʝʜʝʤʦ ʟʘʤʽʥʫ:  .cos,sin tdtrdxtrx ==  

ʅʦʚʽ ʛʨʘʥʠʮʽ: .
2

,00
p
==== tʧʨʠrxtʧʨʠx   ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ 

.
44

2sin

2
2cos

2

1

2

1
cos

cossin1cossin

22/

0

2

2/

0

2/

0

222

2/

0

22

2/

0

222

0

22

rtt
rdttrtdtr

tdttrtdttrrdxxr

r

p
pp p

pp

=ù
ú

ø
é
ê

è
+=ö

÷

õ
æ
ç

å
+==

=-=Ö-=-

ñ ñ

ñññ
 

ʆʩʪʘʥʽʡ  ʽʥʪʝʛʨʘʣ ʟ  ʛʝʦʤʝʪʨʠʯʥʦʾ  ʪʦʯʢʠ ʟʦʨʫ ʻ ʧʣʦʱʘ ʯʚʝʨʪʽ ʢʨʫʛʘ,  

ʦʙʤʝʞʝʥʦʛʦ ʢʦʣʦʤ  
222 ryx =+
 (ʨʠʩ. 7.7). 

 

 

 

 

ʈʠʩ.7.7 

     ʋ ʩʝʨʝʜʦʚʠʱʽ   Mathcad ʤʘʻʤʦ (ʨʠʩ.7.8):     

 

ʈʠʩ. 7.8 

 

X r O 
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7.5. ɯʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ ʫ ʚʠʟʥʘʯʝʥʦʤʫ ʽʥʪʝʛʨʘʣʽ 

     ʅʝʭʘʡ u  ʪʘ v  - ʜʠʬʝʨʝʥʮʽʡʦʚʘʥʽ ʬʫʥʢʮʽʾ ʚʽʜ x. ʊʦʜʽ 

.)( vuvuuv ¡+¡=¡  

ɯʥʪʝʛʨʫʶʯʠ ʦʙʠʜʚʽ ʯʘʩʪʠʥʠ ʮʽʻʾ ʪʦʪʦʞʥʦʩʪʽ ʫ ʛʨʘʥʠʮʷʭ ʚʽʜ  a  ʜʦ  b , 

ʦʜʝʨʞʠʤʦ                  ñññ ¡+¡=¡
b

a

b

a

b

a

dxvuvdxudxuv .)(                                         (7.14)           

ʆʩʢʽʣʴʢʠ ,)( Cuvdxuv +=¡ñ  ʪʦ  ,)(
b

a

b

a

uvdxuv =¡ñ  ʪʦʤʫ ʨʽʚʥʽʩʪʴ (7.14)  

ʤʦʞʥʘ ʧʝʨʝʧʠʩʘʪʠ ʫ ʚʠʛʣʷʜʽ    ,ññ +=

b

a

b

a

b

a
udvvduuv  ʘʙʦ ʦʩʪʘʪʦʯʥʦ  

                                          udv uv vdu
a

b

a

b

a

b

ñ ñ= - .                                       (7.15)      

     ʉʣʽʜ ʧʘʤôʷʪʘʪʠ, ʱʦ ʟʘ  u  ʧʨʠʡʤʘʻʪʴʩʷ ʬʫʥʢʮʽʷ, ʷʢʘ ʩʧʨʦʱʫʻʪʴʩʷ  

ʧʨʠ ʜʠʬʝʨʝʥʮʽʶʚʘʥʥʽ, ʘ ʟʘ dv ï ʚʠʨʘʟ, ʥʝʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ʷʢʦʛʦ 

ʤʦʞʥʘ ʟʥʘʡʪʠ.  

     ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜʠ. 

     ʇʨʠʢʣʘʜ 10. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ  ñ
-Ö

1

0

.dxex x

 
ʈʦʟʚ'ʷʟʘʥʥʷ. 

.21
,

,, 11

0

1

1

0

1

0

1

0

-----

-

- Ö-=--=+Ö-=
ý
ü
û

í
ì
ë

-==

==
=Ö ññ eeedxeex

evdxdu

dxedvxu
dxex xxx

x

x

x

    

ʈʦʟʚ'ʷʟʘʥʥʷ ʇʨʠʢʣʘʜʘ 10 ʫ ʩʝʨʝʜʦʚʠʱʽ  Mathcad  ʜʘʥʦ ʥʘ ʨʠʩ. 7.9.              

ʇʨʠʢʣʘʜ 11. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ ñ
3

4

2sin

p

p x

xdx .  

      ʈʦʟʚ'ʷʟʘʥʥʷ. ɿʥʦʚʫ ʚʠʢʦʨʠʩʪʦʚʫʻʤʦ ʬʦʨʤʫʣʫ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʦ ʯʘʩʪʠʥʘʭ.   

( ) ( )
.

2

3
ln

2

1

36

349

2

2
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2

3
ln

36

349
sinln

43

3

3,

,
sin

,

sin

3/

4/

3

4

3/

4/
2

3

4

2

+
-

=-+
-

=+

+ö
ö

÷

õ

æ
æ

ç

å
-Ö-=+Ö-=

îý

î
ü

û

îí

î
ì

ë

-==

==
= ññ

pp

pp

p

p

p

p

p

p

p

p

x

dxctgxxctgx

xctgvdxdu
x

dx
dvxu

x

xdx

 
ʈʦʟʚ'ʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ  Mathcad  ʜʘʥʦ ʥʘ ʨʠʩ. 7.10. 
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                                         ʈʠʩ. 7.9 

 

  

 

ʈʠʩ.7 .10 
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ʇʨʠʢʣʘʜ 12. ʆʙʯʠʩʣʠʪʠ ʽʥʪʝʛʨʘʣ  ñ
-

+

1

0

)1ln(

e

dxx . 

ʈʦʟʚ'ʷʟʘʥʥʷ.  ʄʘʻʤʦ    =+ñ
-1

0

)1ln(

e

dxx  

( )

( ) .11ln1
1

1
11

1

1)1(

1
1

1ln
,

1

,),1ln(

1

0

1

0

1

0

1

0

1

0

=+---=ö
÷

õ
æ
ç

å

+
---=

+

-+
-

--=
+

-+Ö=
îý

î
ü

û

îí

î
ì

ë

=
+

=

=+=

=

-
--

-
-

ññ

ñ

e
ee

e
e

xxedx
x

edx
x

x

e
x

xdx
xx

xv
x

dx
du

dxdvxu

 

     ʋ ʩʝʨʝʜʦʚʠʱʽ   Mathcad  ʦʜʝʨʞʠʤʦ (ʨʠʩ. 7. 11):  

    

ʈʠʩ. 7.11

 
 

7.6. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

(ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, ʪʘʢ 

ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

ʆʙʯʠʩʣʠʪʠ ʚʠʟʥʘʯʝʥʽ ʽʥʪʝʛʨʘʣʠ: 

,4sin)2;
cos

)1
2

0

2

4/

0

4 ññ

p

p

dxxe
x

dx x

       
,3cossin)4;4)3

2/

0

1

0

2

ññ Ö-

p

dxxxdxx  
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ññ
-+

++
2/1

0

8

3

;arcsin)6;
11

11
)5 dxxdx

x

x

    
;

cos2
)8;

22

2
)7

2/

0

0

1

2 ññ -++

+

-

p

x

dx
dx

xx

x  

ññ Ö
+

2

0

3

1

0

2

2

;2sincos)10;
1

)9

p

dxxxdx
x

x

    
ññ Ö

-
2

1

2

2

1

2

;log)12;
1

)11 dxxxdx
x

x
 

ññ -

1

0

32

2

1

2
;)1()14;

1
sin

)13 dxxdx
x

x
k

k   
ññ -

1

0

22
2

0

2 ;1)16;cos)15 dxxxdxxe x

p

 

      
;

1
)18;cos)12()17

2

2
22

2

0

ññ
-

Ö+
xx

dx
dxxx

k

   
ññ

-

-

1

0

3
4

2

3

5

.)20;
sin

cos
)19 dxarctgxx

x

dxx

p

p

 

         21) ;
cossin

2cos3

4

22
dx

xx

x
ñ Ö

p

p

     22) ;5cos2cos
0

ñ Ö

p

xdxx            23) ñ+

4

0
cos2

p

x

dx
; 

       24)  ñ ++

4

0
4cos2sin

p

xx

dx
;    25) ñ

+
6

1

3
dx

x

x
 ;     26)  

ô
ó
ò

0

p / 2

 cos
5
x sin

2
x dx; 

          27)      ñ +

2

1

2 4xx

dx
;         28)      ñ

3

4

4 3cos

sin

p

p

dx
x

x
;       29)   ñ

+

1

0 1
dx

x

x
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8. ʅɽɺʃɸʉʅɯ  ɯʅʊɽɻʈɸʃʀ 

 

8.1. ʅʝʚʣʘʩʥʽ ʽʥʪʝʛʨʘʣʠ ʟ ʥʝʩʢʽʥʯʝʥʥʠʤʠ ʛʨʘʥʠʮʷʤʠ 

 

ʅʝʭʘʡ ʬʫʥʢʮʽʷ )(xf  ʚʠʟʥʘʯʝʥʘ ʪʘ ʥʝʧʝʨʝʨʚʥʘ ʧʨʠ ʚʩʽʭ ʟʥʘʯʝʥʥʷʭ x , 

ʪʘʢʠʭ, ʱʦ ¤<¢xa . ʈʦʟʛʣʷʥʝʤʦ ʽʥʪʝʛʨʘʣ ñ=
b

a

dxxfbI .)()(  ʎʝʡ ʽʥʪʝʛʨʘʣ ʽʩʥʫʻ 

(ʤʘʻ ʩʝʥʩ) ʧʨʠ ʙʫʜʴ-ʷʢʠʭ .ab>  ʇʨʠ ʟʤʽʥʝʥʥʽ b  ʽʥʪʝʛʨʘʣ ʟʤʽʥʶʻʪʴʩʷ, ʚʽʥ ʻ 

ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ b .                                                   

ʈʦʟʛʣʷʥʝʤʦ ʧʠʪʘʥʥʷ ʧʨʦ ʧʦʚʝʜʽʥʢʫ ʮʴʦʛʦ ʽʥʪʝʛʨʘʣʘ  ʧʨʠ  ¤­b  
(ʨʠʩ. 8. 1).     

 

 

 

                                        

 

 

ʈʠʩ. 8.1 

 

ɺʠʟʥʘʯʝʥʥʷ. ʗʢʱʦ ʽʩʥʫʻ ʢʽʥʮʝʚʘ ʛʨʘʥʠʮʷ ñ¤­

b

a
b

dxxf )(lim , ʪʦ ʮʷ 

ʛʨʘʥʠʮʷ ʥʘʟʠʚʘʻʪʴʩʷ ʥʝʚʣʘʩʥʠʤ ʽʥʪʝʛʨʘʣʦʤ ʚʽʜ ʬʫʥʢʮʽʾ )(xf  

ʥʘ ʽʥʪʝʨʚʘʣʽ ),[ ¤a ʽ ʧʦʟʥʘʯʘʻʪʴʩʷ ʪʘʢ:     ñ
¤

a

dxxf )( . 

 ʊʘʢʠʤ ʯʠʥʦʤ, ʟʘ ʦʟʥʘʯʝʥʥʷʤ ʤʘʻʤʦ 

                                                      ñ
¤

a

dxxf )( = ñ¤­

b

a
b

dxxf )(lim .                             (8.1)  

ʃʝʛʢʦ ʫʷʚʠʪʠ ʛʝʦʤʝʪʨʠʯʥʠʡ ʩʝʥʩ ʥʝʚʣʘʩʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʫ ʚʠʧʘʜʢʫ, 

ʢʦʣʠ :0)( ²xf   ʷʢʱʦ ñ
b

a

dxxf )(  ʚʠʨʘʞʘʻ ʧʣʦʱʫ ʦʙʣʘʩʪʽ, ʦʙʤʝʞʝʥʦʾ  ʢʨʠʚʦʶ 

)(xfy= , ʚʽʩʩʶ ʘʙʩʮʠʩ ʪʘ ʦʨʜʠʥʘʪʘʤʠ  bxax == , , ʪʦ ñ
¤

a

dxxf )(  ʚʠʨʘʞʘʻ ʧʣʦʱʫ 

ʥʝʩʢʽʥʯʝʥʥʦʾ (ʥʝʦʙʤʝʞʝʥʦʾ) ʦʙʣʘʩʪʽ, ʱʦ ʤʽʩʪʠʪʴʩʷ ʤʽʞ ʣʽʥʽʷʤʠ )(xfy= , 

ax=  ʪʘ ʚʽʩʩʶ ʘʙʩʮʠʩ. ʂʦʣʠ ʛʨʘʥʠʮʷ (8.1) ʢʽʥʮʝʚʘ, ʪʦ ʢʘʞʫʪʴ, ʱʦ ʥʝʚʣʘʩʥʠʡ   
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ʽʥʪʝʛʨʘʣ  ñ
¤

a

dxxf )(

 

ʽʩʥʫʻ ʘʙʦ ʟʙʽʛʘʻʪʴʩʷ. ʗʢʱʦ ñ
b

a

dxxf )(    ʧʨʠ ¤­b ʥʝ ʤʘʻ 

ʢʽʥʮʝʚʦʾ   ʛʨʘʥʠʮʽ,  ʪʦ  ñ
¤

a

dxxf )(

  

ʥʝ ʽʩʥʫʻ, ʘʙʦ  ʨʦʟʙʽʛʘʻʪʴʩʷ. 

 ñ+

b

x

dx

0

21
 ʽʩʥʫʻ, ʦʩʢʽʣʴʢʠ  ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʥʝʧʝʨʝʨʚʥʘ ʽ ʛʨʘʥʠʮʽ   

ʽʥʪʝʛʨʫʚʘʥʥʷ  ʢʽʥʮʝʚʽ  (ʨʠʩ. 8. 2) . 

 

 

 

 

 

 

 

 

 

ʈʠʩ. 8.2 

     ʈʦʟʛʣʷʥʝʤʦ  ʽʥʪʝʛʨʘʣ  ñ
¤

+
0

21 x

dx  ͘ ʘ ʦʟʥʘʯʝʥʥʷʤ  ̫ ʢ   ʛʨʘʥʠʮʶ  ʧʨʠ   ¤­b  

ʚʽʜ ʽʥʪʝʛʨʘʣʘ   ñ+

b

x

dx

0

21
 . 

 ʊʘʢʠʤ ʯʠʥʦʤ, ʤʘʻʤʦ:    =
+ñ

¤

0

21 x

dx
 .

2
limlim

1
lim

0

0

2

p
===

+ ¤­¤­¤­ ñ arctgbarctgx
x

dx

b

b

b

b

b
                                  

       
 

ʗʢ ʙʘʯʠʤʦ, ʮʝʡ ʽʥʪʝʛʨʘʣ ʟʙʽʛʘʻʪʴʩʷ ʽ ʜʦʨʽʚʥʶʻ  ʧʣʦʱʽ ʥʝʩʢʽʥʯʝʥʥʦʾ 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ (ʨʠʩ. 8.3).  

                                              
ʈʠʩ.8.3

  

21

1

x
y

+
=  

y 

O                 b                       x          

ñ+

b

x

dx

0

21
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ʇʨʠ ʜʦʩʣʽʜʞʝʥʽ ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʟʘʩʦʙʘʤʠ ʩʝʨʝʜʦʚʠʱʘ Mathcad 

ʥʝʦʙʭʽʜʥʦ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʦʧʝʨʘʪʦʨ ʩʠʤʚʦʣʴʥʠʭ ʧʝʨʝʪʚʦʨʝʥʴ: 

 

 
ʈʠʩ. 8.4 

       ʋ ʙʘʛʘʪʴʦʭ ʚʠʧʘʜʢʘʭ ʜʦʩʪʘʪʥʴʦ ʚʩʪʘʥʦʚʠʪʠ ʟʙʽʞʥʽʩʪʴ (ʘʙʦ ʨʦʟʙʽʞʥʽʩʪʴ) 

ʜʘʥʦʛʦ ʽʥʪʝʛʨʘʣʘ ʪʘ ʦʮʽʥʠʪʠ ʡʦʛʦ ʟʥʘʯʝʥʥʷ. ɼʣʷ ʮʴʦʛʦ ʙʫʜʫʪʴ ʢʦʨʠʩʥʠʤʠ 

ʥʘʩʪʫʧʥʽ ʪʝʦʨʝʤʠ, ʷʢʽ ʧʨʠʡʤʝʤʦ ʙʝʟ ʜʦʚʝʜʝʥʥʷ, ʘʣʝ ʾʭ ʟʘʩʪʦʩʫʚʘʥʥʷ ʙʫʜʝ 

ʨʦʟʛʣʷʥʫʪʦ ʥʘ ʧʨʠʢʣʘʜʘʭ.  

 

 ʊɽʆʈɽʄɸ 1. ʗʢʱʦ ʜʣʷ ʚʩʽʭ ( )axx ²  ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ 

)()(0 xxf j¢¢ , ʪʦ,  ʷʢʱʦ ñ
¤

a

dxx)(j  ʟʙʽʛʘʻʪʴʩʷ, ʪʦ ñ
¤

a

dxxf )(  ʪʘʢʦʞ 

ʟʙʽʛʘʻʪʴʩʷ, ʧʨʠ ʮʴʦʤʫ  ñ
¤

a

dxxf )( ¢ ñ
¤

a

dxx)(j . 

 ʊɽʆʈɽʄɸ 2. ʗʢʱʦ ʜʣʷ ʚʩʽʭ ( )axx ²  ʚʠʢʦʥʫʻʪʴʩʷ ʥʝʨʽʚʥʽʩʪʴ 

)()(0 xxf j¢¢ , ʧʨʠʯʦʤʫ, ʷʢʱʦ ñ
¤

a

dxx)(j ʨʦʟʙʽʛʘʻʪʴʩʷ, ʪʦ  ʪʘʢʦʞ 

ʨʦʟʙʽʛʘʻʪʴʩʷ ñ
¤

a

dxxf )( . 

     ʈʦʟʛʣʷʥʝʤʦ ʧʨʠʢʣʘʜʠ. 

     ʇʨʠʢʣʘʜ 1.  ɼʦʩʣʽʜʠʪʠ ʯʠ ʟʙʽʛʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣ  
( )ñ

¤

+
1

2
.

1 xex

dx
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     ʈʦʟʚ'ʷʟʘʥʥʷ. 

ʆʯʝʚʠʜʥʦ, ʱʦ ʧʨʠ  1²x    ( ) 22

1

1

1

xex e
<

+
.  ɼʘʣʽ  .1

1
lim

11

2
=ö

÷

õ
æ
ç

å
-=

¤­

¤

ñ
b

b xx

dx
 ʊʦʙʪʦ 

ʮʝʡ ʽʥʪʝʛʨʘʣ ʟʙʽʛʘʻʪʴʩʷ. ʊʘʢʠʤ ʯʠʥʦʤ, ʟʘ ʪʝʦʨʝʤʦʶ 1,  ʟʙʽʛʘʻʪʴʩʷ ʜʘʥʠʡ 

ʽʥʪʝʛʨʘʣ, ʘ ʡʦʛʦ ʟʥʘʯʝʥʥʷ ʻ ʤʝʥʰʠʤ ʟʘ 1. 

     ʋ ʩʝʨʝʜʦʚʠʱʽ   Mathcad  ʤʘʻʤʦ (ʨʠʩ. 8. 5): 

 

 

ʈʠʩ. 8.5 

     ʇʨʠʢʣʘʜ 2. ɼʦʩʣʽʜʠʪʠ, ʯʠ ʟʙʽʛʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣ  ñ
¤
+

1
3

.
1

dx
x

x

 

     ʈʦʟʚ'ʷʟʘʥʥʷ.    

     ɿʘʫʚʘʞʠʤʦ, ʱʦ .
11

33 xx

x

x

x
=>

+
 ɸʣʝ  .2lim

1
1

+¤==
¤­

¤

ñ
b

b
x

x

dx
 ʊʦʙʪʦ 

ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʪʝʞ ʨʦʟʙʽʛʘʻʪʴʩʷ (ʪʝʦʨʝʤʘ 2). 

       ɼʘʥʠʡ ʧʨʠʢʣʘʜ ʚ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʜʦʩʣʽʜʞʫʻʪʴʩʷ ʥʘ ʨʠʩ.8.6. 

 

          ʊɽʆʈɽʄɸ 3 . ʗʢʱʦ ñ
¤

a

dxxf )(  ʟʙʽʛʘʻʪʴʩʷ, ʪʦ ʟʙʽʛʘʻʪʴʩʷ .)(ñ
¤

a

dxxf ʋ 

ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʦʩʪʘʥʥʽʡ ʽʥʪʝʛʨʘʣ ʥʘʟʠʚʘʶʪʴ ʘʙʩʦʣʶʪʥʦ ʟʙʽʞʥʠʤ. 

     ʇʨʠʢʣʘʜ 3. ɼʦʩʣʽʜʠʪʠ ʟʙʽʞʥʽʩʪʴ  .
sin

1

3ñ
¤

dx
x

x
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     ʈʦʟʚ'ʷʟʘʥʥʷ. 

     ʋ ʜʘʥʦʤʫ ʚʠʧʘʜʢʫ ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʻ ʟʥʘʢʦʟʤʽʥʥʦʶ. ʄʘʻ ʤʽʩʮʝ 

ʥʝʨʽʚʥʽʩʪʴ 33

1sin

xx

x
¢ . ɸʣʝ .

2

1

2

1

1

2

1

3
=-=

¤¤

ñ xx

dx
 ʊʘʢʠʤ ʯʠʥʦʤ, ñ

¤

1

3

sin
dx

x

x
 

ʟʙʽʛʘʻʪʴʩʷ. ɿʘ ʪʝʦʨʝʤʦʶ ʟʙʽʛʘʻʪʴʩʷ ʡ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ. 

     ɼʘʥʠʡ ʧʨʠʢʣʘʜ ʚ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʜʦʩʣʽʜʞʫʻʪʴʩʷ ʥʘ ʨʠʩ. 8.7. 

 

    
 

ʈʠʩ. 8.6 

  

 
 

ʈʠʩ. 8.7 
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      ɿʘʫʚʘʞʠʤʦ, ʱʦ ʘʥʘʣʦʛʽʯʥʦ ʜʦ ʥʘʚʝʜʝʥʦʛʦ ʚʠʱʝ ʚʚʦʜʠʪʴʩʷ ʧʦʥʷʪʪʷ 

ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʚʠʛʣʷʜʫ ñ
¤-

b

dxxf )(   ̔    .)(ñ
¤

¤-

dxxf  

=ñ
¤-

b

dxxf )( ,)(limñ-¤­

b

a
a

dxxf

          
ñññ
¤

¤-

¤

¤-

+=
c

c

dxxfdxxfdxxf .)()()(

 

ʂʦʞʝʥ ʟ ʽʥʪʝʛʨʘʣʽʚ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ ʪʨʝʙʘ ʨʦʟʫʤʽʪʠ 

ʷʢ ʛʨʘʥʠʯʥʝ ʟʥʘʯʝʥʥʷ ʜʝʷʢʦʛʦ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʫ ʷʢʦʛʦ ʦʜʥʘ ʟ 

ʛʨʘʥʠʮʴ ʽʥʪʝʛʨʫʚʘʥʥʷ ʧʨʷʤʫʻ ʜʦ ʥʝʩʢʽʥʯʝʥʥʦʩʪʽ. ɼʦ ʨʝʯʽ, ʮʽ ʚʠʧʘʜʢʠ ʚʞʝ 

ʦʧʠʩʘʥʽ ʚʠʱʝ. ʇʽʜʢʨʝʩʣʠʤʦ, ʱʦ ʽʥʪʝʛʨʘʣ ʫ ʣʽʚʽʡ ʯʘʩʪʠʥʽ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ 

ʟʙʽʛʘʻʪʴʩʷ, ʷʢʱʦ ʟʙʽʛʘʶʪʴʩʷ ʦʙʠʜʚʘ ʽʥʪʝʛʨʘʣʠ ʫ ʾʾ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ.       

ɿʚʝʨʥʝʤʦʩʴ ʜʦ ʧʨʠʢʣʘʜʽʚ, ʜʝ ʙʫʜʝ ʧʝʨʝʚʽʨʷʪʠʩʴ ʩʘʤʝ ʟʙʽʞʥʽʩʪʴ ʜʘʥʠʭ 

ʽʥʪʝʛʨʘʣʽʚ.   

 ʇʨʠʢʣʘʜ 4.  ɼʦʩʣʽʜʠʪʠ  ʟʙʽʞʥʽʩʪʴ ʽʥʪʝʛʨʘʣʘ   .
9

1

3ñ
-

¤- +x

dx
 

 ʈʦʟʚôʷʟʘʥʥʷ.  ʄʘʻʤʦ 

  

,)9(lim
2

3
6

1

3

2

)9(
lim

9
lim

9

3

23

2
1

3

1

3
-¤=+-=

-
+

=
+

=
+ -¤­-¤­

-

-¤­

-

¤-

ññ a

a

x

x

dx

x

dx

aa
a

a

 

ʪʦʙʪʦ ʽʥʪʝʛʨʘʣ ʟʙʽʛʘʻʪʴʩʷ. 

 ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʤʘʻʤʦ (ʨʠʩ. 8.8): 

 

 
 

ʈʠʩ. 8.8
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     ʇʨʠʢʣʘʜ 5. ɼʦʩʣʽʜʠʪʠ  ʟʙʽʞʥʽʩʪʴ ʽʥʪʝʛʨʘʣʘ  ñ
¤

¤- +
.

42x

xdx

  

     ʈʦʟʚôʷʟʘʥʥʷ.  ɺʽʜʧʦʚʽʜʥʦ ʜʦ ʪʝʦʨʽʾ, ʧʨʦʤʽʞʦʢ ʽʥʪʝʛʨʫʚʘʥʥʷ ʨʦʟʽʙôʻʤʦ  

ʥʘ ʜʚʘ ʥʝʩʢʽʥʯʝʥʥʠʭ ʽʥʪʝʨʚʘʣʠ ʽ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʧʨʝʜʩʪʘʚʠʤʦ ʫ ʚʠʛʣʷʜʽ 

ʩʫʤʠ ʜʚʦʭ ʽʥʪʝʛʨʘʣʽʚ: 

;
4

lim
4

lim
444 0

2

0

2
0

2

0

22 ñññññ
+

+
+

=
+

+
+

=
+ ¤­¤-­

¤

¤-

¤

¤-

b

b
a

a x

xdx

x

xdx

x

xdx

x

xdx

x

xdx

 

ñ
+-¤­

0

2 4
lim

a
a x

xdx
.4lim2

0
4lim 22 -¤=+-=öö
÷

õ
+ææ

ç

å
=

-¤­-¤­
a

a
x

aa

 

     ʆʪʞʝ, ʚʩʪʘʥʦʚʣʝʥʦ, ʱʦ ʦʜʠʥ ʟ ʮʠʭ ʽʥʪʝʛʨʘʣʽʚ ʨʦʟʙʽʛʘʻʪʴʩʷ.  ʊʦʤʫ, 

ʥʝʟʘʣʝʞʥʦ ʚʽʜ ʧʦʚʝʜʽʥʢʠ ʜʨʫʛʦʛʦ ʽʥʪʝʛʨʘʣʘ, ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʪʘʢʦʞ 

ʨʦʟʙʽʛʘʻʪʴʩʷ.  

     ʋ ʩʝʨʝʜʦʚʠʱʽ Mathcad ʦʜʝʨʞʠʤʦ (ʨʠʩ. 8. 9): 

 

 
 

ʈʠʩ. 8.9 
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8.2. ɯʥʪʝʛʨʘʣʠ ʚʽʜ ʨʦʟʨʠʚʥʠʭ ʬʫʥʢʮʽʡ 

 

     ʅʝʭʘʡ ʬʫʥʢʮʽʷ )(xf  ʚʠʟʥʘʯʝʥʘ ʽ ʥʝʧʝʨʝʨʚʥʘ ʧʨʠ cxa <¢ , ʘ ʧʨʠ cx=  

ʚʦʥʘ ʘʙʦ ʥʝ ʚʠʟʥʘʯʝʥʘ, ʘʙʦ ʤʘʻ ʨʦʟʨʠʚ. ʋ ʮʴʦʤʫ ʚʠʧʘʜʢʫ ʥʝ ʤʦʞʥʘ ʢʘʟʘʪʠ 

ʧʨʦ ʽʥʪʝʛʨʘʣ ñ
c

a

dxxf )(  ʷʢ ʛʨʘʥʠʮʶ ʽʥʪʝʛʨʘʣʴʥʦʾ ʩʫʤʠ, ʦʩʢʽʣʴʢʠ )(xf  ʥʝ ʻ 

ʥʝʧʝʨʝʨʚʥʦʶ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ca, , ʽ ʮʷ ʛʨʘʥʠʮʷ ʤʦʞʝ ʥʝ ʽʩʥʫʚʘʪʠ.  

ɯʥʪʝʛʨʘʣ  ñ
c

a

dxxf )(  ʚʽʜ ʬʫʥʢʮʽʾ  )(xf , ʱʦ ʤʘʻ ʨʦʟʨʠʚ ʫ ʪʦʯʮʽ c, ʚʠʟʥʘʯʘʻʪʴʩʷ 

ʥʘʩʪʫʧʥʠʤ ʯʠʥʦʤ:       ñ
c

a

dxxf )( = ñ-­

b

a
cb

dxxf )(lim
0

.                                   (8.2) 

     ʗʢʱʦ ʦʩʪʘʥʥʷ ʛʨʘʥʠʮʷ ʽʩʥʫʻ, ʪʦ ʽʥʪʝʛʨʘʣ ʥʘʟʠʚʘʻʪʴʩʷ ʟʙʽʞʥʠʤ 

ʽʥʪʝʛʨʘʣʦʤ, ʫ ʧʨʦʪʠʣʝʞʥʦʤʫ ʚʠʧʘʜʢʫ ï ʨʦʟʙʽʞʥʠʤ. 

     ʗʢʱʦ ʬʫʥʢʮʽʷ )(xf  ʨʦʟʨʠʚʥʘ ʥʘ ʣʽʚʦʤʫ ʢʽʥʮʽ ʚʽʜʨʽʟʢʘ [ ]ca,  (ʪʦʙʪʦ ʧʨʠ  

ax= ), ʪʦ ʟʘ ʚʠʟʥʘʯʝʥʥʷʤ       ñ
c

a

dxxf )( = ñ+­

c

b
ab

dxxf )(lim
0

.                            (8.3)    

     ʗʢʱʦ ʬʫʥʢʮʽʷ   ʤʘʻ ʨʦʟʨʠʚ ʫ ʜʝʷʢʽʡ ʪʦʯʮʽ  0xx= , ʜʝ cxa << 0 , ʪʦ 

ʧʦʢʣʘʜʘʶʪʴ:     ñ
c

a

dxxf )( ññ +=

c

x

x

a

dxxfdxxf

0

0

)()( .                                 (8.4) 

ʗʢʱʦ ʦʙʠʜʚʘ ʽʥʪʝʛʨʘʣʠ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ ʦʩʪʘʥʥʴʦʾ ʨʽʚʥʦʩʪʽ ʽʩʥʫʶʪʴ, ʪʦ 

ʽʩʥʫʻ (ʟʙʽʛʘʻʪʴʩʷ) ʽʥʪʝʛʨʘʣ    
.)(ñ

c

a

dxxf
 

    ʇʨʠʢʣʘʜ 4.  ʆʙʯʠʩʣʠʪʠ  ñ
-

1

0 1 x

dx
. 

    ʈʦʟʚ'ʷʟʘʥʥʷ. 

ɿʘ ʚʠʟʥʘʯʝʥʥʷʤ  

ñ
-

1

0 1 x

dx ( ) 2112lim12lim
1

lim
01001

0
01

=---=--=
-

=
-­-­-­ ñ bx

x

dx

b

b

b

b

b . 
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     ʈʦʟʛʣʷʥʝʤʦ ʮʝʡ ʧʨʠʢʣʘʜ ʫ ʩʝʨʝʜʦʚʠʱʽ   Mathcad  (ʨʠʩ.8.10): 

     
 

ʈʠʩ. 8.10 

     ʇʨʠʢʣʘʜ 5 . ʆʙʯʠʩʣʠʪʠ ñ
-

1

1

2x

dx
 ʘʙʦ ʚʩʪʘʥʦʚʠʪʠ ʡʦʛʦ ʨʦʟʙʽʞʥʽʩʪʴ.  

     ʈʦʟʚ'ʷʟʘʥʥʷ.  

     ʆʯʝʚʠʜʥʦ, ʱʦ ʧʨʠ 0=x  ʧʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʤʘʻ ʥʝʩʢʽʥʯʝʥʥʠʡ 

ʨʦʟʨʠʚ (ʨʠʩ.8.11). ʊʦʤʫ ʜʘʥʠʡ ʽʥʪʝʛʨʘʣ ʪʨʝʙʘ ʧʨʝʜʩʪʘʚʠʪʠ ʫ ʚʠʛʣʷʜʽ ʩʫʤʠ 

ʜʚʦʭ ʽʥʪʝʛʨʘʣʽʚ: 

  ñ
-

1

1

2x

dx
21

1

20
1

20
2

2

1

1

limlim II
x

dx

x

dx
+=+= ññ +­

-
-­

e
e

e

e
. ʂʦʞʥʠʡ ʟ ʽʥʪʝʛʨʘʣʽʚ 1I ʪʘ2I ʪʨʝʙʘ 

ʜʦʩʣʽʜʞʫʚʘʪʠ       ʦʢʨʝʤʦ.  ¤===
-

-­
-

-­ ñ
1

1

1

1
1

0
1

20
1

1
limlim

e

e

e

e xx

dx
I .  
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     ɸʥʘʣʦʛʽʯʥʦ ʚʩʪʘʥʦʚʣʶʻʪʴʩʷ ʨʦʟʙʽʞʥʽʩʪʴ ʽʥʪʝʛʨʘʣʘ2I . ɸʣʝ ʚ ʮʴʦʤʫ 

ʥʝʤʘʻ ʥʝʦʙʭʽʜʥʦʩʪʽ, ʪʦʤʫ ʱʦ ʜʣʷ ʟʙʽʞʥʦʩʪʽ ʽʥʪʝʛʨʘʣʘ ʪʨʝʙʘ, ʱʦʙ ʟʙʽʛʘʣʠʩʴ 

ʦʙʠʜʚʘ ʽʥʪʝʛʨʘʣʠ  1I ʪʘ2I . ʊʦʤʫ ʥʝʟʘʣʝʞʥʦ ʚʽʜ ʧʦʚʝʜʽʥʢʠ  2I  ʜʘʥʠʡ 

ʽʥʪʝʛʨʘʣ ʨʦʟʙʽʛʘʻʪʴʩʷ. 

     ɿʘʫʚʘʞʠʤʦ, ʱʦ ʷʢʱʦ ʙʠ ʤʠ ʦʙʯʠʩʣʶʚʘʣʠ ʽʥʪʝʛʨʘʣ, ʥʝ ʟʚʝʨʥʫʚʰʠ ʫʚʘʛʠ 

ʥʘ ʨʦʟʨʠʚ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ ʬʫʥʢʮʽʾ ʧʨʠ 0=x , ʪʦ  ʦʜʝʨʞʘʣʠ ʙ ʧʦʤʠʣʢʦʚʠʡ 

ʨʝʟʫʣʴʪʘʪ. ɼʽʡʩʥʦ, ñ
-

1

1

2x

dx
= 2

1
1

1

-=-
-x

, ʱʦ ʥʝʤʦʞʣʠʚʦ (ʜʠʚ. ʨʠʩ. 8.11).  

ʊʘʢʠʤ ʯʠʥʦʤ, ʥʝʦʜʤʽʥʥʦ ʟʚʝʨʪʘʡʪʝ  ʫʚʘʛʫ ʥʘ ʧʦʚʝʜʽʥʢʫ ʧʽʜʽʥʪʝʛʨʘʣʴʥʦʾ  

ʬʫʥʢʮʽʾ ʥʘ ʚʽʜʨʽʟʢʫ ʽʥʪʝʛʨʫʚʘʥʥʷ! 

     ɿʘʫʚʘʞʝʥʥʷ. ʗʢʱʦ ʬʫʥʢʮʽʷ )(xf , ʚʠʟʥʘʯʝʥʘ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,  , ʤʘʻ ʚ 

ʩʝʨʝʜʠʥʽ ʮʴʦʛʦ ʚʽʜʨʽʟʢʘ ʢʽʥʮʝʚʫ ʢʽʣʴʢʽʩʪʴ ʪʦʯʦʢ ʨʦʟʨʠʚʫ naaa ,...,, 21 , ʪʦ 

ʽʥʪʝʛʨʘʣ ʚʽʜ ʬʫʥʢʮʽʾ )(xf ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,  ʚʠʟʥʘʯʘʻʪʴʩʷ ʫ ʚʠʛʣʷʜʽ ʩʫʤʠ  

ñ ñ ññ +++=
1 2

1

)(...)()()(

a

a

a

a

b

a

b

a n

dxxfdxxfdxxfdxxf , 

ʽ ʚʚʘʞʘʻʪʴʩʷ ʟʙʽʞʥʠʤ, ʷʢʱʦ ʢʦʞʥʠʡ ʟ ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʫ ʧʨʘʚʽʡ ʯʘʩʪʠʥʽ 

ʟʙʽʛʘʻʪʴʩʷ. ʗʢʱʦ ʧʨʠʥʘʡʤʥʽ ʦʜʠʥ ʟ ʥʠʭ ʨʦʟʙʽʛʘʻʪʴʩʷ, ʪʦ ñ
b

a

dxxf )( ʥʘʟʠʚʘʻʪʴʩʷ 

ʨʦʟʙʽʞʥʠʤ. 

ɼʣʷ ʚʩʪʘʥʦʚʣʝʥʥʷ ʟʙʽʞʥʦʩʪʽ ʥʝʚʣʘʩʥʠʭ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ ʨʦʟʨʠʚʥʠʭ 

ʬʫʥʢʮʽʡ ʪʘ ʦʮʽʥʢʠ ʾʭ ʟʥʘʯʝʥʴ ʤʦʞʫʪʴ ʙʫʪʠ ʚʠʢʦʨʠʩʪʘʥʽ ʪʝʦʨʝʤʠ, ʘʥʘʣʦʛʽʯʥʽ 

ʪʝʦʨʝʤʘʤ ʜʣʷ ʦʮʽʥʢʠ ʽʥʪʝʛʨʘʣʽʚ ʟ ʥʝʩʢʽʥʯʝʥʥʠʤʠ ʛʨʘʥʠʮʷʤʠ. 

ʊɽʆʈɽʄɸ 4.  ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ʩa,  ʬʫʥʢʮʽʾ )(xf ʪʘ )(xj ʨʦʟʨʠʚʥʽ ʫ 

ʪʦʯʮʽ ʩ, ʧʨʠʯʦʤʫ, ʫ ʚʩʽʭ ʪʦʯʢʘʭ ʮʴʦʛʦ ʚʽʜʨʽʟʢʘ ʚʠʢʦʥʘʥʽ ʥʝʨʽʚʥʦʩʪʽ 

0)()( ²² xfxj  ʽ     ʟʙʽʛʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣ ñ
c

a

dxx)(j , ʪʦʜʽ ʽʥʪʝʛʨʘʣ ñ
ʩ

a

dxxf )(  

ʪʘʢʦʞ ʟʙʽʛʘʻʪʴʩʷ. 

ʊɽʆʈɽʄɸ 5 . ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ʩa,  ʬʫʥʢʮʽʾ )(xf ʪʘ )(xj ʨʦʟʨʠʚʥʽ ʫ 

ʪʦʯʮʽ ʩ, ʧʨʠʯʦʤʫ ʫ ʚʩʽʭ ʪʦʯʢʘʭ ʮʴʦʛʦ ʚʽʜʨʽʟʢʘ ʚʠʢʦʥʘʥʽ ʥʝʨʽʚʥʦʩʪʽ 

0)()( ²² xxf j  ʽ     ʨʦʟʙʽʛʘʻʪʴʩʷ ʽʥʪʝʛʨʘʣ ñ
c

a

dxx)(j , ʪʦʜʽ ʽʥʪʝʛʨʘʣ 

ñ
ʩ

a

dxxf )(  ʪʘʢʦʞ ʨʦʟʙʽʛʘʻʪʴʩʷ. 
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 ʊɽʆʈɽʄɸ 6 . ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ʩa,  ʟʥʘʢʦʟʤʽʥʥʘ ʬʫʥʢʮʽʷ )(xf  ʤʘʻ  

ʨʦʟʨʠʚ ʣʠʰʝ ʫ ʪʦʯʮʽ ʩ ʽ ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ ñ
c

a

dxxf )(

 

 ʚʽʜ ʘʙʩʦʣʶʪʥʦʾ 

ʚʝʣʠʯʠʥʠ ʮʽʻʾ ʬʫʥʢʮʽʾ ʟʙʽʛʘʻʪʴʩʷ,  ʪʦ ʽʥʪʝʛʨʘʣ ñ
ʩ

a

dxxf )(  ʪʘʢʦʞ 

ʟʙʽʛʘʻʪʴʩʷ. 

     ʋ ʷʢʦʩʪʽ ʬʫʥʢʮʽʾ, ʽʟ ʷʢʦʶ ʧʦʨʽʚʥʶʶʪʴ ʧʽʜʽʥʪʝʛʨʘʣʴʥʫ ʬʫʥʢʮʽʶ, ʯʘʩʪʦ 

ʦʙʠʨʘʶʪʴ  ( )axc-/1 . ʃʝʛʢʦ ʧʝʨʝʚʽʨʠʪʠ, ʱʦ 
( )ñ
-

c

a xc

dx
a

 ʟʙʽʛʘʻʪʴʩʷ ʧʨʠ 1<a , 

ʨʦʟʙʽʛʘʻʪʴʩʷ ʧʨʠ 1²a .            

     ʊʝ ʞ ʩʘʤʝ ʩʧʨʘʚʝʜʣʠʚʦ ʜʣʷ ʽʥʪʝʛʨʘʣʽʚ ʚʠʛʣʷʜʫ  
( )ñ
-

c

a ʘx

dx
a . 

     ʇʨʠʢʣʘʜ 6 . ʏʠ ʟʙʽʛʘʻʪʴʩʷ  ñ
+

1

0

34xx

dx
? 

     ʈʦʟʚ'ʷʟʘʥʥʷ.  

     ʇʽʜʽʥʪʝʛʨʘʣʴʥʘ ʬʫʥʢʮʽʷ ʤʘʻ ʨʦʟʨʠʚ ʧʨʠ  ʭ = 0. ʇʦʨʽʚʥʶʶʯʠ ʾʾ ʽʟ 

ʬʫʥʢʮʽʻʶ 
x

1
, ʤʘʻʤʦ .

1

4

1
3 xxx
<

+
 ʅʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ  ñ

1

0 x

dx

 

 ʽʩʥʫʻ. 

ʆʪʞʝ, ʥʝʚʣʘʩʥʠʡ ʽʥʪʝʛʨʘʣ ʚʽʜ çʤʝʥʰʦʾè ʬʫʥʢʮʽʾ, ʪʦʙʪʦ  ,
4

1

0

3ñ
+ xx

dx
 ʪʘʢʦʞ 

ʽʩʥʫʻ. 

     ʈʦʟʛʣʷʥʝʤʦ ʮʝʡ ʧʨʠʢʣʘʜ ʫ ʩʝʨʝʜʦʚʠʱʽ  Mathcad  (ʨʠʩ. 8. 12): 
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8.3. ɿʘʚʜʘʥʥʷ ʜʣʷ ʩʘʤʦʩʪʽʡʥʦʛʦ ʨʦʟʚôʷʟʫʚʘʥʥʷ 

(ʨʝʢʦʤʝʥʜʫʻʪʴʩʷ ʚʠʢʦʥʘʪʠ ʷʢ ʙʝʟ ʚʠʢʦʨʠʩʪʘʥʥʷ ʪʝʭʥʽʯʥʠʭ ʟʘʩʦʙʽʚ, ʪʘʢ 

ʽ ʫ ʩʝʨʝʜʦʚʠʱʽ Mathcad) 

 

ʆʙʯʠʩʣʠʪʠ ʥʝʚʣʘʩʥʽ ʽʥʪʝʛʨʘʣʠ ʘʙʦ ʚʩʪʘʥʦʚʠʪʠ ʾʭ ʨʦʟʙʽʞʥʽʩʪʴ: 

 

;
54

)2;)1
2

1

0
2 ññ

¤

¤- +++ xx

dx

xx

dx
       ;

ln
)4;

1)1(
)3

2

2

1

2

dx
x

x

xx

dxx
ññ
¤

-Ö-
 

;
1

)6;
ln

)5
1

6

2

1

dx
x

x

xx

dx
e

ññ
¤

+
           ;)8;)7

0

3

3

1

3

2

ññ
¤

-

-

dxex
x

dx x  

;
1

2
)10;

ln
)9

2

2

1

ññ
¤

¤-
+Ö x

dxx

xx

dx
          ;

)1(
)12;

ln
)11

0

3

1

0

2 ññ
¤

+
dx

x

x

xx

dxe

 

;
1

)14;
ln

)13
2

2
1

ññ
¤

-xx

dx

xx

dx
e

        ;)16;
441

)15
0

2

1

0

2 ññ
¤

-

+-
dxe

xx

dx x  

;
1

2
)18;

2
)17

0

2

4

0

ññ
¤

+

-

-
dx

x

x

x

dx
            .

1
)20;5ln)19

0
2

0

ññ
¤

+
Ö

x

dxx
dxxx

e

 

 

 

 

 

 

 

 

 

 

 

 



254 
 

9. ɻɽʆʄɽʊʈʀʏʅɯ ʊɸ ʄɽʍɸʅɯʏʅɯ ɿɸʉʊʆʉʋɺɸʅʅʗ 

ɺʀɿʅɸʏɽʅʆɻʆ ɯʅʊɽɻʈɸʃɸ  

9.1. ʆʙʯʠʩʣʝʥʥʷ ʧʣʦʱ ʫ ʧʨʷʤʦʢʫʪʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

     ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,  ʬʫʥʢʮʽʷ 0)( ²xf , ʪʦ, ʷʢ ʚʽʜʦʤʦ, ʧʣʦʱʘ 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ, ʦʙʤʝʞʝʥʦʾ ʢʨʠʚʦʶ )(xfy= , ʚʽʩʩʶ Oxʪʘ ʧʨʷʤʠʤʠ 

bxax == ,  ʜʦʨʽʚʥʶʻ 

    
ñ=
b

a

dxxfQ )( .                                                            (9.1) 

ʗʢʱʦ 0)( ¢xf  ʥʘ [ ]ba, , ʪʦ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ ñ
b

a

dxxf )(  ʪʘʢʦʞ 0¢ .                                             

ɿʘ ʘʙʩʦʣʶʪʥʦʶ ʚʝʣʠʯʠʥʦʶ ʚʽʥ ʜʦʨʽʚʥʶʻ ʧʣʦʱʽ Q  ʚʽʜʧʦʚʽʜʥʦʾ 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ :   ñ=-

b

a

dxxfQ )( . 

      ʗʢʱʦ ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba,   ʬʫʥʢʮʽʷ   ʢʽʥʮʝʚʫ ʢʽʣʴʢʽʩʪʴ ʨʘʟʽʚ ʟʤʽʥʶʻ ʟʥʘʢ, ʪʦ 

ʽʥʪʝʛʨʘʣ ʨʦʟʢʣʘʜʘʻʪʴʩʷ ʥʘ ʩʫʤʫ ʽʥʪʝʛʨʘʣʽʚ ʚʽʜ ʮʽʻʾ ʬʫʥʢʮʽʾ, ʱʦ 

ʦʙʯʠʩʣʶʶʪʴʩʷ ʧʦ ʦʢʨʝʤʠʤ ʯʘʩʪʠʥʘʤ ʚʽʜʨʽʟʢʘ , ʥʘ ʷʢʠʭ ʚʦʥʘ ʟʙʝʨʽʛʘʻ ʟʥʘʢ. 

ɯʥʪʝʛʨʘʣʠ ʙʫʜʫʪʴ ʜʦʜʘʪʥʠʤʠ ʪʘʤ, ʜʝ 0)( ²xf  , ʽ ʚʽʜôʻʤʥʠʤʠ ʪʘʤ, ʜʝ 0)( ¢xf . 

ɯʥʪʝʛʨʘʣ ʧʦ ʚʽʜʨʽʟʢʫ   ʙʫʜʝ ʩʢʣʘʜʘʪʠʩʴ ʟ ʘʣʛʝʙʨʘʾʯʥʦʾ ʩʫʤʠ ʧʣʦʱ, 

ʨʦʟʪʘʰʦʚʘʥʠʭ ʚʠʱʝ ʪʘ ʥʠʞʯʝ ʦʩʽ  (ʨʠʩ. 9. 1 ).  

 

 

 

 

ʈʠʩ. 9.1 

     ɼʣʷ ʦʜʝʨʞʘʥʥʷ ʩʫʤʠ ʧʣʦʱ ʫ ʟʚʠʯʘʡʥʦʤʫ ʩʝʥʩʽ ʪʨʝʙʘ ʟʥʘʪʠ ʩʫʤʫ 

ʘʙʩʦʣʶʪʥʠʭ ʚʝʣʠʯʠʥ ʽʥʪʝʛʨʘʣʽʚ ʧʦ ʚʢʘʟʘʥʠʤ ʚʽʜʨʽʟʢʘʤ ʘʙʦ ʦʙʯʠʩʣʠʪʠ 

ʽʥʪʝʛʨʘʣ     ñ=
b

a

dxxfQ )( . 

     ʇʨʠʢʣʘʜ 1. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ Q  ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʩʠʥʫʩʦʾʜʦʶ xy sin=  

ʪʘ ʚʽʩʩʶ Ox ʧʨʠ p20 ¢¢x  (ʨʠʩ. 9. 2). 
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ʈʠʩ. 9.2 

     ʈʦʟʚ'ʷʟʘʥʥʷ.     ʆʩʢʽʣʴʢʠ  0sin ²x  ʧʨʠ ,0 p¢¢x   0sin ¢x  ʧʨʠ ,2pp ¢<x  ʪʦ 

,sinsinsin
0

2

0

2

ñ ññ =+=

p pp

p

dxxxdxxdxQ
     ʜʝ 

( ) ( ) ,2110coscoscossin
0

0

=---=--=-=ñ p
p

p

xxdx

( ) ( ) .211cos2coscossin
2

2

-=+-=--=-=ñ pp
p

p

p

p

xxdx   ʊʦʙʪʦ 

422 =-+=Q . 

ɼʣʷ ʦʙʯʠʩʣʝʥʥʷ ʚʠʟʥʘʯʝʥʦʛʦ ʽʥʪʝʛʨʘʣʘ  ʫ ʩʝʨʝʜʦʚʠʱʽ   Mathcad 

ʥʝʦʙʭʽʜʥʦ ʚ ʦʙʨʘʥʝ ʥʘ ʜʦʢʫʤʝʥʪʽ ʤʽʩʮʝ ʚʩʪʘʚʠʪʠ ʰʘʙʣʦʥ ʚʠʟʥʘʯʝʥʦʛʦ 

ʽʥʪʝʛʨʘʣʘ ʟ ʧʘʥʝʣʽ çCalculusè, ʚʚʝʩʪʠ ʛʨʘʥʠʮʽ ʽʥʪʝʛʨʫʚʘʥʥʷ, ʧʽʜʽʥʪʝʛʨʘʣʴʥʫ 

ʬʫʥʢʮʽʶ ʽ ʟʤʽʥʥʫ ʽʥʪʝʛʨʫʚʘʥʥʷ. ɼʘʣʽ ʚʠʢʦʨʠʩʪʘʪʠ ʦʧʝʨʘʪʦʨ ʩʠʤʚʦʣʴʥʠʭ 

ʧʝʨʝʪʚʦʨʝʥʴ ʟ ʧʘʥʝʣʽ çEvaluationè. ʇʽʩʣʷ ʬʽʢʩʘʮʽʾ ʣʽʚʦʾ ʢʣʘʚʽʰʽ ʤʠʰʽ ʟʘ 

ʤʝʞʘʤʠ ʨʘʤʢʠ ʥʘ ʝʢʨʘʥʽ ʟô̫ ʚʠʪʴʩʷ ʨʝʟʫʣʴʪʘʪ. ɼʣʷ ʦʪʨʠʤʘʥʥʷ ʯʠʩʝʣʴʥʦʛʦ 

ʨʝʟʫʣʴʪʘʪʫ  ʥʝʦʙʭʽʜʥʦ ʧʽʩʣʷ ʟʘʧʦʚʥʝʥʥʷ ʰʘʙʣʦʥʫ ʩʢʦʨʠʩʪʘʪʠʩʴ ç=è.   

ʇʨʠʢʣʘʜ ʫ ʩʝʨʝʜʦʚʠʱʽ   Mathcad ʥʘʚʝʜʝʥʦ ʥʘ ʨʠʩ. 9.3.  

ʗʢʱʦ ʪʨʝʙʘ ʦʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʦʙʣʘʩʪʽ, ʦʙʤʝʞʝʥʦʾ ʢʨʠʚʠʤʠ )(1 xfy= , 

)(2 xfy=  ʪʘ ʧʨʷʤʠʤʠ ,, bxax ==  ʪʦ ʟʘ ʫʤʦʚʦʶ )()( 21 xfxf ² ʦʜʝʨʞʠʤʦ 

[ ]ñ ññ -=-=

b

a

b

a

b

a

dxxfxfdxxfdxxfQ .)()()()( 2121  
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ʈʠʩ. 9.3 

     ʇʨʠʢʣʘʜ 2. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʬʽʛʫʨʠ, ʦʙʤʝʞʝʥʦʾ ʢʨʠʚʠʤʠ xy=  ʪʘ  

2xy=
   (ʨʠʩ.9.4).                 

  

 

 

 

 

 

 

 

ʈʠʩ.9.4 

     ʈʦʟʚô̫ ʟʘʥʥʷ. 

   

ɿʥʘʡʜʝʤʦ ʪʦʯʢʫ ʧʝʨʝʪʠʥʫ   ʢʨʠʚʠʭ:  42, xxxx == , 

ʟʚʽʜʩʠ .1,0 21 == xx   ʊʘʢʠʤ  ʯʠʥʦʤ,

   

xy=
 

2xy=
 

 

x                            

ʆ

 

x  

O

                            

ʆ

  

y
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ñ ñ =-=-=-=

1

0

3

2

31

0

2 .).(
3

1

3

1

3

2

0

1

30

1

3

2
ʦʜʢʚ

x
xdxxdxxQ

 

     ɼʣʷ ʟʥʘʭʦʜʞʝʥʥʷ ʢʦʦʨʜʠʥʘʪ ʪʦʯʦʢ ʧʝʨʝʪʠʥʫ ʢʨʠʚʠʭ, ʱʦ ʦʙʤʝʞʫʶʪʴ 

ʜʘʥʫ ʦʙʣʘʩʪʴ, ʩʣʽʜ ʚʠʢʦʨʠʩʪʦʚʫʚʘʪʠ ʬʫʥʢʮʽʶ SOLVE ʩʝʨʝʜʦʚʠʱʘ   

Mathcad, ʷʢʘ ʧʨʠʟʥʘʯʝʥʘ ʜʣʷ ʚʠʟʥʘʯʝʥʥʷ ʨʦʟʚôʷʟʢʫ   ʣʽʥʽʡʥʠʭ ʪʘ ʥʝʣʽʥʽʡʥʠʭ 

ʨʽʚʥʷʥʴ, ʘ ʪʘʢʦʞ ʥʝʨʽʚʥʦʩʪʝʡ ʫ ʩʠʤʚʦʣʴʥʦʤʫ ʚʠʛʣʷʜʽ. ʅʘ ʨʠʩ. 9.5 

ʨʦʟʚôʷʟʫʻʪʴʩʷ ʨʽʚʥʷʥʥʷ: 02 =- xx   . ʈʝʟʫʣʴʪʘʪ ʨʦʙʦʪʠ solve, 

ʧʨʝʜʩʪʘʚʣʝʥʠʡ ʫ ʚʠʛʣʷʜʽ ʤʘʪʨʠʮʽ, ʨʦʟʪʘʰʦʚʘʥʦʾ  ʟʘ ʦʧʝʨʘʪʦʨʦʤ ʩʠʤʚʦʣʴʥʠʭ 

ʧʝʨʝʪʚʦʨʝʥʴ. ʌʦʨʤʘʪ ʬʫʥʢʮʽʾ ʪʘʢʠʡ: ʟʣʽʚʘ ʚʚʦʜʠʪʴʩʷ ʣʽʚʘ ʯʘʩʪʠʥʘ ʨʽʚʥʷʥʥʷ, 

ʩʧʨʘʚʘ ï ʟʤʽʥʥʘ, ʟʥʘʯʝʥʥʷ ʷʢʦʾ ʚʠʟʥʘʯʘʻʪʴʩʷ. 

 

ʈʠʩ. 9.5 

9.2. ʆʙʯʠʩʣʝʥʥʷ ʧʣʦʱʽ ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ, ʷʢʱʦ ʢʨʠʚʘ ʟʘʜʘʥʘ 

ʨʽʚʥʷʥʥʷʤʠ ʫ ʧʘʨʘʤʝʪʨʠʯʥʦʤʫ ʚʠʛʣʷʜʽ 

     ʅʝʭʘʡ ʨʽʚʥʷʥʥʷ ),(),( tytx yj ==    ʜʝ  bat ==¢¢ )(,)(, bjajba  
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ʚʠʟʥʘʯʘʶʪʴ ʜʝʷʢʫ ʬʫʥʢʮʽʶ )(xfy=  ʥʘ ʚʽʜʨʽʟʢʫ [ ]ba, , ʪʦʙʪʦ ʧʣʦʱʘ 

ʢʨʠʚʦʣʽʥʽʡʥʦʾ ʪʨʘʧʝʮʽʾ ʤʦʞʝ ʙʫʪʠ ʦʙʯʠʩʣʝʥʘ ʟʘ ʬʦʨʤʫʣʦʶ:  

ññ ==

b

a

b

a

ydxdxxfQ )( . ɺʠʢʦʥʘʻʤʦ ʟʘʤʽʥʫ ʟʤʽʥʥʦʾ ʫ ʮʴʦʤʫ ʽʥʪʝʛʨʘʣʽ, ʧʦʢʣʘʚʰʠ 

dttdxtx )(),( jj ¡== . ɼʘʣʽ )(qr f= [ ] ),()()( ttfxfy yj ===  ʊʘʢʠʤ ʯʠʥʦʤ, 

ʬʦʨʤʫʣʘ ʜʣʷ ʦʙʯʠʩʣʝʥʥʷ ʧʣʦʱʽ ʫ ʚʠʧʘʜʢʫ ʢʨʠʚʦʾ, ʟʘʜʘʥʦʾ ʧʘʨʘʤʝʪʨʠʯʥʦ, 

ʤʘʻ ʚʠʛʣʷʜ:   ñ ¡Ö=

b

a

jy dtttQ )()( .                                                            (9.2) 

     ʇʨʠʢʣʘʜ 3. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʦʙʣʘʩʪʽ, ʦʙʤʝʞʝʥʦʾ ʝʣʽʧʩʦʤ  

.sin,cos taytax ==
 

     ʈʦʟʚ'ʷʟʘʥʥʷ.  ɼʦʮʽʣʴʥʦ ʦʙʯʠʩʣʠʪʠ ʧʣʦʱʫ ʚʝʨʭʥʴʦʾ ʧʦʣʦʚʠʥʠ ʦʙʣʘʩʪʽ, ʘ 

ʦʜʝʨʞʘʥʠʡ ʨʝʟʫʣʴʪʘʪ ʧʦʜʚʦʾʪʠ. ʆʯʝʚʠʜʥʦ, ʱʦ x  ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ a-  ʜʦ  a , t  

ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ  p ʜʦ 0. ʊʘʢʠʤ ʯʠʥʦʤ, 

( )ñ ññ =ù
ú

ø
é
ê

è
-=

-
=-=-Ö=

0

00

0

2

4

2sin

2
2

2

2cos1
2sin2sinsin2

p

pp

p

pab
tt

abdt
t

abtdtabdttatbQ . 

     ɸ ʪʝʧʝʨ ʟʚʝʨʥʝʤʦʩʴ  ʜʦ  ʩʝʨʝʜʦʚʠʱʘ   Mathcad  (ʨʠʩ. 9.6):  

    

ʈʠʩ. 9.6 
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9.3. ʇʣʦʱʘ ʢʨʠʚʦʣʽʥʽʡʥʦʛʦ ʩʝʢʪʦʨʘ ʫ ʧʦʣʷʨʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ 

     ʅʝʭʘʡ ʫ ʧʦʣʷʨʥʽʡ ʩʠʩʪʝʤʽ ʢʦʦʨʜʠʥʘʪ ʤʘʻʤʦ ʢʨʠʚʫ, ʱʦ ʟʘʜʘʥʘ ʨʽʚʥʷʥʥʷʤ 

)(qr f= , ʜʝ )(qf  - ʥʝʧʝʨʝʨʚʥʘ ʬʫʥʢʮʽʷ ʧʨʠ bqa ¢¢ . 

     ɺʠʟʥʘʯʠʤʦ ʧʣʦʱʫ ʩʝʢʪʦʨʘ ʆɸɺ , ʦʙʤʝʞʝʥʦʛʦ ʢʨʠʚʦʶ )(qr f=  ʽ 

ʨʘʜʽʫʩʘʤʠ-ʚʝʢʪʦʨʘʤʠ bqaq == , . ʇʦʜʽʣʠʤʦ ʜʘʥʫ ʦʙʣʘʩʪʴ ʨʘʜʽʫʩʘʤʠ-

ʚʝʢʪʦʨʘʤʠ bqqqqa === n...,,, 10  ʥʘ n ʯʘʩʪʠʥ.  ʇʦʟʥʘʯʠʤʦ ʯʝʨʝʟ 

nqqq DDD ,...,, 21  ʢʫʪʠ ʤʽʞ ʧʨʦʚʝʜʝʥʠʤʠ ʨʘʜʽʫʩʘʤʠ-ʚʝʢʪʦʨʘʤʠ (ʨʠʩ. 9. 7). 

ʅʝʭʘʡ  ir - ʜʦʚʽʣʴʥʠʡ ʨʘʜʽʫʩ-ʚʝʢʪʦʨ, ʱʦ ʚʽʜʧʦʚʽʜʘʻ ʢʫʪʫ iq  ʤʽʞ 1-iq  ʪʘ 

iq. ʈʦʟʛʣʷʥʝʤʦ ʢʨʫʛʦʚʠʡ ʩʝʢʪʦʨ ʽʟ ʨʘʜʽʫʩʦʤ ir ʪʘ ʮʝʥʪʨʘʣʴʥʠʤ ʢʫʪʦʤ iqD .  

ʁʦʛʦ ʧʣʦʱʘ ʙʫʜʝ ʜʦʨʽʚʥʶʚʘʪʠ iiiQ qr DÖ=D
2

2

1
.  ʉʫʤʘ 

()[ ]ää
==

DÖ=DÖ=
n

i

iii

n

i

in fQ
1

2

1

2

2

1

2

1
qqqr  ʜʘʻ ʧʣʦʱʫ ʩʪʫʧʽʥʯʘʩʪʦʛʦ ʩʝʢʪʦʨʘ. 

 

 

 

                                               

                               

 

 

ʈʠʩ. 9. 7 

ʆʩʢʽʣʴʢʠ ʮʷ ʩʫʤʘ ʻ ʽʥʪʝʛʨʘʣʴʥʦʶ ʩʫʤʦʶ ʜʣʷ ʬʫʥʢʮʽʾ  ()[ ]22 qr f=  ʥʘ 

ʚʽʜʨʽʟʢʫ  bqa ¢¢ , ʪʦ ʾʾ ʛʨʘʥʠʮʷ ʧʨʠ 0max ­D iq ʻ ʚʠʟʥʘʯʝʥʠʡ ʽʥʪʝʛʨʘʣ  

ñ
b

a

qrd2

2

1
. ɺʽʥ ʥʝ ʟʘʣʝʞʠʪʴ ʚʽʜ ʪʦʛʦ, ʷʢʠʡ ʨʘʜʽʫʩ-ʚʝʢʪʦʨ ir  ʤʠ ʙʝʨʝʤʦ ʫ 

ʩʝʨʝʜʠʥʽ ʢʫʪʘ iqD . ʎʶ ʛʨʘʥʠʮʶ ʧʨʠʨʦʜʥʦ ʚʚʘʞʘʪʠ ʰʫʢʘʥʦʶ ʧʣʦʱʝʶ 

ʬʽʛʫʨʠ. ʊʘʢʠʤ ʯʠʥʦʤ, ʧʣʦʱʘ ʩʝʢʪʦʨʘ OAB ʜʦʨʽʚʥʶʻ  ñ=
b

a

qrdQ 2

2

1
, ʘʙʦ  

)(qr f=

      

  A    

ƺ 

ƺ 

ƺ B  

ii rqD

 

 

ii qqb 1-  

 

ʆ 
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                                            ()[ ]ñ=
b

a

qq dfQ
2

2

1
.                                     (9.3) 

ʇʨʠʢʣʘʜ 4. ʆʙʯʠʩʣʠʪʠ ʧʣʦʱʫ, ʱʦ  ʦʧʠʩʘʥʘ ʧʦʣʷʨʥʠʤ ʨʘʜʽʫʩʦʤ ʩʧʽʨʘʣʽ 

ɸʨʭʽʤʝʜʘ jr a=  ʧʨʠ ʦʜʥʦʤʫ ʾʾ ʟʚʦʨʦʪʽ, ʷʢʱʦ ʧʦʯʘʪʢʫ ʨʫʭʫ ʚʽʜʧʦʚʽʜʘʻ 

0=j .  

ʈʦʟʚ'ʷʟʘʥʥʷ. ʇʨʠ ʦʜʥʦʤʫ ʟʚʦʨʦʪʽ ʧʦʣʷʨʥʠʡ ʢʫʪ ʟʤʽʥʶʻʪʴʩʷ ʚʽʜ 0=j  ʜʦ 

pj 2= . ʊʘʢʠʤ ʯʠʥʦʤ, .
3

4

322

1

2

1 23

2

0

322

0

22

2

0

2 a
a

dadQ p
j

jjjr

ppp

=Ö=== ññ
 

ʈʦʟʚ'ʷʟʘʥʥʷ ʫ ʩʝʨʝʜʦʚʠʱʽ   Mathcad ʜʘʥʦ ʥʘ ʨʠʩ. 9.8.

 

 

ʈʠʩ. 9.8 

9. 4. ɼʦʚʞʠʥʘ ʜʫʛʠ ʢʨʠʚʦʾ 

     1. ʅʝʭʘʡ ʫ ʧʨʷʤʦʢʫʪʥʠʭ ʢʦʦʨʜʠʥʘʪʘʭ ʥʘ ʧʣʦʱʠʥʽ ʨʽʚʥʷʥʥʷ ʜʝʷʢʦʾ ʢʨʠʚʦʾ  

ʤʘʻ ʚʠʛʣʷʜ   )(xfy= . ɿʥʘʡʜʝʤʦ ʜʦʚʞʠʥʫ ʜʫʛʠ, ʨʦʟʪʘʰʦʚʘʥʦʾ ʤʽʞ ʧʨʷʤʠʤʠ 

ax=  ʽ bx= .  
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ʈʠʩ. 9.9  

 

     ɺʽʟʴʤʝʤʦ ʥʘ ʜʫʟʽ AB  ʪʦʯʢʠ ʟ ʘʙʩʮʠʩʘʤʠ bxxxxxa ni == ,...,,...,,, 210  ʽ 

ʧʦʙʫʜʫʻʤʦ ʭʦʨʜʠ 1AM , ,,..., 121 BMMM n- ʜʦʚʞʠʥʠ ʷʢʠʭ ʧʦʟʥʘʯʠʤʦ ʚʽʜʧʦʚʽʜʥʦ 

ʯʝʨʝʟ .,...,, 21 nsss DDD  ʆʜʝʨʞʠʤʦ ʣʘʤʘʥʫ ʣʽʥʽʶ,... 121 BMMAM n- ʚʧʠʩʘʥʫ ʫ ʜʫʛʫ 

AB(ʨʠʩ. 9. 9). ɼʦʚʞʠʥʘ ʣʘʤʘʥʦʾ ʜʦʨʽʚʥʶʻ .
1

ä
=

D=
n

i

in ss  
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